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1. [3 points] Show that the SDE

dXt = (|Xt|α ∧ 1)dBt, X0 = x0,

has a pathwise unique strong solution for every α ≥ 1
2 .

2. [3+2+3 points]

(a) Let Wt, t ≥ 1, be a n-dimensional Brownian motion. Define Xt = ‖Wt‖2, t ≥ 0. Show that
the process X is a weak solution to the SDE

dXt = ndt+ 2
√
XtdBt, X0 = 0. (1)

(b) Show that SDE (1) has a pathwise unique strong solution for every n ∈ N.

(c) Let Yt be a solution1 to

dYt = δdt+ 2
√
YtdBt, Y0 = y0

for some y0 > 0 and δ ≥ 2. Prove that

P {∃t ≥ 0 : Yt = 0} = 0.

Hint: Use the fact that a two-dimensional Brownian motion never heat a fixed point, i.e

P {∃t ≥ 0 : Bt = a} = 0

for every a ∈ R2 \ {0}.

3. [5 points] Let LX,0t denote the (semimartingale) local time of X at 0, where X is a continuous
semimartingale in R. Let also Bt, t ≥ 0, be an one dimensional Brownian motion. Show that

(a) |Bt|, t ≥ 0, is a continuous semimartingale;

(b) L|B|,0 = 2LB,0.

Hint: Use the fact that
∫∞
0

I{Xt 6=0}dL
X,0
t = 0 a.s., which we will discuss next time.

1This equation has a pathwise unique strong solution for every δ ≥ 1. Its solution is called δ-dimensional squared
Bessel process
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