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1. [242+43+43 points] (Continuous Branching Process) Consider a family of diffusions X(z),
t >0, > 0 satisfying the SDE!

dXi(z) = aXy(z)dt + / BXi(x)dBy, Xo(z) =z,

where a € R and 8 > 0. Let (X,B) be an independent copy of (X, B) and let Y;(x,y) =
Xi(x) + Xy(y) for t >0, z,y > 0.

(a)

(b)

(Branching) Compute the SDE satisfied by Y and prove that Y;(z,y), t > 0, has the same
law of X;(x 4+ y), t > 0.

Hint: Use martingale caracterization of weak solutions.

(Duality) Show that this implies that there exists a function u : [0,00) X (0,00) — [0, 00)
such that
Ee Mt = g=2ultA) - 250, A >0, (1)

—AX¢(z)

if we assume that the map z +— Ee is continuous.

Assume that u : [0,00) x (0,00) — [0, 00) is differentiable with respect to its first parameter.
Apply Tto formula to s — G := e~ *(=5M)Xs(@) and determine which differential equation
u should satisfy in order for G to be a local martingale. Prove that in this case equality (1)
is satisfied (in particular, if a solution of the equation exists then it is unique).

(Extinction probability) Find the explicit solution u for the differential equation and using
equality (1) prove that if & = 0 then

P {X;(z) =0} = e 5, a,t>0.

2. [2 points] Let {&, k > 1} be a family of random variables in R such that supE [|&|| < oo.
keN

Show that this family is tight.

3. [3 points] Let {(X},..., X9), n > 1} be a family of random vectors in R?. Show that it is tight
if and only if for each k € [d] the family {X*, n > 1} is tight in R.

LThis equation has a unique (pathwise and in law) strong solution
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