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1. [2+4+1 points] Let Bt, t ≥ 0, be a one dimensional Brownian motion.

(a) Define the process

Xt = a(t)

(
x0 +

∫ t

0
b(s)dBs

)
,

where a, b : [0,∞) → R are differentiable functions with a(0) = 1 and a(t) > 0. Compute
the SDE satisfied by the process.

(b) Use (a) to find an explicit solution for the following SDEs:

dXt = −αXtdt+ σdBt, t ∈ [0, T ],

X0 = x0,

where a, σ, T are positive constants;

dXt = − Xt

1− t
dt+ dBt, t ∈ [0, 1),

X0 = 0.

(c) Are the solutions to the SDEs above strong and pathwise unique?

2. [2 points] Let Xt, t ≥ 0, be a continuous process on R and X0 = 0. Assume that for every
f ∈ C2(R)

Mf
t := f(Xt)− f(0)−

∫ t

0

1

2
f ′′(Xs)ds, t ≥ 0,

is a continuous local martingale. Show that Xt, t ≥ 0, is a Brownian motion.

3. [4 points] (Feynman-Kac formula for Ito diffusions)
Consider the solution (X,B) to the SDE in Rn

dXt = b(t,Xt)dt+ σ(t,Xt)dBt, X0 = x0,

where B is an m-dimensional Brownian motion and b : [0,∞) × Rn, σ : [0,∞) × Rn → Rn×m

bounded continuous functions. Let At be the associated second order differential operator define
in Section 2.3 of the skript. Fix t > 0 and assume that ϕ : Rn → R and V : [0, t]× Rn → [0,∞)
are continuous functions. Show that any bounded solution u ∈ C1,2([0, t]× Rn) to the PDE

∂

∂s
u(s, x) = Asu(s, x)− V (s, x)u(s, x), (s, x) ∈ (0, t]× Rn,

u(0, x) = ϕ(x), x ∈ Rn,

has the stochastic representation

u(t, x) = E
[
ϕ(Xt) exp

(
−
∫ t

0
V (t− s,Xs)ds

)]
.

In particular, there is at most only one solution of the PDE.

Hint: Show that Mr = exp
(
−
∫ r

0
V (t− s,Xs)ds

)
u(t− r,Xr), r ∈ [0, t], is a martingale
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