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. [14+141 points] Let X = {0,1,2} and H = {0, {0},{1},{0,1}}. Is the function p: H — R a
measure on H, where p is defined as

(a) pu(0) =0, n({0}) = -1, p({1}) = 2 and p({0,1}) = 1;
(b) u(@):=0, p({0}) =1, u({1}) = 2 and u({0,1}) = 3;
(c) u(®):=0, u({0}) =1, u({1}) = 2 and p({0,1}) = 17

2. [3 points] Show that a nonnegative, additive and continuous below! function x on a ring H is
a measure on H.

—_

3. [4 points] Let u be a measure on a o-algebra H C 2% and u(X) = 1. For a family of sets
oo
{4, : n>1} C H satisfying u(A,) =1, n > 1, show that u < N An) =1.
n=1

4. [4 points] Let 1 be a measure on an algebra H C 2% and u(X) = 1. Let a family of sets
{A1,..., Ay} C H satisfy the following property

p(Ar) + -+ p(An) >n —1.
Show that p (Ny—; Ax) > 0.
5. [44+4 points] For a sequence {A4,, : n > 1} of subsets of X define
lim A, =) (A Tim A, =] [ 4>
n—roo n=1k=n e n=1k=n

Let p be a measure on a o-algebra H C 2% and {A,,: n>1} C H.

n—oo > n—00

(a) Prove that u(lim 4,) < i p(Ay).

(b) Let additionally (>, Ay) < +oco. Show that 4 ( m An) > Tim pu(Ay).

n—o0 ~ n—oo

6. [3 bonus points| Show that a nonnegative, additive and o-semiadditive function x4 on a ring
R is a measure on R.

7. [4 bonus points] Let x be a measure on a o-algebra H C 2% and u(X) = 1. Show that for
every sequence {A, : n > 1} C H the equality

Z,u(An) < +o00
n=1

implies y (n@o An) =0.

YA function u defined on a ring H is called continuous below, if for every increasing family {A, : n > 1} C H one
has 1 (UnZy An) = lim p(An)

2The set lim A,, consists of all points which belongs to A,, for all n > ng starting from some nomber ng. The set
n— oo

lim A,, consists of all point which belongs to an infinite number of A,,.
n—oo
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