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Problem sheet 14

Tutorials by Ikhwan Khalid <ikhwankhalid92@gmail.com> and Mahsa Sayyary <mahsa.sayyary@mis.mpg.de>.
Solutions will be collected during the lecture on Wednesday July 10.

Points for solved exercises have to be included as bonus points for the homework

1. [2 points] Solve the following systems of linear equations:

2wy + Txo + 313 + 24 =0,
3x1 + 5x0 + 2x3 + 224 =4,
921 +4x0 + 23+ Ty = 2.

2. [2 points] Find the fundamental system of solutions of the following system of homogeneous
linear equations:

3x1 4 229 4+ D3 4+ 224 + 75 =0,
6x1 +4xo + Txs + 44 + x5 =0,
3x1 + 220 — x3 4+ 224 — 11z =0,
6x1 +4x0 + x3 + 4wy — 1325 = 0.

3. [2+3 points] Compute the following determinants:

3 9 3 6 1 2 3 ... n—=-2 n-1 n
2 3 4 ... n-1 n n
82T 3 4 5 n n n
4 -5 =3 -2’
7T =8 —4 =5
n o n n on n n n
4. [3 points] Compute the rank of matrix
1 A -1 2
2 -1 A D
1 10 -6 1

depending on A.

5. [3 points] Show that the following systems of vectors form bases in R?, find the change of
basis matrix and find the coordinates of vector x = (1,0,1) in both bases. The first system:
er = (1,1,0), ea = (0,0,1), e3 = (—1,1,0) and the second system: €| = (1,2,1), €5 = (2,3,3),
/
63 - (3, 7, ].).

6. [2 points] Find the dimension and a basis of the linear subspace span{vy,va,v3,v4,v5} of R,
where v = (1,0,0,—1), va = (2,1,1,0), v3 = (1,1,1,1), v = (1,2,3,4), vs = (0, 1,2,3).

7. [2 points] Determine whether the matrix

5 2 -3
4 5 —4
6 4 —4

can be reduced to a diagonal form by going over to a new basis. Find that basis and the
corresponding matrix.
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[3 points] Let a linear map T : R?* — R3 be defined by T'(z,y, 2) = (z,2 +y,z +y + 2). Find
its matrix in the standard basis and also in the basis v; = (1,0,0), vo = (2,0,1), v3 = (0,1, 1).
Check if T is invertible and if yes, find the inverse map T~ !. Is T self-adjoint?

[3 points] Find the orthogonal projection of the vector u = (4, —1, —3,4) onto span{vi,ve,v3}
in R* with the standard inner product, where v; = (1,1,1,1), vo = (1,2,2, 1), v3 = (1,0, 0, 3).

[4 points] Consider the vector space R, [z] of all polynomials with real coefficients of degree at
most n with the inner product

1
(p,q) = / p(x)q(z)dz.

-1
Show the following polynomials

1od¥ o,
po(x) =1, pi(z) = SRE dak ((x - 1) > , k=1,...,n,
form a basis in R, [z].

[3 points] Show that A is self-adjoint and compute e?, if

().

[2 points] Reduce to a canonical form the following quadratic form on R3
Q(z) = 23 — 223 + 23 + 22129 + 42123 + 27923,

[2 points] Show that AU B = AU B, where A denotes the closure of a set A.

[3 points] Compute the partial derivatives %(0,0) and %(0,0), if f(z,y) = Yzy. Is the
function f differentiable at (0,0)?
[3 points| Does %(0,0) exist, if

o) = x%”Tny if 22 4+ 9% >0,
’ 0, if oz =y=0?

[3 points] Show that the function z = z(z,y) defined by the equation
F(x —az,y—bz) =0,

where F' is a differentiable function of two variables and a,b are some constants, solves the
equation

[24+2+42 points] Find the general solutions to the following equations:
a) y'Iny| + 2%y = 0; b) zy/ + (14 22%)y = 2%e*"; ¢) yf = L.

x

[3+3 points] Solve the initial value problems:
a)y —ay=ayz, y(1) =4 b) y® — 16y =0, y(0) = 5/ (0) = 2, ¥ (0) = 2, y"'(0) = 0.



