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Problem sheet for the exam!

Theoretical questions are not included here.

1. Show that

a) AUl=A, AUA=A, AUB=BUA, AU(BUC)=(AUB)UC = AUBUC,
b) ANO=0,AnNA=A, AUB=BNA AnN(BNnC)=(AnB)NnC = ANBNC;
¢) AAB=(AUB)\(ANB)=(A\B)U(B\ A), A\ B= An B,

d) AnN(BUC)=(ANB)U(ANC), AU(BNC)=(AUuB)N(AUCQ).

)

e) (AUB)*=A°NB° (AN B)* = A°U B°.

2. Let A, ={1,...,n} for each n € N. Then

UAn_UAn_N ﬂAn_ﬂAn_{l}

neN neN

3. Prove that
a) V6 £ Q; b)vV2++v3¢Q; c)foreach n € N either \/n € Nor /n € Q.

4. Using mathematical induction prove that:
a)l+2+---4+n= %n(n + 1) for positive integers n;
b)13+23 A4 nd=(1+2+...+n)? for each n € N;
c) 11" — 4™ is d1v1s1b1e by 7 for each n e N;
d) 5" —4n — 1, n € N, are divisible by 16;
)1+22+ +nl §2—71Lforalln€N.

5. Prove that there does not exist a rational number x solving the equation 22 = 2.
6. Prove that the following sets are bounded:

a) {nLH i neE N};

b) {(71)%“ i ne N}.

n—(=1)"

7. For each a < b prove that inf|a, b] = inf(a, b] = a and supla, b] = sup|a, b) = b.

8. Show that
a)2">n+1,neN; b)3">2n+1,neN; ¢) 2" > (vV2—-1)2n2, ncN.
9. Let x1,...,x, be a positive real numbers. Prove that
I4+z) ... -A4zy) >14+a1+ ...+ 2.

IThe listed exercises or similar ones will be chosen for the exam



University of Leipzig — WS18/19
10-PHY-BIPMA1 — Mathematics 1 / Vitalii Konarovskyi

10.

11.

12.

13.

14.

15.
16.
17.

18.

19.

20.

21.

Prove the boundedness of the following sequences:

a) (21),515 b an—\/2+\/2+ + 2+\/§

n square roots n>1

Prove the following statements:

a) ap > a, n—>00 & a,—a—0, n—>00 & |a, —al — 0, n— oo;

b) a, =0, n » 00 < |ay| =0, n — oo

c) ap —a, n—o00 < Ve>03INeN: {an,ani1,...} C(z—¢c,z+¢);

d) ap, =0, n =00 < sup{lag|: k>n} —0, n— oo;

e) ap = a, n— 00 = |ay| = |a|, n — oco.
Prove that for a sequence (ap)p>1 with a, # 0 the equality nILIgO lan| = 400 is equivalent to
o =0
Compute the following limits:

n3—2n2 cosn+n. : 2 . . : n/"Son n. . sin?n .
a) nlgn;oif s b) hm (\/n +n—+/n); ¢ 71113;0 Vn22m 437 d) HIL%—ﬁ ;

n?+sinn . : 2"+n n41
nh_g.lo n2+ncosn’ f) nlggo 341 g) \/ﬁ

Let (an)n>1 be a bounded sequence and b, — 0, n > co. Prove that a,b, — 0, n — oc.

Let (an)n>1 be a sequence such that % — 0, n — oo. Prove that max{a,az,..an}

Let (an)n>1 be a bounded sequence and b,, — 400, n > co. Prove that a, + b, — +00, n — 0.

Using the monotonicity compute the following limits:

a) lim 17(1)—,71:0; b) lim 2”7'2; ¢) lim \/2+\/2+ .+ 2—1—\[ d) lim - =0.

n—oo N—00 Nn—00 n—oo 2

n square roots

Identify the set of subsequential limits of the following sequences:

a) (sm 2’5")”21; b) (sin3mn)p>1; ¢) (an)n>1,

b (—1)7LT+1 +mn, if nisodd,
where a,, = n
" (-1)2 +21, ifniseven.

Prove that a, — a, n —» oo < lim a, = lim a, = a.
n—00 n—oo

For a sequence (ay),>1 compute lim a, and lim ay, if for all n > 1
n—00 n—oo

a) ap =1— , b) anzi(_i) +71+(21) ; C) an:ZJr}coszg“ d) a, =1+ nsin &F;

e) ap = (1 + l)n . (_1)n + sin %7 f) ap = (_71)” + 1+(2 D" .

n

Check whether the following sequences are Cauphy sequences.
8) (3)psys D) (“D))ps1s ©) (an =S + 82 4 4 shm)

UNIVERSITAT LEIPZIG

}—>0,n—>oo.
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Show that (ay)n>1 is a Cauchy sequence iff ~ sup  |ap, — ap| = 0, N — co.
B m>Nn>N

Find the domain and the range of the following functions:

8) [(z) = s D) F@) =VI—a% ¢) f(z) = In(1+2).

Let f: X =Y and A; C X, Ay C X. Check that
a) f(A1UA2) = f(A1)Uf(A2); )f(AmAz) (f(A1) N f(A2)); ¢) (f(A)\f(A2)) C F(A1\A2);
d) A1 C Ay = f(A1) C f(A2); €) A C fTH(f(AD); ) (F(X)\ f(A1) C F(X N\ A).

Let f: X Y and By CY, By C Y. Show that

a) f71(B1UBy) = f1(B1) U f'(Ba); b) f71(B1N Ba) = f~1(B1) N f(Ba);
¢) f7H(B1\ B) = f~H(B1)\ fH(B2); d) BiC By = f1(B 1) cf ( 2);

e) f(f71(B1) = Bin f(X); f) f~1(Bf) = (f'(By))"

Prove that the set of all limit points of Q equals R U {—o00, +00}.

Prove that ()—>O x — a, if f(x) - +o0, z — a.

Prove that the limit of the function f(z) = cos 1, z € R\ {0}, does not exist at the point a = 0.

Using ¢ — ¢ definition, show that
a) lim y/r =2; b) lim 12 =0,
z—4 z

T—-+00

Compute the following limits:

tanz . CcosS T . x2— . 3 —zsinaz+tx. x2+cosz+1 .
a) limy b0 b) L 2= o)l oty d) M SEERRES o) lm RTINS

) hm<,22 _#» ¢) lim -2 . h) lim (x(\/m—$—l)>;

2—0 \sinz  l—cosz 2—0 VItsinz—1’ z—>+4-00

i) xgrfoo(\/ax +1—+/z), for some a > 0.

Compute the following limits:

—Z
a) lim —%—; b) lim c¢) lim —2—; d) lim
)x—>0— V1—cos2z’ )33_>0+ V1- cos2a: )x—>%— V1-sinz’ )z_> Ty V1-sinz’
1
. _1 . -
e) lim e =; f) lim &~
z—0+4 =0+ T

Let f be an increasing function on an interval [a, b].
a) For each ¢ € (a,b) show that the one-sided limits f(a+), f(c—), f(c+), f(b—) exist.
b) Check the inequalities

fla) < flat+) < flem) < fle) < flet) < f(b=) < f(D),

for all ¢ € (a,b).
c) Prove that lim+ f(z—) = f(c+) and lim f(z+) = f(c—) for all ¢ € (a,b).
Tr—rcC r—c—
Let a,b be a real numbers, f(z) =z + 1, x <0 and f(z) = ax + b, x > 0. For which a,b the
function f is continuous on R?

Compute the following limits:

i — e%): 2?3 41, iy Zeosz+l
a) ig%(tanx € )’ b) 11H12 r—sinwz’ C) ilg% 341
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35. Prove that the function f(z) =sini, z # 0, and £(0) = 0, is discontinuous at 0.

36. Show that the Dirichlet function f(z) =1, x € Q, and f(z) =0, z € R\ Q is discontinuous at
any point of R.

37. Compute the following limits:

. In(14+x)+arcsinz? arctan x . arcsinx. T . . arctanz.
a) lim = osatooss 5 ©) MM oz ©) lim 25RE d) lm o e ©) lim #5005
. arccosz—Z% . ct
f) lim —————2; g) lim 75111(? an 2)
z—0 x z—0 an

38. Compute the following limits:

i . ; . ; 1+sin2 1— . . In(l4x)+e®—cosz,
0 linyeos2)”s 1) lim_a(n(-2)-In); ) iy (852 ) by s )ty B

f) lir%(cosx)w%' g) linb%(xl_l) for m € N; h) lir%w for m € N;
T— T—

N 7 1—(cos mac) Jcosz—1 . esin2z _  tanz
i) lim ————~— form € N; k hm 1) im &—>¢%—.
) z—0 z? ) —0 3v 142 1’ ) z—0 B

39. Prove that the function P(x) = 23 + 722 — 1, z € R, has at least one root, that is, there exists
xo € R such that P(zg) = 0.

40. Let ¢ : [0,1] — [0,1] be a continuous function on [0, 1]. Show that there exists xo € [0, 1] such
that g(xo) = xo.

41. Let f,g :[0,1] — [0,1] be continuous and f be a surjection. Prove that there exists z¢ € [0, 1]
such that f(zo) = g(xo).

42. Using the definition of derivative, check that (z|z|)’ = 2|z|, x € R.

43. Show that the following functions are not differentiable at 0.
a) f(z) = |zl 2 € B; b) f(z) = ¥z, 2 € R; ¢) f(x) = wsin, z € R\ {0}, and £(0) =

44. For the function f(r) = |22 — x|, x € R, compute f'(z) for each z € R\ {0,1}. Compute left
and right derivatives at points 0 and 1.

562 X
() = { orEn

axr+b, x>1.

45. Let

For which a,b € R the function f:
a) is continuous on R; b) is differentiable on R? Compute also f’.

46. Check whether the following functions are differentiable at 0. Justify your answer.

cosx—1 177&0 5
0 ’ 0’ b)f(z) = Va2, z €R; «¢) f(z) =|sinz|, z € R.
) r=U;

47. Prove that f is continuous at a point a if f/ (a) and f! (a) exist.

48. Compute derivatives of the followmg functions:

T

a) f(z) =2%sinx; b) f(z)=e T cosx; ¢) f(z) = 1+g:7; d) f(z) = szi:z»
e) f(x) = 2tan(m2_1); f) f(z) = sin(cos®(tan®)); g) f(z) = ¢ Ltad.

1—z3>
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—z2si 2 . i _
h)y=e % §)y=505 jy=e" (Il+cots); k) fla)=e"  eimiiogste,

where a, b are some constants.
49. Let f(x) = x—lg,e_z% for z # 0 and f(0) = 0. Prove that f/(0) =
50. Compute derivatives of the following functions:
a) f(z) =1l ”;2:, b) f(x) =In (m’—i— Va2 + 1); ¢) f(z) =Intan ;
d) f(x) = arcsin W’ e) f(z) = arctan 1££; f) f(z) = 2" g) f(z) = ¥=.

51. Let a function f : (a,b) — R be differentiable on (a,b) and there exists L € R such that
|f/(x)] < L for all € (a,b). Show that f is uniformly continuous on (a,b).

52. Prove that
a)x—%?ﬁsinxﬁ:nforall:vZO;
b) 1—x—2<cosx§1forallx20;
¢) 1z <In(l+2) <z foralz> -1
53. For each a > 1, prove that (1 +z)* > 1+ ax for all x > —1.
54. Identify the intervals on which the following functions are monotone
a) f(x) =3z —23, z €R b)f(x) = %, reR; ¢ f(z) =5, v €R;
d) flx) =z +/[1—2?,z€R; e) flz)=5 -1 zeR\ {0}

55. Identify a € R for which the function f(z) = x + asinz, x € R, is increasing on R.

56. Using L’Hospital’s Rule, show that
a) lim 1 =t =1; b) hm In(l+e) _ 4, c) lim (nn)=(5)" _ acp

7—0 sinz T—se r—e e
4 o
where a, 8 are some real numbers; d) lim w =22 peR;
z—1 nx ™
1

e) 1_i>15l+ <@)w =3, f) ll)m 55 =0; g) ll}IJ'I_l Iz — 0 for all e > 0;

x x
h) lim 2flnz =0 for all € > 0; 1) hm (In(1 +z))* = 1.

z—+0

57. Compute the following limits:
a) lim %; b) hm e ¢

sin x

¢) lim (m (g—arctanx))- d) lim 1n(w+1) In(z—1)

z—0 S0 z—sinz 7 T—r—+00 ’ T——4o00 VT —Va?2-1"
1
. -1 . 1 1\ (1—|—J;)E—e pnz
e) lim (zsin=+=)"; ) lim (zsin=+ =); lim ~——2—=: h) lim t—s
) x—+00 ( x :5) ’ ) T—+00 ( z xQ) ’ ) x—0 z ’ ) T——+00 (lnm)

58. Show that for every n € NU {0}

T e~ 1.3 5 x2n+1

2z—x?

59. Write Taylor’s expansion of the function e , € R at the point zyp = 0 up to the term

with z°.
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60.

61.

62.

63.

64.

65.

66.

67.

68.

Use Taylor’s formula to compute the limits

a) lim
z—0

e) lim
z—0

x

_e 5 . e — ] . Tz 1 .

cosr—e 2. ) lim SRR 396( +$); ¢) lim €=1=2; d) lim —2=snz_, —;

z z—0 x z—0 T z—0 e?—1—z—2-
In(14x+22)+In(1—z—22?) . cos(ze®)—cos(zre™%)
rsinz ) f) ig% 3 :

Find points of local extrema of the following functions:

a) fl) =2*(1—2)%, 2€R; b) f(z) =2%"2€R; ¢ fz)=z+1, 2> 0;
Z‘Z x x

d)f(af):?—%+m;$€& e)f():]a:\e ;z €R; ) f(z) = a7,

g) f(z) = { 70 Ler

0, :U—O

Identify intervals on which the following functions are convex or concave:
a) f(x)=€e*, x €R; b) f(z) =Ilnz, x >0; c) f(z) =sinz, z € R; d) f(z) = arctanz, z € R;

e) f(z)

=z% x>0, acR

Compute the following indefinite integrals:

a)fco

s6rdr, z € R; b) [xsinzdr, z €R; c¢) [sin®axdz, v € R;

d) [sin2zsin3zdr, z € R; e) [sin’azdr, 2 €R; f) [ z¢ (0,%);

sinx cos? x’

g) [z cosz?dz, x € R; h) —on( 00,1) and (1,400); 1) [-% 2 >0;

rlnzx’

) [P v e R k)[4 we (0,3); 1) [ v e (-5.5);

Firata’ ©

cos? coszx’ 2772

fcos rsin®zdz, € R; n) I%,mel& 0) f1'2SiIll‘dl',l'€R;

1
p) [(Inz)*dz, z > 0; q) [e**cosadr, z €R. 1) [ ﬁ, reR; s) [ efch,
t) [VI—3adz,z <3 u) [ 1%22 on (—oo,—1), (—=1,1) and (1, 400);

v) [ In(

Let f:

22+ 2+ 1)dz, v €R.

[0,1] — R be integrable on [0, 1]. Prove the equality

i [ se= [ sy

Compute the following integrals:

a) %
g) )"

1
k) 1

Vrdz; f131f;2; c) [o? sin2zdx; fl Zz=ldy: e) foz\l—:c|dm;

2 1 2
x sin 22 h) [5" @%coswdx; i f 1\/%- " Vet — 1dx;

P
Ml% for « € (0,7); 1) fé |Inz|de; m) [ arccos zdz.

Compute the following derivatives:
b b . 2 3
a) L [Vsina?da; b) AL [Vsina?dr; o) 4 [T VI 2dt d) 4 [

Compute the following limits:

a) lim

z—0

Jo cost?dt b) lim Jo (arctan t)?dt
z ’ T—+00 Va?+1

x > 0;

x> 0;

f) fém xe

Compute the area of regions bounded by the graphs of the following functions:
a)2r=y?and 2y =22 b)y=22andz+y=2; ¢)y=2% y=2and z = 0;

d) y=

3
a2(j,—7$2 and y = 0, where a > 0.

“Tdx;
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69.
70.

71.

72.
73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

Compute the length of the circle 2 + 32 = 72, r > 0.

Computegthe length of continuous curves defined by the following functions:
a)y==x2,x€[0,4]; b)y=¢€",0<x<b; c)x=a(t—sint),y =a(l —cost), t € [0,27],
where a > 0.

Compute the following improper integrals

a) [T ze %dr; b) [ L . fo

+00 2 —x
0 0 22+x+17 d) fO xr-e dx.

1 —z’
Identify all p € R for which the improper integral f1+°O xPe™"dx converges. Justify your answer.

Show that the following improper integrals converge:

fl-l—oo e dz; b) [ = 1dx ¢) Jo e dy; d) [ e Inady; o) [ LLdy

+o0 cosac 2 +00 sin2x-sinz .. 1 1
f) J; fl cosz’dr; g) [{ T FRELSREdg; h) [, = i) Jo Inzdz.
o)
Prove that the convergence of a series > a, implies that a,, + ant+1 + ...+ ag, — 0, n — 0.
n=1

Identify all p > 0 for which the series Z converges. Justify your answer.

n(lnn

Prove the convergence of the following series:

wiﬂﬁﬁ>zw>§ucw>>§@@Wﬂ>§wwuwﬁ

n—l n=1 n=1 n=1

0% g X B ) X (g2 - 1),

w‘z

Investigate the convergence of the following series:
o0 3nn' o0 n5 o0 (’n')Q o0 n
a) M7wzﬁmsezﬁwezxﬁf
n=1 n=1 n=1 n=1

n!)2 & n
I DY

n" 2”
(n+1)m

Prove the convergence of the following seqliences:

- (*1)n+1. — nn+1) 1 . 1n3n s
B X EE b)) X ()M o) X e ) 3 e

n=1

Investlgate the absolute and conditional convergence of the following series:

a) S{,?Qn, b) E ((217)0'71'7 C) Z( 1) sms %7 ) Z cosn

n=1 n=1 n=1

Show that for each x € R

T 2 3 n

©_q fL‘ x

Express the following complex numbers in the form x + yi for z,y € R:
a) (=2+3i)(1414); b) (V2—19)32 ¢ (2+3i)%(1 + 2i);
j 1

d) 2t e) Bt (1+9)2

1
27— 5o 1) (1—22‘)27 g -

Compute the real and imaginary parts of Z%, where z = x + iy, z,y € R.
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83.

84.

85.

86.

87.

88.
89.

90.

91.

92.

93.

Solve the following equations:
a) |z|] —2=1+2i; b) [z2| +2=2+1.

Write the following complex numbers in the polar form:
a)i; b)1—4; ¢) —1++/3i; d) —2 — 2i.

Compute

(1—+/3i)(cos H+isin 0)
2(1—i)(cos@—isin@) -

A 20 A 24
Compute a) (4 + i b) (VB-30% o L+ d) (5)" o) (1- 82"

Solve the following equations:
a) 22+2+3=0; b)22—i=0; ¢)2°—-2=0; d)*+i=0; e)2>—4i=0.

Let z,w € C. Prove the parallelogram law |z — w|? + |2 + w|? = 2(|z|? + |w|?).

For a complex number « show that the coefficients of the polynomial

p(z) = (z = a)(z - Q)

are real numbers.

Let p(z) be a polynomial with real coefficients and let a be a complex number. Prove that
p(a) = 0 if and only if p(@) = 0.

For each of the following sets, either show that the set is a vector space over F or explain why
it is not a vector space.

The set R of real numbers under the usual operations of addition and multiplication, F = R.
The set R of real numbers under the usual operations of addition and multiplication, F = C.

The set {f € C[0,1] : f(0) = 2} under the usual operations of addition and multiplication
of functions, F = R.

The set {f € C[0,1] : f(0) = f(1) = 0} under the usual operations of addition and
multiplication of functions, F = R.

The set {(z,y,2) € R® : 2 — 2y + z = 0} under the usual operations of addition and
multiplication on R3, F = R.

The set {(z,y,2) € C3 : 20 + z + 4 = 0} under the usual operations of addition and
multiplication on C3, F = C.

Let F[z] denote the vector space of all polynomials with coefficients in F and let

U={az® +b2°: a,bcF}.

Find a subspace W of F[z] such that F[z] =U & W.

Consider the complex vector space V' = C? and the list {vy,vo,v3} of vectors in V, where

V1 =

(7,0,0), vo = (i, 1,0) and v3 = (4,4, —1).

a) Prove that span{vi,ve,v3} = V.
b) Prove or disprove that {v1,vs,v3} is a basis of V.
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94.

95.

96.

97.

98.

99.

Let V be a vector space over F, and suppose that vy, ve,...,v, € V are linearly independent.
Let w be a vector from V' such that the vectors v1 +w, v +w, ..., v, +w are linearly dependent.
Prove that w € span{vy,va, ..., v,}.

Let po,p1,...,pn € Fy[2] satisfy p;(2) =0 for all j =0,1,...,n. Prove that po,p1,...,p, must

be a linearly dependent in F,,[z].

Define the map T : R? — R? by T'(x,y) = (z + y, z).
a) Show that 7" is linear; b) show that T is surjective; c¢) find dim(kerT').

Show that the linear map T : R* — R? is surjective if

ker T = {(x1,x2,x3,14) € R*: 21 = bxg, 23 = Txg}.

Let V and W be vector spaces over F with V finite-dimensional, and let U be any subspace of
V. Given a linear map S € L(U, W), prove that there exists a linear map 7' € L(V, W) such
that, for every u € U, S(u) = T (u).

Let U, V and W be finite-dimensional vector spaces over F with S € L(U,V) and T € L(V,W).
Prove that
dim(ker(7'S)) < dim(ker T') + dim(ker S).



