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18 Lecture 18 — Improper Integrals

18.1 Integrals over Unbounded Intervals
18.1.1 Definition and Elementary Properties

In this section, we assume that a function f : [a, +00) — R is integrable on [a, 2] for all z > a and set

z
o(z) ::/ f(z)dz, z>a.
Definition 18.1. The finite limit

lim ¢(z) = lim /Z f(x)dx (27)

Z—+00 Z—r+00

is called the improper integral of f over [a,+00) and is denoted by

400
f(@)de. (28)

a

In this case, we will say that improper integral (28) converges. If limit (27) does not exist or is
infinite, then improper integral (28) is said to be divergent.

Remark 18.1. If integral (28) converges, then for each b > a the improper integral

+oo
/b f(z)dx (29)

also converges. If for some b > a improper integral (29) converges, then improper integral (28) also
converges. These both statements follow from the equality

/:f(x)dxz/abf(x)d:r+/bzf(a:)d$, a<b<z,

and the definition of the improper integral.

Example 18.1. The improper integral f0+°° e ®dx converges and equals 1. Indeed,

“+o00 z
/ e *dr = lim e dr = lim (—67””
0

z2—400 0 z—r+00

0): lim (1—-e7)=1

z—r4-00

Example 18.2. The equality f0+°o 1122 = 5 is true, since

o dg . 7 dx )
— _ — lim ——— = lim (arctanx
0 1+ 2 z—+oo J 1+ x2 z—~+00

Example 18.3. Let p > 0. The improper integral f1+°° i—ﬁ converges for p > 1 and diverges for p < 1.
Indeed, for each z > 1

(2) /Zda: Inz—1Inl, p=1,
P \z) = — = —p+1
1 TP Z,Ijll_%v p#l

# i T
0) = Zirfw(arctanz —-0)= 5

Thus,

L, p>1,

+00, <1,
o(z) — { P z = +o0.
p—1’
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Example 18.4. The integral f0+oo cos zdx diverges, since for the function p(z) = foz cos xdx = sin z,
z > 0, there is no limit as z — +oo.

Theorem 18.1 (Elementary properties of improper integrals). The following properties of improper
integrals are true.

1) Let integrals fa+oof(x)dm and f;oo g(x)dx converge. Then the integrals f;roo cf(z)dz, ¢ € R,
fa+oo(f(33) + g(x))dx converge and

[ esee=e [ s
/:oo(f(x) +g(x))de = /:OO flx)dx + /:OO g(z)dz.

2) Let f have an antiderivative F' on [a,+00). If the limit

F(+00) := ZEI}-]OO F(z) (30)

exists, then fa+°° f(x)dx = F(400) — F(a). If limit (30) does not exists or is infinite, then the
integral fa+°°f(x)d:r diverges.
3) (Integration by parts) We assume that functions u,v are continuously differentiable on [a,+00).
If the integral f;roo u(z)v' (z)dr = fa+°° u(z)dv(z) converges and the limit u(+o0)v(400) =
lim w(z)v(z) exists, then the integral f;oo ' (z)v(x)de = fa+°° v(x)du(z) converges and

z—+Foo
. / " ) du(x)

a

+oo
/ v(z)du(z) = u(z)v(z)

Example 18.5. The integral f0+oo xe *dx converges and equals 1, since

+o0o +o00 400 +o0
/ re Tdx = —/ rde ™ = —xe™” —I—/ e Tdr =1,
0 0 0

0
according to examples 7.3 and 18.1.

18.1.2 Convergence of Improper Integrals of Non-Negative Functions

Theorem 18.2. The improper integral f;roo f(z)dx of a non-negative function f converges iff there
exists C € R such that p(z) = [7 f(z)dx < C for all z > a.

Proof. Since f is non-negative function, the function ¢ non-decreases. Consequently, the upper bound-
edness of ¢ is equivalent to the existence of the limit 111_{1 ©(z), by Theorem 7.9 (i). O
Z—r1+00

Theorem 18.3. Let f : [a,+00) = R and g : [a,+00) — R satisfy 0 < f(x) < g(z) for all z > a.
Then the convergence of the improper integral fa+°° g(x)dxz implies the convergence of f;roo f(z)dx.
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Proof. The statement follows from Theorem 18.2 and the estimate

o) = / @)z < /:g(a:)da; < tim [ g)de = /a+oog(x)d:1; —.C :>a

zZ——+00 a

Here the inequality for integrals follows from Theorem 16.6. U

Example 18.6. The integral fOJrOO cos’g o converges because we can apply Theorem 18.3 with a = 0,

1422
flz) = cos?g . > 0, and g(z) =

1422
+00 _dzx
0 Tia7 Sce Example 18.2.

H%’ x > 0. For the convergence of the integral f0+°° g(x)dx =

Exercise 18.1. Show that the following improper integrals converge:

a) [, e da; b) [ e nwda; o) [ T de.

Corollary 18.1. We assume that for some numbers 0 < C' < 400 and p > 0 f(x) ~ I%, T — 400,
i.e. lim xPf(x) = C. Then the integral f;oo f(x)dx converges for p > 1 and diverges for p < 1.

T—+00
Proof. Let p > 1. By Theorem 7.1 (iii), there exists D > a such that 2P f(z) < 2C for all x > D.
Thus, f(z) < 20 » > D. Now applying Theorem 18.3 with a = D, g(z) = 20 x> D, and

o N
using Example 18.3, we obtain that |, ; * f(z)dz converges. Hence, fjoo f(z)dx also converges, by
Remark 18.1.

Let p < 1. Similarly, there exists D > a such that f(z) > % for all x > D. Since the integral

+0o Cdx
D 2xP

diverges (see Example 18.3), the integral [ E > f(z)dz also diverges. O

18.1.3 Absolute and conditional convergence

Definition 18.2. An improper integral

“+o00

f(z)dz (31)

a

is said to be absolutely convergent, if the integral

+oco
[ s@las (32)
a
converges. If integral (31) converges but integral (32) diverges, then (31) is called conditionally
convergent.
Theorem 18.4. If an improper integral absolutely converges, then it converges.

Proof. Let integral (32) converge. We consider the following functions

fo(z) = w’ T > a,
oty = HDIHI@

and note that 0 < f_(z) < |f(x)], 0 < fy(x) < |f(z)| and f(z) = fr(x) — f-(x) for all x > a.
By Theorem 18.3, the integrals f(joo f-(z)dz and f;roo f+(x)dz converge. Thus, using Theo-

rem 18.1 1), we have that the improper integral f;oo flz)der = fa+°°(f+(x) — f=(x))dx also con-
verges. O
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Example 18.7. The integral f1+°° Si%d:c is conditionally convergent. Indeed, according to the inte-
gration by parts formula, we have
z Z 1
— / oS xd}
1 1 X

+o00
= — lim [COSZ coler/ cosxdx] :c051/ cosxdx.
1 1

z

+OO . z .
sin x . sin x . 1 . CoS T
dr = lim der = — lim —dcosx = — lim
1 xT z—+o00 [Jq €T z—=+oo 1 T z—r+00 xT

zdoo | 2 22 22

The integral [| 00 cosz 7 absolutely converges because % < :612, x > 1, and the integral fl x2
converges (see Example 18.3). Thus, f1+oo ©5%dz converges, by Theorem 18.4. This implies the

convergence of the integral f;roo sinz g

Next, we show that f1+oo %ﬁda@ diverges. We estimate

nr |smx] / | sin z| / _ 2 -1
dzx > [sinz|de = =) —.
/ S T oY A w2

In the next lecture we will show that ZZ:Q% — 400, n — oo. Thus, f:oo @dw diverges and,

consequently, |5mr‘ dx also diverges.

Theorem 18.5 (Dirichlet’s test). Let functions f and g satisfy the following properties:
1) there exists C € R such that | [ f(z)dz| < C for all z > a;
2) the function g is monotone on [a,+00);
3) g(x) = 0, z — 4o0.

Then the integral fa+°° f(z)g(z)dx converges.

Example 18.8. The integral f1+°° Si%da: converges, since the functions f(z) = sinz, x > 1, and
g(z) =1,z > 1, satisfy conditions 1)-3) of Theorem 18.5 with C' = 2.

Example 18.9. The integral f1+°° sin z3dx converges, since the functions f(z) = z?sinz3, 2 > 1, and
g(x) = m%, x > 1, satisfy conditions 1)-3) of Theorem 18.5 with C' = £

Theorem 18.6 (Abel’s test). Let functions f and g satisfy the following properties:
1) the integral f;w f(x)dx converges;
2) the function g is monotone on [a,+00);
3) the function g is bounded on [a,+00).

Then the integral f;roo f(z)g(z)dx converges.

Exercise 18.2. Prove the convergence of the following integrals:

a) f1+oo Cf/sg x; b) 1+O° cos r2dx; c) f0+°° sin x2dz; d) f1+°° 7Sin2”gsmxdx.

Remark 18.2. The definition and properties of the improper integral f * _f(z)dz are similar to ones
of f+oo x)dz. The integral f+°° (z)dx is defined as [ f(x)dz + f+°° x)dz for any a € R.
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18.2 Improper Integrals of Unbounded Functions

In this section, we will consider a function f[a,b) — R such that for all ¢ € (a,b) it is integrable on
[a, ¢] and unbounded on (c,b). The case of a function f(a,b] — R, which is unbounded near a can be

considered similarly. We set
z) :/ f(z)dz, =z € (a,b).

lim p(z)dz = hm / f(z)dz (33)

z—b—

Definition 18.3. The finite limit

is called the improper integral of f over [a,b) and is denoted by

b
/ f(z)dz. (34)

In this case, we will say that the improper integral (34) converges. If limit (33) does not exist or is
infinite, then the improper integral (34) is said to be divergent.

Exercise 18.3. The improper integral f01 \/% converges, since

4 1_
/ du :_/ 2) /(1 z)"2d(1— ):—2(1—95)%22—2(1—z)%+2—>2, z— 1.
0 0

11—z l—x

Example 18.10. The improper integral fo In xdx converges, since

1
=—1l—zlnz+2— -1, z— 0+,
z

1
/ Inzdr = (zlnz — x)
z

by Exeample 13.1 b). For the computation of an antiderivative of In z see Example 15.7.

Exercise 18.4. Prove that the improper integral ff (bilif:)p, p > 0, converges for p < 1 and diverges
for p > 1.

The following properties of improper integrals of unbounded functions can be proved similarly as
properties of improper integrals over unbounded intervals.

1. Let f(x) >0, z € [a,b). The improper integral fab f(z)dx converges iff there exists C' € R such
that [~ f(z)dx < C for all z € [a,b).

2. Let 0 < f(x) < g(x), € [a,b). If the improper integral f;g(x)dyc converges, then fff(m)dx
also converges.

3. If for some p >0 and 0 < C' < 400 f(x) ~ ﬁ, x — b—, that is, xligl_(b —x)Pf(x) = C, then
the integral f; f(z)dx converges for p < 1 and diverges for p > 1.

4. If a function f has an antiderivative F' on [a,b) and there exists a limit F(b—) := lim F(z),

r—b—
then [” f(x)dz = F(b—) — F(a).

Exercise 18.5. Prove the convergence of the integral fol \3/%.
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