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15 Lecture 15 — Antiderivative and Indefinite Integral

15.1 Definitions and Elementary Properties

In this section, J denotes one of the following intervals [a,b], [a,b), (a,b], (a,b), (—00,a], (—0,a),
[b, +00), (b,+00) or (—oo,+00). Moreover, for a function f : [a,b] — R, we set f'(a) := f} (a) and
f1(b) == fL(b).

Definition 15.1. A function F': J — R is said to be an antiderivative or a primitive function of
a function f : J — R, if for each x € J there exists F’'(z) and F'(z) = f(z).

Example 15.1. An antiderivative of the function f(x) = x, x € R, is the function F(z) = %xQ, r € R,
since (%xQ)/ =z for all x € R.

The function G(z) = %xQ + 1 is also an antiderivative of f because (%xQ + 1)' =z for all z € R.

0 0 0 0
Example 15.2. An antiderivative of the function f(z) =< rs N sy

" is the function F'(z) = { 5
z, x>0, 5, x=>0.
Indeed, for each z < 0, F'(x) = 0 and for each > 0 F'(x) = x. Moreover, F’ (0) =0, F}(0) =0

and, thus, F'(0) = 0, by Remark 10.2.

Remark 15.1. We note if f has an antiderivative, then it is not unique. Indeed, if F' is an antideriva-
tive of f, then for any constant C' € R the function F' + C' is also an andiderivative of f because for
each x € J (F(z) + C) = F'(x) = f(x). Moreover, if F' and G are antiderivatives of f, then there
exists a constant C' € R such that F' = G + C, by Corollary 12.2.

Definition 15.2. The indefinite integral of a function f : J — R is the expression F(z) + C,
x € J, where F' is an antiderivative of f and C denotes an arbitrary constant. The indefinite integral
of a function f is denoted by [ f(z)dz, z € J.

Exercise 15.1. Find antiderivatives of the following functions:
2) f(z) = |z], € R; b) f(z) = max{l,2?}, v € R; ¢) f(z) = |sina], z € R;
d) f(z) =sinz + |sinz|, x € R.

Exercise 15.2. Let a function f : R — R has an antiderivative F': R — R. Find f, if for each = € R:
a) F(z) = f(z); b) Fz) = 3f(x); ¢) F(z) = f(z) +1; d) 22F(z) = f().

Theorem 15.1 (Properties of indefinite integral). Indefinite integral satisfies the following properties:
1) %ff(x)dx = f(z), z € J;
2) [ fl(z)de = f(x)+C, xeJ;
3) [(af(zx))dz =a [ f(x)dz, x € J, for alla € R, a #0;
4) [(f(2) + g(x))dz = [ f(x)dz + [ g(z)dx, z € J.

From definitions 15.2 and 15.1 we have that F’(z) = f(x), € J, provided [ f(z)dx = F(z) + C,
x € J. Using this relationship, we can get the following list of important indefinite integrals.

Ia+1

o [x%dx =T +C,x€(0,400), forall a € R\ {~1};
fm”dx:nx—_&—FC,xGR, for all n e NU{0};
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e [1dz =In|z|+ C on each interval (—oo,0) and (0, +00);
° faxdx:%—l—C,J:ERforalla>O,a7é1;

o [c"dx=e"+C, xR,

e [coszdr =sinz+C, z €R;

o [sinzdr=—cosz+C,zeR;

Cofi”;x =tanz + C on each interval (fg +nm, 5+ ’I’L7T), n € Z;
o [-% = _cotxz+ C on each interval (nm,7 + nr), n € Z;
s~ x

° f%:arctanvaC,xeR;

o [ \/1d‘_”7 =arcsinz + C, z € (—1,1).

15.2 Computation of Indefinite Integrals

An elementary function is the compositions of rational, exponential, trigonometric functions and their
inverse functions. A function is called elementary integrable if it has an elementary antiderivative.
“Most” functions are not elementary integrable. For example, antiderivatives of fi(z) = e*xQ, r € R;
fo(z) = %7 x> 05 fa(x) = Sig‘”, x> 0; fi(z) = sinz?, z € R; f5(z) = cosa?, x € R, cannot be
expressed as elementary functions.

In the following subsections, we will consider some approaches which allow to compute antideriva-
tives of some classes of functions.

15.2.1 Substitution rule

Definition 15.3. The differential df(xz) of a differentiable function f is defined by df(x) =
f(z)dz.
According to Definition 15.3, we set [ f(x)dp(z) := [ f(z)¢'(z)dz.

Theorem 15.2. Let a function f : Ji — R be continuous on Ji, g : J — J1 be continuously
differentiable on J (i.e. g has the continuous derivative on J) and let [ f(t)dz = F(t)+ C, t € Ji.

Then [ f(g(x))g'(x)dz = [ f(g(x))dg(x) = F(g(x)) +C, z € J.
Proof. Indeed, (F(g(x))) = F'(9(x))d'(z) = f(g9(x))d'(z), x € J, by the chain rule. O

Example 15.3. Compute [ sinbzdz, z € R.
Solution. According to Theorem 15.2, we have

1 1 1 1
/sin5xdm= 5/Sin5xd(5x) =[5z =t|= 5/Sintdt:—5cost+C= —gcos5x+0, x €R.

Example 15.4. Compute f2xe””2dm, z €R.
Solution. By Theorem 15.2, we obtain

/2xe””2dx:/ex2dx2: |x2:t| :/etdtzet+C:e“’2+C, z eR.
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Exercise 15.3. Compute the following indefinite integrals:
a) [sin?zdz, x € R; b) fsin2xsin3xdx r€R; ¢) [sindzdr, z € R; d) fsinxd%, z € (0,%);
e) Jxcosa?dr, v €R; f) [ on (—oc,1) and (1,+00).

Theorem 15.3. Let a function f : J — R be continuous, ¢ : Jg — J be continuously differentiable
on Jy and let ¢ have an inverse function p~'. Let also G be an antiderivative for the function

9(t) = fle(®)¢'(t), t € Jo. Then

/f(x)dx:/f(go(t) /f () Gt)+C =G (z)+C, zel
Proof. Let F be an antiderivative of f on .J. Then according to the chain rule, we have

(F(e(1)) = F'(o(t)¢'(t) = fe®)p(t) t€ o

Thus, there exists a constant C' such that G(t) = F(p(t)) +C, t € Jy, or G(p~ (x)) = F(z) + C,
e J. O

Example 15.5. Compute [v1 — z?dz, z € [-1,1].
Solution. Using Theorem 15.3, we have

= si 1 2
/\/1—x2da::‘ T =smt ’ /cos tdt = /Wdt

dr = dsint = costdt 2

1 1
= §t+zsin2t+C: iarcsinm+§x\/1—x2+0

Here, we have used that ¢t = arcsinz and sin2t = 2sintcost = 2sintv1 — cos?t = 2v/1 — 22, for
T =sint, t € (—%, g)

Exercise 15.4. Compute the following indefinite integrals:
& 2x+1)dz
a) [2 ze(-3,%); b fﬁ,xeﬂ%; o) [ x>0 d)‘f%,xeﬂ&
e) [V1—3xdx, x < 33 f) f VIALT 10 € (0,%); g) [ 2 >0; h) [ cos? zsin® zdx, x € R;

cos2 rlnzx’

1) faﬂfx«}l’ r € R; f 1— x2 OIl ?_1)> (_171) and (1,+OO).

15.2.2 Integration by Parts Formula

Theorem 15.4. Let u,v : J — R be differentiable on J and the function uv’ has an antiderivative on
J. Then the function v'v also has an antiderivative on J and the following equality

/u'(x)v(:c)dx = u(z)v(z) — /u(x)v’(x)dar, z€J, (20)
holds.

Proof. The function uv is antiderivative of the function «'v + uv” on J, by Theorem 10.3 3). Thus,

/(U'(%‘)v(x) +u(2)v'(z))dz = u(z)v(z) + C,

which implies equality (20). O
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Remark 15.2. According to Definition 15.3, the integration by parts formula (20) can be written as
follows

/v(x)du(x) = u(x)v(z) — /u(az)dv(a:), x e J

Example 15.6. Compute [ zsin”dz, z € R.
Solution. Using Theorem 15.4 and Remark 15.2, we have

/:rsinxd:c: —/xdcosxz —xcosa:—i—/cosxd:r: —zcosx +sinx +C, xR

Example 15.7. Compute [ Inzdz, z > 0.
Solution. Using Theorem 15.4 and Remark 15.2, we get

/lnxda::mlnx—/xdlnx:xlnx—/dx:xlnx—x—l—C, z > 0.

Exercise 15.5. Compute [ e*sinzdz, z € R.
Solution. Applying Theorem 15.4 and Remark 15.2, we obtain

/emsinxdx: /sinxder :ezsinx—/emdsinx:e‘”sinm—/em cos xdzx
:exsinx—/cosxdex:ewsinx—emcosx—k/exdcosx
:ef”(sinx—cosm)—/ezsinxdx r eR.

Thus, [e®sinazdr = Je(sinz — cosz) + C, 2 € R.

Exercise 15.6. Compute the following indefinite integrals:
a) [xsinazdr, z € R; b) [a?sinzdz, z € R; ¢) [(Inz)%dz, z > 0; d) [In(2? + 2+ 1)dz, z € R.

Exercise 15.7. Find a mistake in the following reasoning.
Using Theorem 15.4 and Remark 15.2, we have

1 1 1
dm:x~—/xd=1—/w-<—2>d$=1+ dj, x > 0.
T T T T T

Thus, 0 = 1!
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