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V. V. KONAROVSKYI

LARGE DEVIATIONS PRINCIPLE FOR FINITE SYSTEM OF HEAVY
DIFFUSION PARTICLES

The large deviation principle for a system of coalescing heavy diffusion particles is
proved. Some asymptotic properties of the distribution of the first moment of meeting
of two particles are described.

1. INTRODUCTION

The present paper is devoted to the large deviation principle (LDP) for the model
of interacting diffusion particles system. Suppose that particles start moving from the
finite set of points, move independently up to the moment of meeting, then coalesce
and move together. Masses of particles are added together at the moment of coalescing.
The random process which corresponds to the describing model is said to be the process
of heavy diffusion particles and denoted by X (¢) = (X1(t),...,Xn(t)), t € [0,1]. It
was proved in [1, 2] that the distribution of such process is uniquely determined by the
following conditions

1°) X} is a continuous square integrable martingale with respect to the filtration

Fir=0(X(s), s <t);

2°) Xx(0) =z, k=1,...,n;
30) Xk(t) < Xl(t)a k<l te [07 ”;
t
4°) (Xp)e = [ #ﬁs), where my(t) = {j: Is <t X,(s) = Xi(s)}, t € [0,1];

50) <Xk7Xl>t]I{t<Tk,l} = 0, where Tkl = inf{t : Xk(t) = Xl(t)}

Here my(t) is the mass of the particle k at time ¢. Condition 4°) means that the
particle diffusion is inversely proportional to the mass. Condition 5°) means that every
two particles move independently up to the moment of meeting. Note that this model
is similar to the Arratia model [3, 4, 5, 6]. In the Arratia model Brownian particles
move independently up to the moment of meeting, then coalesce and move together as
the Brownian motion. The diffusion coefficient of every particle equals one and is not
changing. The infinite system of heavy particles with mass addition at the moment of
coalescing was studied in [1, 2, 7]. Also some asymptotic results for such system were
obtained. In particular, for the evolution of one particle z(t), t >0

. |z()]
F {tl}I-‘Poo Vot nint O} L
Since the interaction in our system is not smooth, we can not use the methods and tools
appropriate for the smooth flows described in [8, 9]. That is why we use some ideas
from [10], where the LDP for the coalescing Brownian particles is obtained. Some our
methods are close to [11], where the LDP for the discontinuous function from diffusion
process is proved. The article is organized as follows. In Section 2 we prove the LDP for
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the process which corresponds to the model of interacting diffusion particles system. In
Section 3 the asymptotic properties of the distribution of the first moment of meeting of
two particles are described.

2. LARGE DEVIATIONS PRINCIPLE

The main result of this section is the LDP for the process of heavy diffusion particles.
For the fixed n € N let [n] = {1,2,...,n}.

Definition 2.1. A set m = {m,...,m,} of non-intersecting subsets of [n] is said to be
the ordered partition of [n] if
P
1) U mi = [n;
i=1

2) ifl,kEm» and | < j < k, then j € m; for all i € [p].

The set of all ordered partitions of [n] is denoted by II™.

Every element m = {m1,...,m,} € II" generates equivalence between [n] elements. We
assume that i ~, j if there exists a number k such that ¢, € m,. Denote by i, an
equivalence class containing an element 4 € [n], i.e.

ir={j€n]: jr~nxi}.
Put

ir =min{j: j €ir}.

Consider f = (f1,..., fn) € C([0,1];R™) such that
(1) F1(0) < ... < £a(0).
Suppose that 70 is an element of II"™ such that

7 ~ 0 j == fl(O) = fJ(O)
Let us define the mapping ®q in C([0;1];R™) by the rule ®4(f) = (¢?9,...,92), where

gwy=> fi—(t), t€[0,1], k € [n].

o |k7r0|
i€k 0
If (1) does not hold then one can consider the permutation {o1,...,0,} of the set [n]
such that
for(0) <. < f5,(0)
and define
Do(f) =o' ®o(af),
where

of = (forsoes fon)
It is obvious that ®q is well defined for all f € C([0,1];R™). Set

C[0,1] = @ (C ([0,1;R™)).
For some f € C[0,1] such that
2) f100) < .. < £ (0)
let us construct ®(f) by induction. Denote by
h=7Yf) =inf{t >0: Fi, f;(t) = fira ()} AL
Consider 7! = 7! (f) € II" such that
i~op j & filth) = fi(7h).
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Let
fk(t)v tg,rla
a) =3 ¥ B t>
ie/k\?ﬂ,l !

k € [n]. Suppose that 7P~1, 7P~1 and gP~! are defined. Then denote by
P = 7P(f) = inf{t > 7P~ 3, gf_l(t) = gf;f(t)} AL,
For 7P = wP(f) € II" such that

) . -1 -1
i j o gl (T7) = g7 (")

%

define
g? (), t< 7P,
b= |%(t)|’ t> 1P,
iEE,rp P
k € [n]. Put

®(f) = (97",
If (2) does not hold then as in the case of ®; we define ® by the formula

O(f) =0~ (o f).
Denote by
E"={zeR": z; <x;41, i € [n—1]}.

Lemma 2.1. Let w(t), t € [0, 1], be a Wiener process in R™ starting from x € E™. Then
® o ®O(w) is the process of heavy diffusion particles.

The proof of the lemma follows from the construction of the maps ®¢ and ®.
Suppose that H is the set of absolutely continuous functions g € C ([0, 1];R") such
that gr € L2[0,1], & € [n]. For z € R™ define the rate function I, on C([0,1];R™) as
follows
1
T,(g)={ 2[16@®Idt g(0) =z, g€ HNC(0,1LE),

400 otherwise.

The main result of this section is the following statement.

Theorem 2.1. Let X (t), t € [0,1], be the process of heavy diffusion particles, X(0) =
x € E™. Then the family {X(e-), € > 0} satisfies the LDP in the space C ([0, 1]; R™) with
the good rate function I.
Set
1 o~
(o= d 3 lg@lPdt, g(0) ==, g€ HNe(C0,1]),
x(g) = 0
+00 otherwise.

~

Note that a function f belongs to the set ®(C|0, 1]) iff for all k,I € [n], fr(s) = fi(s),
s € [t, 1], whenever fi(t) = fi(t).

It must be mentioned that the function I, is not lower semicontinuous but the family
{X(e), € > 0} satisfies the LDP in the space C (][0, 1]; R™) with the rate function I, i.e.
for any open set G in C ([0, 1];R"™)

(3) limenP{X(e) e G} > —igf I

e—=0

and for any closed set F’

(4) limelnP{X(e:) € F} < —infI,.
e—0 F
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Since fz < I, then for every closed set I and open set G the following relations hold
ir};f I, < ir};f I, igf I, = igf I.. That is why to prove the theorem it suffices to check (3)

and (4). Since the function ® is discontinuous, one can not use the contraction principle
as in the case of ®j. Let us modify the contraction principle for discontinuous functions
described in [11] to our case. To prove the theorem, we need the following lemmas.
Lemma 2.2. Let w,(t), t € [0,1], be a Wiener process in R™ with w;(0) =« € E™. Let
X0 = ®g(w,). Then the family {X°(e-), € > 0} satisfies the LDP in C[0, 1] with the rate
function

1 o~
1%(g) = %Ofllg(t)Hth, 9(0) ==, g€ HNC[0,1],

+00 otherwise.
Proof of Lemma 2.2. For a fixed x € E™ denote by
C.[0,1] = {f € C([0,1;R") : f(0) = z}.

Since C,[0,1] is a closed subspace of C([0,1];R™) and {w,(e-), € > 0} satisfies the LDP
in C ([0, 1];R™) with the rate function

1
o) = 4 IO, 90 =2, ge i
400 otherwise,

then by Lemma 4.1.5 [12] the family {w,(e:), € > 0} satisfies the LDP in C,[0,1] with
the rate function Iw = I“’|C 01"

Note that ®¢ is a contmuous function in C;[0,1]. By Theorem 27.11 [13] the family
{XO&-), e > 0} satisfies the LDP in C,[0, 1] with the rate function

%) = 1nf I“’ g € C.[0,1].
oyt

It is obvious that I(g) = +oo if g ¢ H N @y (C,[0,1]). Therefore, let ¢ € HN

B (C4[0,1]). Take f € HNC,[0,1] such that ®(f) = g and estimate IV(f) as follows

1

. 1 [ 1 1 A ’
=g [ s :5/22f2 §/ > '(ZQ)) st
0o = [ 1€

aenl i€a

R 1
Since ®o(g) = g and I¥(g) = % [ [|4(¢)||?dt, then
0

1
Jnt 7= [l Par
) J

Lemma 4.1.5 [12] ends the proof. a

Lemma 2.3. For any open set G and closed set F' in C ([0, 1]; R™) the following relations
hold

9, infI, = inf I,

infl, = inf I°
G d-1(G)° F D-L(F)

where A° and A denote an interior and a closure of A in the space 6[0, 1].
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Proof. For an open set G in C ([0, 1];R™) let us prove that
. _ . 0

1IG1fIx = {)7111%2)0 I,.

First, let us check that igf[z > q,fif%g) I9. If f € G such that I(f) < +oo, then

f € C[0,1] and ®~1(f) # 0. Moreover, ®(f) = f. Since the set G is open in C[0,1] and
f € G, then G contains an open ball B(f,e) with center f and radius ¢ > 0.
Let s : [0,1] — [0, ] be a continuously differentiable function satisfying the properties
1) 75(0) = 0;
2) v5(t) =4, for all t € [4,1];
3) |35(t)] < 2, for all t € [0,1].
For sufficiently small 0 < § < &, i 9bro(5) j and t € [0,0] we have |f;(t) — f;(t)] > 9.
Put
RE(t) = yrio (B) + fi(t), te€[0,1], i€ [n], pe(0,d].
It is clear that the family of functions h? = (hY, ..., hf) satisfies the following properties
1) B(h*,£) C G, for all p € (0,6];
2) ®(h) =h, for all h € B (h*, L) and p € (0,4];
3) h* — fin C[0,1] as p — 0;
4) I,(h*) = I,(f) as p = 0.
From properties 1) and 2) we conclude that B (h°, 2) C ®~1(G). Hence ®1(G)° #
(. Since h* € ®~1(G)°, p € (0, 4], then it follows from 3), 4) that

I, > mf IO
(=, it

Further let us prove that inf I, < inf Ig. It must be noted that inf I, = inf I,.
G -1(@)° G Gn&(C[o,1])

For g € ®(C[0,1]) N H and f € C[0,1] N H such that ®(f) = g we have

k

=t [ wa=L3 | S -

1=1 k=1, 1=1

kl/ Zka tdt > - kzl/ Zk| |<Z |a|)> dt =

1 n
dt=5 [ St = [ ol
0

=1 0

2

Tk
1 ¢ - fi ()
Y [ XX
k=151 =1 \Gel , '™
It implies that
inf 10> 1nf Io>mf[

xr =

“HG)° >-HG)
For a closed set F' in C ([0, 1];R™) let us prove that
inf I, = inf I7.
F

&1(F)

Suppose that f € ®~1(F) such that I2(f) < co. Let us check that f € ®~1(F). Con-
sider a sequence {f,, n > 1} C ®~(F) converging to f. Using the relative compactness
of {fn, n > 1} C @~ 1(F), the Arzela-Ascoli theorem and the properties of the map ® one
can check that the sequence {®(f,), n > 1} contains the subsequence {®(fy,,), i > 1}
which converges to an element g € F. Since ®(f,,) — ¢ and f,, — f, then one can
conclude that f € ®~1(F).
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As in the case of the function ®q
I.(g) = 1nf I,. 0
(9) = in L
Therefore,
inf I, = inf I9= inf IO
F S-1(F) O—1(F)

(]

Proof of Theorem 2.1. Since X = ®(X") is the process of heavy diffusion particles, then
using Lemma 2.3 and the LDP for the family {X%(¢-), & > 0} (see Lemma 2.2) one can
conclude that for every open set G in C ([0, 1]; R™) the following relation holds

limelnP{X(e:) € G} = lim e mP{X%(e-) € 27 H(G)} >

e—0 e—0
> limenP{X%c) € @ HG)°} > — inf I?=—infl,.
e—0 2-1(G)° G

Similarly, for every closed set F
- . _ e 0/ 1 <
EII_I%EIDIP{X(E)EF} ;I_IE(I)EIHP{X (e)ed (P} <

< Tm 0/, ey < _ 0_ _: -
_Eh_I%EIHP{X (e)ed 1(F)} < inf T uﬁflgc

O

3. SOME ASYMPTOTIC BEHAVIOUR OF THE DISTRIBUTION FUNCTION OF THE MEETING
TIME OF TWO PARTICLES

For fixed k,l € [n], x € E" put r = min{j : z; = zxAxy}, R=max{j: z; =z, Va}.

Let )
1
Si:R—T-FlZ(ZX_:R—T‘-Fl xj) '

The main result of this section is the following theorem.

Theorem 3.1. Let X(t),t € [0,1], be the process of heavy diffusion particles starting
from x € E™. Let 1,y = inf{t : xp(t) =z (t)} AN1. Then

Akl

limelnP <egl=—
lim e In {1 < e}
where Ay, is the number of elements of {z,, ... ,xR}.

To prove the theorem we need the following statement.

Lemma 3.1. Let X be the process of heavy diffusion particles starting from xz € E™.
Then for all t € [0,1] and k,l € [n],

n _ Ca(zj—zy)?
]P${Xk(t):Xl(t)}2]P{|w(t)| > |a:l—xk\/;} > Che G ,

where w is a Wiener process and C1, Cy are positive constants.
To prove the statement we use the ideas of the paper [1].
Proof of Lemma 3.1. Assume that xj < z;. Denote by
o=inf{t: Xp(t)=X;(¢t)} AL

Consider
y(t) = X(t) —x; — Xp(t) + 2, te€0,1].
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Let us note that y(¢), ¢t € [0,1] is a square integrable martingale with

2t
(y)s > P t €0,0].

It follows from the theorem 2.7.2 [14] that there exists a Wiener process @ such that
y(t) = W((y)¢). Denote by

c=inft: W|— | =x2;—x 7.
n

1= = y(o) = 0l(s)) =3 (2.

n

Then

Using the monotonicy of (y)¢, t € [0,1], we have

20 20
- Y)o = -

or

o> 0.

Hence

2
P{J<t}2P{5<t}:P{maXLﬁ<8) le—xk} =
s€[0,t] n

@ —ap)?
=P< max w(s) > 2(Jcl —xk) p =Pq|w(t)] > \/ﬁ(a:l —TE) p > 016_072( L
s€0,t] 2 2
(I

Proof of Theorem 3.1. Suppose that xj < x;. Denote by

F={fcC(0,1;R"): 3t c[0,1] fx(t) = fi(t)}-
Note that F is a closed set. To estimate ir}f I, let us take f € F N ®(C[0,1]) N H such
that f(0) = z. Then

(1) — )2 = / fwat | < / (bt
0 0

Hence
R

D (f5(1) = z5)* < 2L(f).

j=r

R R
Since the function h(z) = > (2 — x;)?, r € R, reaches its minimum at z = R
j:r i=r

and f;(1) = fi(1),4,j=r,..., R, then

1 - ZT; ’
22 (ZM W‘) < L(f)

j=r \i=r

Consequently

LB (R - 2

- — " ;| <infIl,.
2 L (;R—r—i—l xﬂ) e

J=r
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Using the LDP for the process of heavy diffusion particles we have
limelnP{ry; <e} =limelmP{X(c) € F} <
e—0 e—0

LB R o 2
—ifblffx < —§; (;R—T—I—l —;r,j) .
For an open set
G ={f € C([0,1R") : 3t e[0,1] [filt) - fu(t)| < 8}
let us estimate 1&1" I,. To do that consider f € C ([0, 1];R"™) of the following form

R
T .
t)<;R—r-i—1x]>t+xj, tG[O,l],j:T,...,R,

with
fj(t):xj, tE[O,l},j#T,...,R
Then for small § > 0, f € G° N1 ®(C[0,1]) N H and f(0) = z. Hence

R 2
. 1
Denote by
= inf{t : Xl(t) - Xk(t) < 5} A1,
Using the LDP for the process of heavy diffusion particles one can get

limelnP{r; <e} = hm sln]P’{X( ) eG} >

e—0
1 a z; ’
‘13f1f>‘22<23_r+1—%> ~

j=r \i=r
Using the strong Markov property of the process of heavy diffusion particles [7] and
Lemma 3.1 one can conclude that

P{rg; <e} >P{r;— 76 < (1= Ne, 75 < e} =
=EP{m,—7m<(1-Ne, 75 <Xe|F1}) =
=E (IiryareyP{mes — 15 < (1 - A)s\]-';f )=
= E (Iir;<xe) Px () { Xk (1 = Ne) = Xi((1 = Ne)}) >
>P{rs < Ae} 0167%, A e e (0,1).

Therefore,

Cy6?
limelnP{r,; <e} > — hm AelnP{rs < Ae} — ——— >
e—0 )\ (]- - )\)

2
St -n) -2
”R—r+1 — 1-

Passing to the limit as 6 — 0 and A — 1 we obtaln

2
lim eInP <e}>-—- il
méen {1 < e} Z(Z_:R Y mj>

=r
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O

Corollary 3.1. If the process of heavy diffusion particles starts from (1,...,n), then

10.

11.

12.

13.
14.

3
n- —n
lmelnP{r,<e}=———
e—0 { Ln = } 24
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