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SYSTEM OF STICKING DIFFUSION PARTICLES OF VARIABLE MASS

V. V. Konarovs’kyi UDC 519.21

We construct a mathematical model of an infinite system of diffusion particles with interaction
whose masses affect the diffusion coefficient. The particles begin to move from a certain sta-
tionary distribution of masses. Their motion is independent up to their meeting. Then the par-
ticles become stuck and their masses are added. As a result, the diffusion coefficient varies as a
function inversely proportional to the square root of the mass. It is shown that the mass trans-
ported by particles is also characterized by a stationary distribution.

In the present paper, we construct a mathematical model for a collection of interacting diffusion particles on
a straight line. As the main specific feature of the analyzed system, we can mention the fact the mass of particles
affects the diffusion coefficient. As a result of collision, the particles become stuck and their masses are added.
In this case, the diffusion coefficient varies as a function inversely proportional to the square root of mass. The
following theorem is the main result of the present paper:

Theorem 1. Let ZkeZ aid,, be a stationary point measure on R with finitely many atoms on each

segment and let W # 0. Then there exists a system of processes {x(k,t); ke Z, t >0} satisfying the fol-
lowing conditions:

(i) x(k,-) — x;. is a continuous square-integrable local martingale with respect to

(F)iso = (o(x(k, s); s <t, keZ))

120’

(ii) x(k,0)=x;, keZ;
(iii) x(k,t) < x(k+1,t) YVkeZ Vt=20;
(iv) (x(k, -)—xk> = jti YVt 20, where
! 0 m(k, s)
mk, ) = Y a, Alkt)={jeZ:Is<t xtk, 5)=x(j, )};
ie|Atk,1)|

(v) the consistent characteristic
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(x(l,-) = xp, x(k, -) — xk)tll{tql,k} = 0,

where

T = inf{t: x(l,1) = x(k, 1)} .

Here, p is the initial distribution of the masses of particles. Condition (i) means that particles participate
in the diffusion processes varying according to condition (iv). Namely, as a result of sticking of particles, their
masses are added and the diffusion coefficient varies as a function inversely proportional to the square root of the
mass. Conditions (ii) and (iii) are responsible for the start and ordering of particles in the process of motion and
condition (v) shows that the behavior of particles prior to the collision is independent. Note that conditions (i)—
(v) do not contain the condition of sticking of particles after collision. This property is obtained in what follows
as a corollary. In the proof of the theorem, we use the martingale methods.

Similar models with interaction have been also studied by the other authors (see, e.g., [1-5]). Thus, the
flow constructed in [1] can be interpreted as the description of consistent motions of the Brownian particles on

R originating at each point of the straight line and independent up to their collision as a result of which the par-
ticles become stuck and then move together. In other words, the system of processes {x(u, H,uelR, t> 0}
constructed in the cited work satisfies the following conditions:

(i) x(u, -) is acontinuous square-integrable local martingale with respect to

(Fiso = (0' (x(u, s, s<t,ue R))

120"
(1) x(u,0) =u, ueR;
(i) x(u, t) < x(v,t) Yu,veR, u<v,Vt=20;
(iv) (x(u,-), =t Vt20;
(v) the consistent characteristic
(x(u,"), x(v, ')>I]I{t<0w} = 0,
where

inf {¢ :x(u, 1) = x(v, 1)}

Ou,v

As follows from condition (iv), the diffusion of particles does not change. The cases finitely and infinitely
many particles with masses and velocities are considered in [3]. Their motion obeys the laws of conservation of
mass and inertia. The measure-valued equations are presented for the distributions of mass and inertia. The
existence of weak solutions of these equations is proved. In the analyzed model, the particles have masses and
velocities. At the same time, in the present work, we assume that the velocity is equal to infinity (diffusion
case). An empirical distribution of a family of N processes with interaction for fixed ¢ is studied in [5]. It is
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shown that, under certain conditions, the density of the limit measure obtained as N — oo is the solution of a
certain evolutionary equation.

As already indicated, we consider the model of diffusion particles whose motion originates from a certain
random point measure and is independent up to the collisions of particles. As a result of collisions, the particles
become stuck, their masses are added, and they continue their subsequent motion together. The principal prob-
lem encountered in the case of countably many starting points is connected with the fact that the motion of each
finite subsystem of particles cannot be described without taking into account the influence of the other particles.
In the case where the initial distribution of masses is specified in the form of the Lebesgue measure on the
straight line, we encounter an additional problem, namely, at the initial time, the particles must begin their mo-
tion with infinitely small masses and, hence, with infinitely large diffusion coefficients. To solve this problem,
we propose to shift the origin of time by an infinitesimally small period ¢, and assume that, for any segment,
all particles originating from this segment have already been stuck to form a finite set of particles for the indic-
ated period of time. In this case, it is necessary to construct the collection of processes for the description of this
model on [to, +o<>). It is quite natural to assume that, in this case, the motion starts from a random point mea-
sure whose probability characteristics are invariant under shifts, i.e., from a stationary measure.

The present paper is organized as follows:

In the first section, we use the martingale methods to construct a collection of processes for the description
of the consistent motion of particles originating from a o-finite deterministic point measure. This motion is in-
dependent up to the collisions of particles as a result of which the particles remain stuck, their diffusion coeffici-
ent changes, and the particles continue their motion together. We present sufficient conditions that should be
imposed on the initial measure to guarantee the existence of this collection.

In the second section, we analyze some properties of stationary point measures because later they are re-
garded as starting measures. In conclusion, we construct a system of processes for the description of the motion
of particles changing their mass as a result of sticking and such that the distribution of masses at the initial time
is described by a stationary measure.

1. Deterministic Measure

Theorem 2. Assume that the sequences of real numbers {x;; k € Z} and {ay; k € Z} satisfies the con-
ditions:

(]c) Xy < Xpt1, ar >0 VkeZ,

(2°) there exist sequences {n;;i€Z} and a constant C >0 such that, for any i€Z, Ap, 41 A

ay, 2C, x5 41— X, 2C, ng =0.
Then there exists a system of random processes {x(k, t); k€ Z, t > 0} such that

(i) x(k, -) is a continuous square-integrable local martingale with respect to

(Fiso = (0' (x(k, s, s<t,ue Z))

t>0"

(ii) x(k,0)=x, keZ;
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(iii) x(k,t)<x(k+1,t) VkeZ Vt20;

r o ds
] k, -) = Vt=0,
k=
where
mk, 1) = Y, a, Akt)={jeZ:Ts<t xk s)=x(j, s)};
ie|A(k,1)|

(v) the consistent characteristic
(e, ), x(k, ')),H{t<nk} = 0,
where

T = inf{t:x(l, 1) = x(k, 1)}.

Conditions (i)—(v) uniquely define the distribution ( , X(=n, -), ..., x(n, +), ... )

((C(R+))°°, B ((C(R+))°°)) .

in the space

Proof. The proof of the theorem is split into several parts. First, we construct a finite collection of pro-

cesses {xn(k, t)y;k=-n,n,te [O, 1]} satisfying conditions (i)—(v). Then we pass to the limit as n — +oo

and extend the limit transition from [O, 1] onto the entire half line. Finally, we show that conditions (i)—(v)

indeed uniquely determine the distribution of the analyzed system.

In a certain probability space (€, F, P), we consider a collection of independent Wiener processes

{wi@); ke Z, t > 0}. By using this collection, for any n € N, we construct a system of processes {xn(k, t);

k=—n,n,te[0,l]}.
Let 19 =0, let 6@ = {{i}; i=-n, n}, and let

w,((o)(t) = x; + wi(), k=-n,n, te[O,l].

1
o

By induction, we construct a system of processes {w,(cp) i k=-n, n}, p=12n. For k=-n,

consider
o = inffe w0 = wf Vo) A1

and set

-1,

we
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P = inf{r%”) >1P=D. f = —nT—l} N
We consider a class of subsets &7 of the set {—n, ey n} with the following properties:
() if ISi<k then icA VAeBP Vik,leA;
i) wi? aP) = wf T PP) vaes? V. iea;

iy wi? V() 2 wi? V) vAes? Vikea, lefn ... nh\A.

For ke A € 7, we take

w? D), 0<r<t?

(p) _
w(t) =
(P-D,(p) v " N (p-1) »
W )1 - + W ), ¥ <t<l,
J [ /m2 /mz J

where jeA and

B min{|i |, i € A}, AN{n;, mi+ieZ} =2,
jl =
min{|n,~|,|n,-+1|; n;, I’li+1€A}, Aﬂ{l’li, n,-+1;ieZ};t®,

-1 .
"2 =zieAai’ m =2ieBai, and Be &PV, where jeB.

We set x,(k,-) = w,(czn).

Remark 1. By F,” we denote the rule according to which the system {wk ; k=—-n, n} is associated

with a system {xn(k,'); k =—-n, n} Then F,’ is a measurable mapping of the space (C,, B,) into
(C,, B,), where

C, = {feC([O,l],R2”+1): f(0)=(x_n,...,xn)} and B, = B(C([0, 1], R*"*!)) N C,.

We now establish a property of the map F,’, ne N, guaranteeing the existence of the limit of the se-
quence {xn(k,~)}n2k, keZ, as n — +oo.

Lemma 1. Let {fi; keZ} C C[0,1] andlet f;(0) = x;. Denote

(g(_’,’i),...,gfl")) = F,fj(f_n,...,fn), neN.
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1. If, for some m €N, there exist C>0 and 8>0 such that

max {treri%fil]fk(t); k e {n,-, nj + Li=0,m j=0,m-— 1}} < C,

i t C+9,
tg[%r,ll]fnm+l() >

then, for any 1 > n,, and k =-I, n,, ,

) () : )
max ) £ max t) < C and min t) > C+9.
te[O,l]gk @) te[0,1]g”m() te[0,1]g”m+1()

2. If, for some —m € N, there exist C<0 and 6 <0 such that
min{;gf(i)r,l1]fk(t); k € {n,-, nj+Li=m+ 1,0, j=m, O}} > C,
(1) < C+9,
tgf%fi]fm()

then, forany | > —n,, and k=n, + 1,1,

. l . !
min gl({)(t) 2 min gr(l'3+1(t) > C and tgi%xl

)
rel0.1] o] ¢V < Cc+s.

]

Proof. The proof of Lemma 1 directly follows from the construction of the maps F,’, ne N.
For all k € Z, we show that the limit of the sequence {xn (k,- )}n >k exists and take this limit as  x(k,-).

To this end, we formulate the following auxiliary lemma:

Lemma 2. Let {wk; ke N} be a family of independent standard Wiener processes and let the sequences
of real numbers {yk; ke N} and {bk; ke N} be such that

(i) Yk <Yk+1 VkeN;

(ii) there exists 8>0 suchthat by > 8 and y,,; — yx 20 forany keN.

Denote

1
& = IIGI%%?CI] {}’k + ﬁwk(f)},
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1
Nk = te[O 1]{Yk+mwk(t)}-

Then, for any §; € (O, g),

n—>o0 =

) )
P{llm sup{max Er <y + 5 MNnel > Yn + 5 + SIH = 1.
Lemmas 1 and 2 imply that, for any k € 7Z,
P3NeNVn2=N:x,k, -)=xyk, )} =
i.e., for any integer k, the sequence {x,, (k,- )}n2 , 1s stabilized with probability 1. As x(k,-), we take the

limit of {xn (k,- )}n >k

Further, it follows from the construction of x,(k,-) that

! (n)
X, (k, t) = x; + J‘i
0

Jm,(k, s)’

where {w,(cn) k = —n, n} is the family of standard Wiener processes such that

<v"~/l(n)’ w}({n)>t _ H{zzﬁj’g} (t _ TE";E)
o = inf{t:x, (0, 1) = x,(k, )}
As for the sequence {x,,(k, - )}n >+ Wearrive at the equality
]P’{El NeNVn>N:w" = N(N)} = 1.

As w, we take the limit of the sequence {VT/,E”)} .
n

It is clear that {Wwy; k € Z} is the family of standard Wiener processes such that

<VT/1, "T)k>; = H{zzrl,k} (t - Tl’k)‘

Moreover,
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dwy(s)

t
(k, 1) = + | —m——=.
* xk { Jmik, 5)

This means that the system {x(k, t);kelZ,t e [O, 1]} satisfies conditions (i)—(Vv).
By {xT(k, t); keZ,te [ 0, T ]} we denote a collection of processes constructed in the same way as the

system {x(k, t); keZ,t [0, 1]}. Note that
Nk, 1) = x2k,t) VYkeZ, t<Ty AT,.
This enables us to conclude that x(k,-) can be extended from [0, 1] onto R™.

We now prove the second part of Theorem 2. Assume that {y(k, t); k€ Z, t > 0} satisfies conditions
(1)—(v). Hence, by the Doob theorem [6], there exist a family of Wiener processes {w,’c; k e Z} such that

dwi (s)

t
yk, 1) = xp + | —
¢ (f) Jmk, )
and
<W;’ W;{>t = ]I{ZZ‘C]’/(} (t - Tl’k)‘
It is clear that

(x(t 1) = (ks D) Tg o 1 = 0.

Further, by using the system {w}; k € Z}, we can construct a family of standard independent Wiener pro-
cesses {wk; ke Z} such that

y(ka) = lim yn(k’)’
n— oo
where
(yn (=1,-)s .oes Vi (n,)) = Fn{""}(w_n, - wn).
The second part of the theorem is proved.

2. Stationary Point Measures

In the present section, we study some properties of stationary point measures. For the detailed analysis of
these measures, see, e.g., [7].
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Definition 1. A measure |\ = Z 8y ., where a; >0, x, eR, x;#x; for l#k, and

kelak

I c Z, iscalled a point measure on R.

Parallel with p, we consider the measure u* = z rel Oy, -

Let A\ be a set of point measures W on R such that u*(B) < o for any bounded set B € B(R).
Definition 2. A mapping
uwiBMR) x Q— R U {eo}
is called a stationary point measure |\ on R if it has the following properties:
(i) forany B e B(R), W(B,-) isarandom variable;
(i) W-,w)e N VoeQ;

(iii) forany By, ..., B, € B(R) and heR,

d
(W(By), ... W(By) = (W(By + h), ..., W(B, + h)
Remark 2. In Definition 2, condition (iii) is equivalent to the condition

(3”) for any disjoint semiopen intervals By, ..., B, € B(R) andany heR,

(B, .o 1(B) S (W(By + ). oo (B, + D)

We now present some examples of stationary measures:

1. Let {x(u,-); u € R} be an Arratia flow. We take W,(B) = M(B;), where B, = {u :x(u,t)e B} and
A is the Lebesgue measure on R. Then [, is a stationary point measure.

For the proof of the fact that , satisfies conditions (i) and (ii) of Definition 2, see, e.g., [8]. We now
check condition (iii).

Let {x(u, tH,uelk,t > O} be an Arratia flow. Then, for any #, {y(u, H,uelk, t> O} is also an Ar-
ratia flow, where y(u, t) =x(u—h,t)+ h. Wetake Bj, ..., B, € B(R) and consider

W, (B, oo s W (By) = (Mu:x(u, 1) € B}, ..., Mu :x(u, t) € B,})

(Mu :x(u, t) + he By + b}, ..., Mu :x(u, t) + h € B, + h})

(Mu iy + h,t)ye By + h}, ..., Mu :y@ + h, t) € B, + h})



106 V. V. KONAROVS’KYI

= Mu—h:yu tye B +h}, ..., Mu—h:yu, t)e B, + h})

= Mu:yw, )e By +hl, ..., Mu:yu, 1) e B, + h})

d
= (B + h), ..., u, (B, + h)).
2. Let pu be a measure satisfying the conditions:
(i) W(B) is aPoisson random variable with intensity A(B);

(i) the random variables W(By), ..., W(B,) are jointly independent for any disjoint system of sets
By,..., B, € BR).

Then [ is a stationary measure. (The existence of a measure with the indicated properties is established,
e.g.,in [9].)

Further, we prove the following lemma according to which there exists a collection of particles of variable
mass with sticking such that the initial distribution of masses of these particles is a stationary measure:

Lemma 3. Let p= z el aid,, be a stationary point measure such that | # 0 almost surely and, for

any I, ke l, the facts that | <k and | <i <k imply that x; < x;;, and i€ I. Then, with probability I,
I =7 and the sequences {xk; ke Z} and {ak; ke Z} satisfy conditions (1°) and (2°) of Theorem 2.

Proof. Let
cm = [mn, m(n + 1)).

We consider

X = w(c) k;xkl;[c,gm oz )

The quantity Xl(vm)(n) admits a representation

X(n) =

im I 2 WG I1 )[H{u(c;»]lv} + H{MG):O}]’

1
ko {ZG e A [cm) Huor- > 1} G e A (™) G e A cym
where A;([a, b)) is a finite imbedded division of [a, b) by half intervals open form the right and such that

max diamA — 0 as k— +oo.
A GAk([(l, b))
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It is easy to see that X,(\,m) is a stationary process in the restricted sense. From X,(Vm ), we form a new sta-

tionary process

Y}&Im)(n) = Xz(vm)(n)ﬂ{xl(\}")(n)SN}'

Further, since EY IE,’”) (n) < oo, by the Birkhoff—Khinchin theorem [10], we get

Sylslm) ) s

1 K
lim Yyi™m) = E(Y(m)n

where

Sym = (ng’"))_](S), S={BeB®"):T7'(B) = B},

and T is the operator of shiftin R*.
SY;V")) and consider B = {&S\’,”) = 0} and AUV = Q\B(" .

We now denote ?;(,\',") = E(Y ,g,m)(n)
Note that, on A](Vm) , there exists a sequence of integers {n s J€ Z} such that
N> Y™n;,) = 1

N\ N

Thus, it follows from the structure of Yﬁ,’") that conditions (1°) and (2°) of Theorem 2 are satisfied on A](Vm) .

We now show that

which is equivalent to the fact that

Assume that this is not true and consider

[ Yo Pdw) = [ €YV Pdw) = 0.
By By



108 V. V. KONAROVS’KYI

Hence, Y]f,”)(n) =0 on Bl(vm) and, therefore, Ylﬁ,m) =0 forany n,m, and N on ﬂm

(m)
m,N:lBNm . How-

ever, this means that, eitheron R* oron R, there exists exactly one point at which the measure W is con-

centrated (on ﬂ; Nlel(Vm))"

We set
Y(n) = u*([n, n+ l)), ner.
According to the remark presented above, one can find a0>0 and n € Z such that

o = P{Ym)=1,Y(m)=0,n# m}.

Since W is a stationary measure, Q" is also stationary and, hence, Y is a stationary process in the restricted
sense. This yields

R
I

P{Y(n)=1,Y(m)=0, n # m}

lim P{Y(-m)=0,...,Y(n)=1,..., Y(m) = 0}

m— oo

lim P{¥Y(-m+1)=0,....,Yn+1)=1...,Y(@m+1) =0}
m—» oo

PY(n+1)=1Ym+1)=0,n=#m},

which is impossible. This contradiction proves Lemma 3.
3. Stationary Measure

Proof of Theorem 1. Let | be a stationary point measure given in a probability space (', F’, P’). In a
different probability space (Q”, F”, P”), we consider a countable collection of independent Wiener processes
{wk; k e Z}. For any fixed ®” € Q’, by virtue of Lemma 3, the sequences {xk (0); k € Z} and { a;(0');
keZ} satisfy conditions (1°) and (2°) of Theorem 2. By Theorem 2, there exists a collection of processes
with sticking and the initial distribution wW’) = 2 re7 a(®’) Sxk(m/). We denote this collection by X =
{x(k, t, o, 0" keZ,t> O}. It is necessary to show that X is the required system of processes.

As in Sec. 1, one can show that x(k,-) is a random process for any k € Z. It is necessary check that

x(k,-) — x4 1is a square integrable local martingale.
Let

ot = inf{t:|x(k, 1) — x;| = n} An.
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Since x(k,-) — xj; is a continuous process consistent with
(F1) = (oag, xg, wi(s);s<t, ke 7)),

fo) is a Markov moment with respect to (F;);>o. By the theorem on transformation of the free choice [11],

forany " € Q’, «x (k .- Ao, co’) — xi(®’) is asquare integrable martingale with the following characteris-

tic:

1A (@)

d
(xk,-, @) = xp(@), = .

5 m(k, s, ®)
We now show that x (k, A Gﬁ,k)) — xj is a square integrable martingale on Q’ x Q”. To do this, it suf-

fices to check that

(x(k, t o) - xk)d]P” op = | (x(k, s A o) - xk)d]P” ® P”,
A’ xA” A’ xA”

where s<t, A’ € o{ay, x;; keZ}, and A” € o{wi(r); r < s}.
Thus,

(x(k, tAaol) - xk)dIP' ©P = [P | (x(k, t o) - xk)dIP’”
A’ x A" A’ A”

J.d]P" J. (x(k, s A Gglk)) - xk) dP”
A’ A”

(x(k, s A oﬁj‘)) - xk) dP’ ® P”.
A’ X A”

Further, we consider

tacth

Mok, 1) = (x(k 1 A o) - x) - ds

m(k, s)

0

By using the same reasoning for M,, we conclude that M, is a square integrable martingale. By the
Doob-Meyer theorem [6], this yields

t/\sz)

(k) =), = ]

0

ds
m(k, s)
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It remains to show that
(et ) = xp, x(k, ) - xk>rﬂ{t<rz,k}

Denote

() k)

Tp = Tk NOp” A G(
We take
M,@) = (x(l, A ’En) - xl)(x(k, A ’En) - xk).

It is easy to see that M, is a square integrable martingale. By the Doob—Meyer theorem,

(o 0] )l 1 n )
= Mu@®) + (a0 A 0f) = 3. xfken o) A 0P) - )
In the last equality, we replace 7 by 7 A T, ; and obtain
(s 1 A ) = 1) (xlks £ A T,) = )

= Mn(t/\”c,,)+<(l /\G() (k))—xl (k /\G() (k)) xk>ZAT.

n

By the theorem on transformation of the free choice, M n(-AT,) 1is a martingale and, hence, M, =
M .(-~T,). This yields

< (l “A G(l) A G(k)) X7, x(k,~/\ fo) A c;")) - xk> = 0.

AT,
Therefore,
(x(l,-) - x;, x(k,-) — xk>t at, = 0.
The theorem is proved.

Remark 3. By the second part of Theorem 2, the distribution of the constructed family of processes
( vy X(=n,7), ..., x(n, ), ... ) is independent of the choice of the system of Wiener processes {wk; k e Z} .

We prove that the distribution of the processes ( vy X(=n,0), ..o, x(n, ), ... ) depends solely on the dis-

tribution of the stationary measure |L.
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Assume that the measures L and v satisfy the conditions of Theorem 1 and are such that p dy , 1.e., for
any collection of Borel sets By, ..., B,, we have

WB), ..., u(By) L (V(B), ..., V(By).

As in the proof of Theorem 1, we construct the systems of processes {x(k,t); keZ, t >0} and

{v(k, t); ke Z, t > 0} with initial distributions pu and v, respectively. The following theorem is true:

Theorem 3. The random elements (, x(=n,-), ..., x(n,-), ) and (...,y(—n, Yy ey Y, ), ) are
identically distributed.

Proof. We use the same notation as in the proof of Theorem 1. It suffices to show [12] that, for almost all
fixed ®”, the distributions

(..., x(-n,-, ®”), ..., x(n,, ®"), ) and (, y(-n,-, ®”), ..., y(n,-, co”),...)

coincide. To this end, it suffices to establish the existence of sequences of the collections of processes

{xmj(k, t); ke—-m;, mj,te€ [O, T]} and {ymj(k, t); k €-mj,m;,te€ [O, T]}

j=0 ji=0

satisfying the following conditions (for fixed ®”):

(1) (ij (=mj,-), ..., X, (mj,- )) and (ymj (=mj,)s.ens Vm; (mj,- )) are identically distributed in the

space ((C([o, 7])" . B{(c([o. 7))
(ii) for any ki, ..., k, € Z,
(o Gt D s i ) = (k) )

(9, ety 2y oo i, G D) = (001D, s Y )) s j o0

m

in the uniform topology of the space (C([ 0, T ]))

Forany n e N, we construct a collection of processes {x (k, t); k=—-n2", n2", t e [O, T ]} from

n2)1
the system of continuous functions {w;(®w”); k € Z}. Here, {wy; k € Z} is a family of independent standard

Wiener processes used to construct {x(k, 1); k€ Z, t 20} and {y(k, t); keZ, t > 0}. We introduce the
notation
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Further, from the sets

{gzkn);k=—n2",n2"} and {}k”);k:—nz", nZ"},

we extract the numbers k for which 55{” = 0. Moreover, if the number of elements remaining after this proce-
dure is even, then we additionally extract the maximum number. Redenoting the remaining elements, we obtain

the sequences {a,ﬂ”) s k= l,_l} and {x,(cn) sk=-1,1 } For the sake of convenience, we set

o =1, kelnm2" . n2"N-L 1)
xl(n) = xl(ri)l-l-l, i:l+1, nzn’

x;~") = x§"+)1—1, j=-n2"-1-1.

As in the proof of Theorem 2, from the sequences {a,(c") ck=—-n2", nZ"}, {x,i”) ck=—-n2", nZ”} and

{wi(@”); k e Z}, we construct {x (k, t); k=-n2",n2" ,t e [O, T ]} , i.e., we set

n27‘l

(an" (—n2",-), ey X o (n2",-)) = F" (an” (@), oo s W ((z)”)),

n2n

where F nzjn is the map constructed in Theorem 2.
n

Similarly, we construct a collection of processes {ynZ” (k, t); k=-n2",n2" , t e [O, T ]} .

Since

(u(Afn),...,u(A’;)) 4 (v(Aﬁ,,),...,v(Az)) VneN,

condition (i) is satisfied.
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Note that, by virtue of Lemmas 2 and 3, for sufficiently large numbers 7n, one can find N such that
(xnzn (kioe)s oo Xy (K- )) depends only on the collections {wk(co”); k=-N, N}, {al((”) k= —N, N} . and
{x,((") ;k=—-N, N } . Further, since the measure [l has finitely many atoms on each segment and Wiener paths
were used for the construction of {an" (k,t); k= —n2", n2", t e [O, T ]} , the sequence (an" (kl, . ) Y ey

X o (km,~)) converges to (x(ky,-), ..., x(ky.)) as n—> oo,
The theorem is proved.

Corollary 1. For any t=0, the measure \\; = zkeZ ardy(k.r) 18 stationary.
It follows from the corollary that the probability distribution of the measure i, is independent of the shift

by an arbitrary number 4 € R, i.e., U, 4 w,(-+h).
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