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STICKY-REFLECTED STOCHASTIC HEAT EQUATION DRIVEN BY COLORED NOISE

V. Konarovskyi UDC 519.21

We prove the existence of a sticky-reflected solution to the heat equation on the space interval [0, 1]
driven by colored noise. The process can be interpreted as an infinite-dimensional analog of the sticky-
reflected Brownian motion on the real line but, in this case, the solution obeys the ordinary stochastic heat
equation, except the points where it reaches zero. The solution has no noise at zero and a drift pushes it
to stay positive. The proof is based on a new approach that can also be applied to some other types of
SPDEs with discontinuous coefficients.

1. Introduction

In the present paper, we study the existence of a continuous function X : [0, 1] x [0,00) — [0,00) that is
a weak solution to the SPDE

83)? = ;8;? + M x,—0y + f(X0) + L1 x,50, QW (1.1)
with Neumann
X{(0) =X{(1)=0, t>0, (1.2)
or Dirichlet
Xi(0) = Xy(1) =0, t=0, (1.3)

boundary conditions and the initial condition
XO(U) :g(u)7 u € [07 1]7 (14)

where W is a space-time white noise, the functions g € C[0,1] and A € Lg := L2[0, 1] are nonnegative, f is
a continuous function from [0, c0) to [0, 00), which has a linear growth and f(0) = 0, and @ is a nonnegative
definite self-adjoint Hilbert—Schmidt operator on Ly. We also assume that, in the case of Dirichlet boundary
conditions,

The analyzed equation appears as a sticky-reflected counterpart of the reflected SPDE introduced in [14, 22].
We assume that a solution of the stochastic heat equation is strictly positive but reaching zero; moreover, its diffu-
sion vanishes and an additional drift at zero pushes the process to be positive. The form of equation (1.1) is similar
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to the form of the SDE for a sticky-reflected Brownian motion on the real line
dx(t) = )\]I{m(t):(]}dt + H{w(t)>0}0'dw(t), (1.5)

and we expect that the local behavior of X at zero is very similar to the behavior of the sticky-reflected Brownian
motion x. Note that the SDE (1.5) admits only a weak unique solution due to its discontinuous coefficients, see,
e.g., [4, 7, 19]. The approaches applicable to sticky processes in finite-dimensional spaces cannot be used for the
solution of the SPDE (1.1). Thus, Engelbert and Peskir [7] showed that equation (1.5) admits a weak (unique)
solution. Their approach was based on the time change for a reflected Brownian motion. This method is very
restrictive and can be applied only for the sticky dynamics in a one-dimensional space of states. An equation for
sticky-reflected dynamics in higher (finite) dimensions was considered by Grothaus with coauthors in [8, 12, 13],
where they used the Dirichlet-form approach [10, 21]. This approach was based on the a priori knowledge of
the invariant measure. Since, in our case, the space is infinite-dimensional, the problem of finding of the invariant
measure seems to be very complicated (see, e.g., [9, 24] for the form of invariant measure for the reflected stochastic
heat equation driven by the white noise).

In the present paper, we propose a new method aimed at proving the existence of weak solutions to equations
that describe sticky-reflected behaviors. This approach is a modification of the method proposed by the author
in [18]. It is based on the property of quadratic variation of semimartingales.

The paper leaves a couple of important open problems. The first problem is the uniqueness of solution to
the SPDE (1.1)-(1.4). Similarly to the one-dimensional SDE for sticky-reflected Brownian motion (1.5), where
strong uniqueness fails [4, 7], we do not expect the existence of strong uniqueness for the SPDE considered in what
follows. However, we believe that weak uniqueness takes place.

Another interesting question is the existence of solutions to a similar sticky-reflected heat equation driven by
the white-noise. It seems likely that the method proposed in the present work can be adapted to the case of SPDE
of this kind. For this purpose, we need a statement similar to Theorem 3.1, which remains an open problem.

1.1. Definition of the Solution and Main Result. For the sake of convenience of notation, we introduce
a parameter g equal to 1 in the case of Neumann boundary conditions (1.2) and to O in the case of Dirichlet
boundary conditions (1.3). For & > 1, we also introduce the space C*[0, 1] of k-times continuously differen-
tiable functions on (0, 1), which (together with their derivatives up to the order k) can be extended to continuous
functions on [0, 1]. We write ¢ € C% [0, 1] if, in addition,

(20)(0) = p(®)(1) = 0,

where ¢(©) = ¢ and (1) = .
Denote the inner product in the space Lo by (-,-) and the corresponding norm by || - ||. We now present

a definition of weak solution to the SPDE (1.1).

Definition 1.1. We say that a continuous function X : [0,1] x [0,00) — [0,00) is a (weak) solution to
the SPDE (1.1)~(1.4) if Xg = g and, for every ¢ € Cio [0, 1], the process

t
0/
t t
—/ /\H{Xs =0}» QO / tZO,
0 0

MS@ = <Xta > X07

L\D\>—~
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is an (F;X)-martingale with quadratic variation

t
[M“"]tZ/HQ(H{XQO}w)Hst, t>0.
0

In what follows, by {er, £ > 1} we denote the basis in Ly formed by the eigenvectors of the nonnegative
definite self-adjoint operator ). Let {uy, k > 1} be the corresponding family of eigenvalues of (). Note that

oo
> wi < oo,
k=1
since () is a Hilbert—Schmidt operator. We introduce a function
o0
X =) wier, (1.6)
k=1
where the series trivially converges in L![0,1] and a.e. The main result of the present paper is the following

theorem:

Theorem 1.1 (existence of solutions). If
AH{X>0} =\ ae, (1.7)

then the SPDE (1.1)—(1.4) admits a weak solution.

Remark 1.1. Condition (1.7) means that the drift A\ must be equal to zero for those u at which the noise
vanishes.

Remark 1.2. The equation may have a solution even if condition (1.7) does not hold. The reason is that the
existence can be violated if X;(u) = 0 for u € [0, 1] such that A(u) > 0 and x(u) = 0 due to the term Alx,—g}
and the absence of noise for these u. However, if the initial condition is strictly positive for these w, then the
solution can always stay strictly positive for these u by virtue of the comparison principle for the classical heat
equation. Therefore, the solution exists. We take, e.g, () = 0 and f = 0. Then a weak solution to the heat equation

ox, _10°,
ot 2 ou?

satisfying the corresponding boundary and initial conditions is a solution to the SPDE (1.1)—(1.4) if X;(u) > 0,
t > 0, and u € (0,1). However, the strong positivity of X is attained, e.g., under the assumption of strong
positivity of the initial condition. Hence, the SPDE (1.1)—(1.4) has a weak solution even if A > 0 for, e.g., @ = 0,
f=0,and g > 0.

We construct a solution to equation (1.1) as the limit of polygonal approximations by analogy with the ap-
proach realized in [11]. In tis case, the main difficulty is that the coefficients are discontinuous. Hence, we cannot
pass to the limit directly. In the next section, we explain the key idea that allows us to overcome this difficulty.
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1.2. Key Idea of Passing to the Limit. 'We demonstrate our idea of passing to the limit in the case of discon-
tinuous coefficients by using the equation for a sticky-reflected Brownian motion in R

dz(t) = /\H{x(t)zo}dt + H{w(t)>o}0dw(t), t>0,
(1.8)
z(0) = 22,

where w is a standard Brownian motion in R and ), o, and z° are positive constants. It is known that this
equation has solely a unique weak solution (see, e.g., [7]).

We now show that a solution to the SDE (1.8) can be constructed as the weak limit of solutions to equations
with “good” coefficients. The first three steps proposed in what follows are rather standard and the last step shows
how one can overcome the problem of discontinuity of the coefficients.

Step I. Approximating Sequence. Consider a nondecreasing continuously differentiable function x: R — R
such that x(s) =0, s <0, and k(s) = 1, s > 1. Denote

Ke(s) := IQ(*), s € R,

€

and consider the SDE

dre(t) =X (1 -k 2z (t ) dt + ke(ze(t))odw(t), t>0,
(1.9
z.(0) = 2.

This SDE has a unique strong solution for every € > 0.

Step II. Tightness in an Appropriate Space. Consider the processes

i
>
o\“
gun
|
E
\_/
SN—
QU
vCIJ
~
V
L

ne(t) = /U/ﬁs(xe(s))dw(s), >0,

[en]

and
t
[na]t = /O-QRE("L.E(S)) ds, t=>0,
0

where [1)] is the quadratic variation of the martingale 7).
In view of the uniform boundedness of the coefficients of SDE (1.9), we can show that the family

{(x€7a877787 [775]), g > 0}

is tight in (C[0, 00))*. By Prokhorov’s theorem, we can choose a subsequence
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(T @ms My [Mm]) = (Teps Qe s e s Mem])s m>1

that converges to (z, a,7, p) in (C[0,00))* in distribution as m — co. By the Skorokhod representation theorem,
we can assume that

(Tmmy Qs sy [Mm]) — (z,a,m,p) as. as m — oo.

Step 111. Properties of the Limit Process. It is easy to see that, for every T' > 0, there exist a random element p
in L]0, 7] and a subsequence N such that

0%k2 (xm) — p in the weak topology of Ls[0, 7] (1.10)

along N and, for every ¢ € [0, 7],

o) =2 +at) =), p(0)= [ 5s)ds. alt) = (t—;pa)), (a1
0

and 7 is a continuous square-integrable martingale with quadratic variation p. Itis possible to assume that N = N.

Step IV. Identification of the Quadratic Variation and Drift. In view of the discontinuity of the coefficients of
equation (1.8), we cannot make a direct conclusion that

t t

p(t) = /UQH{z(s)>o}d8 and a(t) = A/H{x(s):o}ds, t €0,
0 0

which would imply that z is a weak solution to the SDE (1.8). To overcome this problem we propose to use the
following facts:

(a) if x(¢t), t > 0, is a continuous nonnegative semimartingale with quadratic variation

t
[x]; = /02(3) ds, t>0,
0
then,! a.s.,
t
2] = /UZ(S)H{x(Spo}dS, t>0;
0

(b) if s, — s in R, then

n%l(sm)]l(07+oo)(s)%H(O,Jroo)(s) in R as m — oc.

'See also Lemma A.1.
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Hence, by using (1.10), (a), (b), and the dominated convergence theorem, we get (a.s.)

) = [5)ds = [ p6) a0
0 0

t t
= lim UQREn(mm(S))]I{x(S)>O}dS = /02]1{96(5)>0}d8, te [O,T].

m—r00
0 0

Thus, (1.11) implies that

Consequently,

x(t) = JL'O + )\/]I{x(s)zo}ds + 7’](t), t> 0,
0

where 7 is a continuous square-integrable martingale with quadratic variation

t
[n]e = /Uzﬂ{x(s»o}ds, t>0,
0

which means that = is a weak solution to (1.8).

Contents of the Paper. To show the existence of a weak solution to the SPDE (1.1)-(1.4), we follow the
scheme presented above. Step I is realized in Subsection 2.1. More precisely, we construct a family of processes
approximating a solution to the SPDE (1.1)—(1.4). The approximating sequence is similar to the sequence consid-
ered in [11]. Subsection 2.2 is devoted to the property of tightness, i.e., to Step II of the proposed scheme. Step 11
is done in Subsection 3.1, where we show that the limit process satisfies equalities similar to (1.11) (see Proposi-
tion 3.1). An analog of property (a) presented above is formulated for some infinite-dimensional semimartingales
in Theorem 3.1 from Subsection 3.2. The proof of the existence theorem is given in Subsection 3.3, where we use
the approach described in Step I'V. Some auxiliary statements are proved in the appendix.

1.3. Preliminaries. We denote the inner product and the corresponding norm in a Hilbert space H by (-, ) g

and || - || g, respectively.
For an essentially bounded function ¢ € L, we define a multiplication operator [¢] on Lo as follows:

([¢-]h) (w) = P(u)h(u), wel0,1], he L.

Let A be an operator on Lo and let ¢1,...,¢, € Ly be such that the product ¢ ..., belongs to Ls.
To simplify notation, we always write Ay ... ¢, for A(p1...¢p).
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Denote the space of Hilbert—Schmidt operators on Lo by Lo. Note that £o equipped with the inner product
oo
Z Aey, Bey), A,B € Lo,
k=1

is a Hilbert space whose norm does not depend on the choice of basis in the space L. The family of operators
{ex ®e;, k,1 > 1} form a basis in Lo. Here, for any ¢,1 € L2, ¢ © 1 denotes the operator on Lo defined
as follows:

(e®Y)g=(g9,¢)p, g€ L.

We consider the set R™*"™ of all (n x n)-matrices with real entries as a Hilbert space with the Hilbert—Schmidt
inner product

<A,B>Rn><n == Z AkJBkJ

k=1
The indicator function is defined as usually:
1 for z€8,
Is(x) =
0 for xz¢S.

If ¢ : By — F is a function and S is a subset of Ej, then If,cqy denotes a function z — Is(¢(x)) from Ey
to Fs.
Given a Hilbert space H, we write H := Ly([0,T], H) for the class of all Bochner integrable functions
®: [0,7] — H with
1
2

1@z = / |@4|%ds | < oo,

One can show that the space H” equipped with the inner product

T
/cps,q: Vpds, ®, ¥ e HT,
0

is a Hilbert space.
Consider a sequence {Z"},>1 in H. We say that Z" — Z a.e.as n — oo if

Lebp{t € [0,T]: Z}' » Z;in H, n — o0} =0,

where Lebr denotes the Lebesgue measure on [0, 7.

Let L € LT, let Z € LI, and let S be a Borel measurable subset of R. It is easy to see that L; []I{ Z,€ 5}-},
t € [0,T], where L, []I{ ZieSy” } is the composition of two operators, is well-defined and belongs to L € L7
We denote this function shortly by L. [I17 csy-]-



1384

V. KONAROVSKYI

Let I be equal to [0,77], [0,00), or [0,T] x [0,1]. The space of all continuous functions from I to a Polish
space E with the topology of uniform convergence on compact sets is denoted by C(I, E). If I = [0, 7] or [0, c0)

and E = R, then we simply write C[0,T] or C[0, c0) instead of C (I, R).

We denote the right continuous complete filtration generated by continuous processes &1 (t), t € I, ...

tel, by (Ffl""’g”)tel. Note that this filtration exists by Lemma 7.8 [17].

2. Finite Sticky Reflected Particle System

€n(t),

In this section, we construct a sequence of random processes used for the approximation of a solution to the

SPDE (1.1)—(1.4).
Let n > 1 be fixed. We set

Let Wy, t > 0, be a cylindrical Wiener process in Lo. We define the Wiener processes on R as follows:

t
wi(t) = \/ﬁ/<7r2,QdW8>, t>0, keln),
0

and note that their joint quadratic variation is
[wi, wi'ly = n(Qmg, Q' )t =: qiyt, =0

Also let?

Ap = n(A,wZ}H{qg,po} and gy :=n(g,7), k€ n]

Consider the SDE

n 1 n,.n n
A (t) = S A" (D)t + AL{ oy dt

PR+ VAL oy (), k€ ]
satisfying the initial condition
25 (0) =g, k€ [n],
where
A"z} = (A"z™), = n? (zhpy + ) — 22})
and

xg(t) = apzt(t), anyi(t) = aozp(t), t>0.

2 We add the indicator I a
k,k

of solution to the SDE (2.1).

>0

2.1)

2.2)

(2.3)

to the definition of \}; because we need the additional condition that A\j = 0 if g, = O for the existence
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We construct a solution of the SPDE (1.1)—(1.4) as a weak limit in C ([0, 00), C[0, 1]) of the processes

X{(uw) = (un —k+ 1)zp(t) + (kK —nu)xy_(t), tel[0,T], wemny, kelinl. (2.4)

Note that equation (2.1) has discontinuous coefficients. Hence, the classical theory of SDE cannot be applied
in our case. The existence of the solution follows from Theorem 2.1, which is formulated in what follows.

2.1. SDE for Sticky-Reflected Particle System. The aim of the present section is to prove the existence of
solutions to (2.1) and (2.2). We formulate the problem in a slightly more general form. Hence, let n € N and
let gk, Ak, k € [n], be nonnegative numbers. We also consider a family of Brownian motions wy(t), t > 0,
k € [n] (with respect to the same filtration) with joint quadratic variation

[wg, wi)e = qrat, t>0.

As earlier, let f: [0,00) — [0, 00) be a continuous function with linear growth such that f(0) = 0. Consider
the SDE

1
dyk(t) = iAnyk(t)dt + Akﬂ{yk(t):o}dt

+ f(yk(t))dt + H{yk(t)>0}dwk(t)a ke [n], 2.5)
with the initial condition
Yk (0) =g, kE€ [n], (2.6)
and the following boundary conditions:
Yo(t) = aoy1(t),  Ynt+1(t) = aoyn(t), t>0. 2.7

Theorem 2.1. Let gy, = 0 imply that N\, = 0 for every k € [n]. Then there exists a family of nonnegative
(real-valued) continuous processes yy(t), t > 0, k € [n], in R, which is a weak (martingale) solution to (2.1),

(2.2), i.e., yr(0) = g for any k € [n],

t t t
1
Nk(t) = yk(t) — gk — 5 / Anyk(s) ds — )\k/ﬂ{yk(s):o}ds — /f(yk(s)) dS, t> 0,
0 0 0
is an (F})-martingale, and the joint quadratic variation of Ny, and Ny, k,l € [n], is equal to

t

[N, Ml = any / Ly (s)>0} L (9)>0ds, ¢ > 0.
0

We are now going to construct a solution to the SDE by approximating the coefficients by Lipschitz continuous
functions and using the method described in Subsection 1.2.
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We take a nondecreasing function x € C!(R) such that x(x) = 0 for x < 0 and s(z) = 1 for z > 1.

+o0
Also let # € C'(R) be a nonnegative function with suppé € [—1,1] and / O(x)dxz = 1. For every ¢ > 0,
we introduce the functions o
T 1 rx
Ke() :/i(g>, z € R, and He(x):gﬁ (E)’ z€eR
Setting
+00
f@) = [0a-nfw)dy aer
0
we consider the SDE
1
dyi(t) = A"+ Ax (1= R2(Y5(1))) dt + Fo(ui(8)dt + ke (yi (1)) dwg (1), (2.8)

Yi(0) = gk, k€ [n].

Since equation (2.8) has locally Lipschitz continuous coefficients with linear growth, it has a unique strong solution.
Our aim is to show that the sequence {y° = (y;)7_,} .~ has a subsequence that converges in distribution to
a weak solution of Eq. (2.1). For every k € [n], we denote

t
)\k/ 1—/1 ))ds, t>0,
0
and
t
10 = [ KD dunls). ¢ 0
0
We set

a® = (ap)i=y and 0" = (ng)i=1-

The quadratic variation [°],, t > 0, of the R"-valued martingale 7° takes values in the space of nonnegative
definite (n x n)-matrices with entries

t
i)y = [ i) ds
0

where az’l(s) = Ke(Y5(8)) ke (Y7 (5))qr,i-

Remark 2.1. According to the choice of the approximating sequence for a, the equality

1
@@ﬂ%—mm@,uu

holds for every k € [n] satisfying g > 0.
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Consider the following metric space:
Wi = (C ([0, 00),R™))* x C ([0, 00), R™™).
Lemma 2.1. The family {(y*™,a*™,n°™ [n°™]), m > 1} is tight in Wgn, where €,,, m > 1, is any se-
quence convergent to zero.

Proof. In order to prove the statement, it is sufficient to show that each family of coordinate processes of
(yem, a®™, n°™ [n°m]), m > 1, is tight in the corresponding space. We only prove the property of tightness
for {y*™, m > 1}. The tightness for the other families can be established similarly.

According to the Aldous tightness criterion [2] (Theorem 1), it is sufficient to show that, for every 17" > 0,
any family of stopping times 7,,,, m > 1, bounded by 7', and any sequence J,, decreasing to zero,

Y (T, + 0m) — ¥°™ () — 0 in probability as m — oo

and {y*"(t), m > 1} is tightin R™ for each ¢ € [0, T].
The conditions presented above trivially follow from the convergence

E |y (rn + 0m) = 57 ()|

2
ge| 70 as m— o0

and the uniform boundedness of E [Hyem (t) H%n} in m > 1 for every ¢t € [0, T].
By using the fact that there exists a constant C' > 0 such that

[fen (@) <CA+2]), zeR, m=>1,

the inequality

n—1

(o (), Ay () = = 3 (Ui, (8) — 5 (8)” — an(yi™ (1) + 5 (£) < 2eman

B
Il

valid for all ¢ € [0, 7], the Itd formula, and the Gronwall lemma, we can show that, for every p > 1, there exists
a constant C), 7, depending on p, 7', and n, such that

E[Hys’"(t)!\%ﬂ < Cprm: t€0,T]. (2.9)

Further, by the 1t6 formula and the optional sampling Theorem 7.12 [17], we get

Tm+0m
E [y (i + 6m) — 55 (r) 3] < E / (5™ (1), A" ()

Tm

Tm
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Tm+6m
2k / (Yo (1) fer (Yo (r)))Rdr
Tm
Tm+6m n
+E / Z;%m m)qerdr| forall m > 1. (2.10)

Tm

By virtue of Holder’s inequality and estimate (2.9), we can conclude that

E[ Iy (4 0) — v (rn)[B] 50 a5 m > oo,

Lemma 2.1 is proved.

By Lemma 2.1 and the Prokhorov theorem, there exists a sequence {e;,}m>1 convergent to zero such that
the sequence y°m := (y*",a®", ™, [n°"]), m > 1, converges to a random element y := (y,a,n,p) in Wen
in distribution. By the Skorokhod representation Theorem 3.1.8 [6], we can choose a probability space (Q F, IP’)
and determine (in this space) a family of random elements y, y*™, m > 1, taking values in Wgn and such
that Lawy = Lawy, Law y* = Law y*™, m > 1, and y*™ — y in Wg~ a.s. Hence, without loss of generality,
we can assume that

y*™ —y in Wgn as. as m — oo.

Since the sequence {e,, }m>1 is fixed at the end of this section, we can write m instead of ¢, in order to simplify
the notation.

Let y = (yr)j=1» @ = (ar)i=1, 1= (M)ji=1, and p = (P} 1=1-
Lemma 2.2.

(i) The coordinate processes yy(t), t > 0, k € [n], of y are nonnegative and
. t t
yk(t):gk+2/Anyk(3)ds+ak +/f ))ds +n(t), t>0, keln]
0 0

(ii) For every k € [n] such that qi j, > 0, the following equality is true:

1
ag = A <t — pk,k>~
k. k

(iii) Forevery k € [n| and T > 0, there exists a random element ay, in La([0,T],R) such that (a.s.)
t
an(t) = /ak(s) ds, te[0,T].
0
(iv) Forevery k,l € [n] and T > 0 there exists a random element py,; in Lo([0,T],R) such that (a.s.)

Pk,l(t) = /ka(S) ds, te [O,T}.
0
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(v) For every k € [n], the process ny(t), t > 0, is a continuous square-integrable (F,')-martingale and
the joint quadratic variation of ny and ny, k,l € [n], is equal to

(k) = pra(t), t>0.

Proof. Note that, for every k € [n],
P[VE>0 fm(yi'(t) = f(yu(t)) as m — oo] =1

and, for every m > 1 and k € [n], a.s.,

t t
) =gty [ ARG s+ ap (o) + [ fal o) ds (0, ¢=0.

0 0

Passing to the limit and using the dominated convergence theorem, we arrive at equality (i).

The equality in (ii) follows from Remark 2.1 and the convergence (in distribution) of (a", [n}"]) to (ak, pi.k)
in (C ([0, +00),R))>.

Further, we prove (iii). Let T' > 0 be fixed. By B! we denote the ball in Ly([0, 7], R) with center 0 and
radius > 0 and equip it with the weak topology of the space Lo ([0, T, R), i.e., a sequence {h, }m>1 converges
to h in Bl if (A, byr — (h,b)rr forall b € BT By the Alaoglu Theorem V.4.2 [5] and Theorem V.5.1 [5],
BTT is a compact metric space.

We fix k € [n] and take r := \pv/T,

ai'(t) = Me(1 = mp (U3 (1)), t €0, 7).

Then a;* is a random element in BT for every m > 1. By the compactness of B!, the family {ai*, m > 1} is
tight in B! Consequently, the Prokhorov theorem implies the existence of a subsequence N C N such that

@™ — @, (in distribution) in B along N.

In particular, for every family ¢1,...,t; € [0,7] and numbers ¢y, ..., € R, we get

T/ !
— / (Z ciH[07ti](s)> ar(s)ds=> ¢ / ax(s)ds (in distribution)
: =

in R along N. Since the family of functions

!
{x — h <Z cl-xl) , == (z;)}_, € R": h is continuous and bounded on ]R}
=1
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strongly separates points,> Theorem 3.4.5 [6] implies that

t ) 1 ty
/d?(s) ds,...,/a?(s) ds | — /&k(s) ds,...,/dk(s) ds (in distribution)
0 0 0 0

in R! along N. On the other side,

tq t

/d};”(s) ds,...,/d’[‘(s) ds | — (ag(t1),...,ax(t))) as.

0 0

in R/ along N. This implies that

Lawa, = Law/dk(s) ds. (2.11)
0

We now show that there exists a random element ay, in La([0, 7], R) such that, a.s.,

ap = /ak(s) ds.

0

We now define amap @ : Ly([0,7],R) — C[0,T] as follows:

(I)(h)(t)—/h(s) ds, te0,T).
0

Note that & is a bijective map from Ly([0, 7], R) to its image
Im® = {®(h): h € Ly([0,T],R)}.

By the Kuratowski Theorem A.10.5 [6], the set Im ® is Borel measurable in C[0, 7] and the map ®~! is Borel
measurable. By (2.11), aj, € Im ® a.s. Thus, we can define G = ®~!(az). This completes the proof of (iii).
Similarly, we can prove (iv).
Statement (v) follows from the fact that the limit of local martingales is a local martingale and the uniform
boundedness of E[(n?(t))z} in m. Indeed, for every k,l € [n], the processes n;* and n'n™ — [n;*,n"] are

(]:?m)—martingales forall m > 1 and

e = ™) = (0, ps e — pra)  as. as m — oo.

(™, [n

Proposition IX.1.17 [16] implies that 7, and ngm — pk, are (.Ft("’p ))—local martingales. Note that, by the Fisk
approximation Theorem 17.17 [17], t("’p) = F,!, t > 0. By the uniform boundedness of E [(77,2”(75))2} in m and

the Fatou lemma, we conclude that 7, is a square-integrable (F,’)-martingale.
Lemma 2.2 is proved.

3See the definition in [6, p. 113].
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Proposition 2.1. Let y(t) = (y(t),a(t),n(t),p(t)), t > 0, be as in Lemma 2.2. In addition, let A\, = 0
for g =0, k € [n]. Then

(i) forevery k,l € [n], a.s
t

PrA(t) = iy / Ltye(s)>03 gy (s)>01ds, €= 0;
0

(ii) forevery k € [n], a.s
t

ak(t) = A\ /H{yk(s)o}ds, t>0.
0

Proof. We take a sequence {y,,'},,~; as in the proof of Lemma 2.2. Again, without loss of generality, we can
assume that it converges to y a.s. We first show that (a.s.)

t
Pra(t) = i / Ly9)>0 I (s)>0yds, ¢ = 0.

Recall that (a.s.)

where
o1q(8) = aratim(yr' () m(y/" (s))

and, for each 7' > 0, k,l € [n], there exist random elements py; in L ([0, 7], R) such that (a.s.)

t
i (t /Pm t € [0,17,
0

by Lemma 2.2.

Let T' > 0, k,l € [n] be fixed. By the convergence of the sequence [n*,7;"], m > 1, to py; in C[0,T] a.s.,
the uniform boundedness of o7, and the fact that span {H[o,tp t €10, T]} is dense in Lo ([0, 7], R), we con-
clude that

P[0}y — pr, in the weak topology of Ly ([0, 7, R) as m — oo] = 1. (2.12)

By Lemma 2.2, y;, and y; are nonnegative continuous semimartingales with quadratic variation

t
[k, Yt = pra(t /pk,l t €1[0,7).
0
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Thus, Lemma A.1 implies that (a.s.)

t t
/p'kJ(S) ds = /pk,l(S)H{yk(s)>0}]1{yz(s)>0}ds? t€0,7].
0 0

This equality and (2.12) imply that, for every ¢ € [0, T], we can write (a.s.)

t t
pr(t) = /ﬁk,l(S) ds = /pk’,l(S)H{yk(8)>0}ﬂ{yl(5)>0}d5
0 0

t

= lim [ o3l (5503 Ly (s)>01d5

0

t

= Hm [ grirm(yr (5)Em(U" (8)) iy, (s)>0} Ly, (s)>01dS

m—00
0

t
= / Tk Ly (5)>01 Ly (s)>01 A,
0

where we have used the convergence Ky, (Zm )l 100)(Z) = (0 100)(%) as Z; — @ in R and the dominated
convergence theorem. Hence, a.s.,

t

Pri(t) = / Ly, (5)>01 i (s)>0pds, £ =0,
0

and, consequently, according to Lemma 2.2(ii), a.s.,

t
1
ar(t) = Ak <1 - qkkpk,k(t)) =\ /H{yk(s)[)}ds> t>0,
' 0

for all k& € [n] such that q; # 0. If gz, = 0, then A\, = 0 by the assumption of Proposition 2.1. Therefore,
ayp' = 0 implies that a = 0.
Proposition 2.1 is proved.

Proof of Theorem 2.1. The statement of the theorem directly follows from Lemma 2.2 and Proposition 2.1.

2.2. Tightness. Let a family of nonnegative continuous processes {zj(t), ¢ > 0, k € [n]} be a weak solu-
tion to the SDE (2.1)—(2.3), which exists according to Thef)rem 2.1. Also let the continuous process X{*, ¢ > 0,
taking values in C[0, 1] be defined by (2.4). We note that X/(u) > 0 forall w € [0,1], ¢ > 0, and n > 1.

The aim of the present section is to prove the tightness of the family {X nn > 1} in C([0,00),CJ0,1]).
A similar problem was considered in [11] (Section 2), where the author studied the existence of solutions of
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an SPDE with Lipschitz continuous coefficients. In the cited work, the tightness argument was based on the
properties of the fundamental solution to the discrete analog of the heat equation and the fact that coefficients of
the equation have at most linear growth. The Lipschitz continuity was not needed for the proof of tightness. Since,
in our case, the proof repeats the proof from [11], we only point out its main steps. The main statement of the
section can be formulated as follows:

Proposition 2.2. The family of processes {X”, n > 1} is tight in C ([0, 00), C|0, 1]).

For the proof of this proposition, it is sufficient to show that the family {f( "n> 1} is tight in
C ([0, 71, €C[0,1]) = C([0,T] x [0, 1], R)

for every T" > 0. Hence, we fix T > 0 and apply Corollary 16.9 [17] which yields the property of tightness
if {f( "n> 0} satisfies the following conditions:

(i) {Xg(o), n > 1} is tight in R;
(ii) there exist constants «, 5, C > 0 such that
E|IX7(w) - X2(0)[°] < € (jt = 77 + [u— o**7)

forall t,s € [0,7T], uw,v € [0,1], and n > 1.

The family {X "n> 1} trivially satisfies the first condition because )N((’}(O) = g7 is uniformly bounded
in n > 1. In order to check the second condition, we first write equation (2.1) in the integral form. Let {p},(t),
t >0, k,I € [n]} be the fundamental solution of the system of ordinary differential equations*

d 7 1 n 7
Pea(t) = 5A80Pr(t), t>0, k1€ [n],

with the initial condition

p;cl,l(o) = nﬂ{k:l}a k7l € [n]v
and the following boundary conditions:
Poa(t) = aopiy(t),  Ppi1a(t) = aopp(t), >0, Len],

where the operator A{}) = A" is applied to the vector (pj,;(t))_, for every I € [n]. Note that {{Wy, /nr}t),

t>0, ke [n]} is a family of standard Brownian motions. Thus, it is easy to see that X™ has the same distribution
as the solution to the integral equation

1 t 1
/p (t,u,v)g(v)dv +//p (t —s,u,v)A ()H{Xnm }dsdv
0 0 0

* For more details about the properties of the fundamental solution to the discrete analog of the heat equation, see, e.g., [11] (Appendix II).
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+
o _

t 1
+//p — S, U,V ]I{Xn (o)) >0}QdW du, t>0, wuel0,1], (2.13)
00
where
P (1, 0) = (1= n([u] = W)} o) () + (Fu] = 0)pf g (1), 120,
N (v) = A(v)I . velo1],
W)= A0) {41 1 >0} o1
and

[v]:[v}"::% for ven and € [n].

We denote by th ’(u) the 7th term on the right-hand side of equation (2.13).

Lemma 2.3. Forevery v > 0 and T > 0, there exists a constant C > 0 such that

#[(xvtw)] <
forall t € [0,T], u € [0,1], and n > 1.
Lemma 2.4. Foreach v € N and T > 0, there exists a constant C > 0 such that

1,0 n,t 2y X X
B|[ X0t ) - X' wo)| | < O (102 = 0lF + Juz — i)

forevery ti,ty € [0,T], ui,us € [0,1], n > 1, and i € [4].

To prove Lemmas 2.3 and 2.4, it is necessary to repeat the proofs of Lemmas 2.1 and 2.2 from [11] based on
the properties of the fundamental solution p"™(t,u,v), t € [0,T], u,v € 0,77, and the fact that the coefficients of
the equation have at most linear growth. Here, we do not present the proofs of these lemmas.

Proposition 2.2 follows from Lemma 2.4.

Remark 2.2. Let X;, t > 0, be a limit point of the sequence {X",n > 1} in C ([0, ), C[0, 1)), i.e., X is

the limit (in distribution) of a subsequence of {X "on > 1}. Then the map (£, u) — X;(u) is a.s. locally Holder

continuous with exponent « € (0,1/4) according to Lemma 2.4 and Corollary 16.9 [17]. Moreover, Lemma 2.3
and Lemma 4.11 [17] imply that, for every v > 0 and 7" > 0, there exists a constant C' = C'(T',~y) such that

]E[(X'Au))v]g(?, te0,7], welo1].
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3. Passing to the Limit

In the present section, we show that there exists a solution to the SPDE (1.1)—(1.4). The solution is constructed
as a limit point of the family of processes { X" p > 1} from Proposition 2.2, which exists by the Prokhorov
theorem. Since the coefficients of the equation are discontinuous, we cannot pass to the limit directly. In the
next section, we show that there exists a subsequence of {f( "> 1} whose weak limit in C ([0, c0), C[0, 1])
is a heat semimartingale.’ After this, we prove an analog of the Itd formula and state a property similar to the
property of ordinary R-valued semimartingales formulated in Lemma A.1 for the analyzed heat semimartingales.

Thus, by using the reasoning described in Subsection 1.2, we show that X solves equation (1.1)—(1.4). In this
section, I > 0 is fixed.

3.1. Martingale Problem for the Limit Points of the Discrete Approximation. We first introduce a new
metric space in which we study convergence. Thus, we denote

ro = (L4 [IA] + 1Qllg,) VT,

and consider the following balls:
B(Lo):={f el |flr<r},
B (L) : = {L €Ly : |Llr < ro}

in the Hilbert spaces LI and L1, respectively. We equip these sets with the induced weak topologies. By Theo-
rem V.5.1 [5], the indicated topological spaces are metrizable. Moreover, by the Alaoglu Theorem V.4.2 [5], they
are compact metric spaces.

For every n > 1, we take the family of processes

{zx (@), t €[0,T], k € [n]},

which is a solution to the SDE (2.1)—(2.3). Let f(t”, t € [0,T], be a continuous process in C[0, 1] defined
by (2.4), i.e.,

X{'(u) = (un — k+ 1)zp(t) + (k — nu)xy_,(t), wel0,1], te]l0,T],

and let k£ € [n] be such that

We also introduce the process

where 7} = H{[k—l £)}- We set

n ’n

n
A= Zn<)\,ﬁg>ﬂ{qgk>0}ﬂg € Lo,
k=1 ’

3> We call continuous processes in Lo satisfying Eq. (3.9) in what follows heat semimartingales.
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L} =Q [H{Xt">0}']PTn7 t €[0,T7,
and

Iy = (L) L = pr" []I{Xgl>0}'] Q° {H{Xt”>0}'} pr, te€0,T].

We can trivially estimate ||A"|| < ||A]| and

2
1711z, < @ [Loxrsoy [, < IQIZ,. e l0.7)

The last inequality follows from Lemma A.3. Hence, A\"[{yn_oy and I'" are random elements in LT and £7,
respectively. We consider a random element

X" (X",X”,)\”I[{ano},]l{xn>0},F”>, n>1, 3.1)
in the complete separable metric space
Wi, = C((0,7],C[0,1]) x C([0,7],L2) x B (L2)* x B (L2).

The following statement is the main result of this section:

Proposition 3.1. There exists a subsequence of {X",n > 1} that converges to X = (f( , X, a,0, F) in Wi,
in distribution. Moreover, the limit X satisfies the following properties:

(i) Xi=X;in Ly forallt € [0,T] a.s.and a = \(1 — o) in LT a.s.;

(ii) there exists a random element L in ,Cg such that

JP’[LQ =1 and L is self-adjoint a.e.] =1

and

E /||Lt|%2dt < +o0; (3.2)

(iii) there exists a continuous square-integrable (]-"tX ’M)—martingale My, t € [0,T], in L such that, for ev-
ery p € Cao[ 1],

(X, ) = ) +

DO |
o\ﬁ

t t
+/ as, )ds +/ o)ds + (My,¢), tel0,T], (3.3)
0 0
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and

¢
(02,9 = [ILel?ds, te0.7)
0
Remark 3.1. In view of equality (3.3) and Theorem 1.2 [23], the process

t
/asds, t € 0,7,
0

is (F* M)_adapted.

Proof. We first note that the families {)\”]I{ano}, n > 1} ) {]I{Xn>0}, n> 1} , and {I'™,n > 1} are tight
due to the compactness of the spaces in which they are defined. Consequently, by Proposition 2.2 and Propo-
sition 3.2.4 [6], the family {(f(", AL xn—o}, [{xn>0}s F”), n > 1} is also tight. By the Prokhorov theorem,
there exists a subsequence N C N such that

(X”,)\"]I{ano},]l{ Xn>0},r”> 5 (X,a,0,T") in distribution

along N. Without loss of generality, we can assume that N = N.
Since

max || X7 — Xp||* = max ma [z (1) — wp ()]

< max su max | X™(u) — X
= ep 0<5£l \u—u'|§6‘ i ) t ( )
— —n

2

)

it is easy to see that
S 2 d
max HXZL - Xt"H —0
t€[0,T]

by the Skorokhod representation Theorem 3.1.8 [6] and uniform convergence of X" to X. Hence,

max HXZL - thHQ — 0 in probability as n — oo.
t€[0,T)]

By using Corollary 3.3.3 [6] and the fact that X™, n > 1, also converges to X in C ([0, T], Ly) in distribution,
we conclude that

x4 X=X in C([0,7],Ly).
Further, we note that
X0y = (N = N xpzoy +A(1-Tixpsgy), ¢ € [0,7) (3.4)

By Lemma A.2,

(A" =A)Ixn_gy =0 in B(Lz) as. as n— oo
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Thus, relation (3.4) yields
ANixney2A(1—0) in B(Ly) as n— oo

This implies the equality a = A (1 — o) a.s.
The existence of a convergent subsequence of {X"}, ., and statement (i) are proved.
The statement (ii) directly follows from Lemma A.5. -
In order to prove statement (iii) of the proposition, we first define the following Lo-valued martingale:

Z / VAT oy duf (s)f

t t
— [ Eima @, = [@yaw., te .1
0 0

For ¢ € Lo, we set

n
A" = n? Z Aoy, (3.5)
k=1
where
or = (¢, ), 9o =aop]  and  @hy = aopy.

Since X" = Z:_lw;;ﬁ,? and the family {«}}, k€ [n]} solves the SDE (2.1)—(2.3), for every ¢ € Lo, we get

(M, ) = (M, pr" ¢)

= (X[, pr"p) — (g",pr" ¢)

l\)\)—t

t
/< ,pr”g0>ds
0

t
/<>\ L xn—oy, pr" ¢) / ), pr" @) ds
0

t
1 n n
— (X7,0) = (g - 5 [ (xnAn
0
t
/<)\ ]I{X” 0},()0 / S, t e [O,T], (36)
0

and the quadratic variation of the (FX")-martingale (M™, ¢) is equal to

00 ), = [ @iz ool ds, e 0.7)
0
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Let
éi(u) =1, ue0,1], and ér(u) =v2cosm(k—1)u, uec[0,1], k>2, for ag=1

and let

ép(u) = V2sinmku, uwel0,1], k>1, for ap=0.

Then é, € C2 [0,1] forall k> 1 and {é;, k > 1} form an orthonormal basis in Ly. Since

2
|@rpcso e | < lQI% tel,1], k21,

the families {(M",éx), n > 1} and {[(M",éx)],n > 1} are tight in C[0,T] for every k > 1 by the Aldous
tightness criterion. In view of the tightness of {X",n > 1}, we can also conclude that {(X", é;), n > 1} is tight
in C[0,T] for each k > 1. By using Proposition 2.4 [6] and the Prokhorov theorem, we can choose a subse-
quence N C N such that

— (Xka Mk’a Vk’)

3.7

(<X,", Ex)y (MM, éx), [(M", éx)] ) k>1

k>1
in ((C[o, T])?’)N in distribution along N. In particular, we conclude that
(M, &) — [(M",&)], n>1,

is a sequence of martingales that converges to M — V4 in C[0, T] in distribution along N for all k > 1.

We fix m > 1. Let (]:}X ’M’V’m)te[o,ﬂ be the complete right continuous filtration generated by (X}, My, Vi),
k € [m]. By Proposition IX.1.17 [16], we conclude that M}, and M ,3 — V), are continuous local (]:'tX ’M’V’m)
tingales for all k& € [m]. Since

_mar_

T

B[, en)?] = [ B[|QLucsoa?] ds < 1QI°T.
0

we get
E[M2(T)] < +o0

by Lemma 4.11 [17]. Hence, M, ,f is a continuous square-integrable (.7-_",5)_( ’M’V’m) -martingale with quadratic varia-

tion [Mk} =V, k € [m]. By using Theorem 17.17 [17], we conclude that

FAVm _ gXMm - y e o, 7],
_ %,
F t m)te[QT] B ’
forevery t € [0, T], the o-algebra .E)f Mo increases to ﬁtx M asm — 00, Theorem 1.6 [20] implies that M, is
a continuous square-integrable (]:'tX ’M)—martingale with quadratic variation [M},] = V}, for each k > 1.

where ( is the complete right continuous filtration generated by (Xk, Mk), k € [m]. Since,
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Further, we recall that

(X", X", A" gy, F”) = (X,X,a,T)

in C([0,77,C[0,1]) xC ([0, T],La) x B (L) x B (L2) in distribution as n — co. By the Skorokhod representation
Theorem 3.1.8 [6], we can assume that this sequence converges a.s. Therefore, for every ¢ € [0,7] and k > 1,

<th,ék> — <Xt,ék> = Xk(t),

<gnaék> - <gvék>7

o

<>\nH{X§z:0}, ék> ds — / <a5, ék> ds,

wmm@wﬁfqaﬁww,
0

o _

wm@mzjwmww%/wﬁww:ww

a.s. as n — oo. By the Taylor formula and the fact that €5 € Cio [0,1], & > 1, it is easy to see that, for every
te[0,7) and k > 1,

t
/ X” A"ek ds—>/ Xs,e ds as. as n — o0o.
0

Consequently, for every ¢ € [0, T, the sequence (M;*,é), n > 1, converges to

t t
~ 1 -
My (t) := (X, €x) — (9, €x) 2/ X, éy)ds —/ as, €x)d /
0 0

a.s. as n — o0o. Thus, for every m € N and t; € [0,77], i € [m],

((Xk( i)y My (t;), Vk(t))ze[m]>k>1 a.s.

(0 0) (2 ) L ), ) )
n (R3m)N as n — oo. This fact and convergence (3.7) imply that

Law {(Xk, My, Vk)kzl} = Law{()?k, My, Vk)k21}

N _
n ((C[O, 1])3) . Hence, for every k > 1, the process M}, is a continuous square-integrable (.FtX ’M)—martingale
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with quadratic variation

t
My, = Vi(t) = / |Laél?ds, te[0,T),
0

where <]-_"tX ’M>t 0 is the complete right continuous filtration generated by Xy and My, k > 1.
S )

We now introduce the following process in Ly :

My =" My(t)éy, te[0,T]. (3.8)
k=1

Note that M, t € [0,7T], is a well-defined continuous process in Lo. Indeed, by the Burkholder—Davis—
Gundy inequality, Lemma A.4, inequality (3.2), and the dominated convergence theorem, for every n,m > 1,
we get

n n+m 2 n+m
E| max ZMk(f)ék— Z My (t)ex| | = E| max Z ME(t)
t€[0,T] —1 P t€[0,T et
T [ n+m
< /E > (Luew, Liéy) | dt
0 _k‘,l:nJrl
T [ (o]
= / E| > (Lpt™" e, Lpt™ ) | dt
0 _k,lzl
T
~ n,n+m||2
= /E[HLtpr ' }|£2}dt—>0 as n, m — 0o,
0
where pr’™ "™ is the orthogonal projection in Lo onto span{éy, k& = n + 1,...,n + m}. This implies the
convergence of series (3.8) and the continuity of M;, ¢ € [0, 7], in Ls.

Since

FYM XMt c0,T), and (M, &) = My(t), te[0,T], forall k>1,

it is easy to see that M is a continuous square-integrable (]—'tX ’M)—martingale in Ly with quadratic variation

t

t
[M], :/Lﬁds:/rsds, t€[0,T).
0 0

This implies statement (iii).
Proposition 3.1 is proved.
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3.2. Property of Quadratic Variation of Heat Semimartingales. In this section, we assume that
(Q, F, (Ft)t=0,P) is afiltered complete probability space,

where the filtration (F;):;>0 is complete and right continuous. Let 7" > 0 be fixed. Consider a continuous
(F;)-adapted Lo-valued process Z;, t € [0, T, for which there exist random elements a and L in LI and £7

t t

respectively, such that, for every ¢ € C2 [0,1], the processes / (as,p)ds, t € [0,T], and / | Lsip||*ds,
0 0

t € [0, 7], are (F;)-adapted and

—_

t t
ME() = (Ze,0) — (Zo. ) —2/<Zs,cp”>ds—/<as,cp)ds, te 0,1, (3.9)
0 0

is a local (F;)-martingale with quadratic variation

t
ME), = / |LoglPds, ¢ e [0,T).
0

t
Note that the assumptions imposed on L imply that the continuous process / || Ls HiZ ds, t € [0,T7, is well
0

defined and (F;)-adapted.

In what follows, we consider the case of the Neumann boundary conditions, where oy = 1. All conclusions
of this section have the same form for the Dirichlet boundary conditions with ag = 0. Let {€x, k > 1} be the
family of eigenfunctions of A on [0, 1] with Neumann boundary conditions. We recall that

é1(u) =1, wuel0,1], and ép(u) = V2cosm(k —u, wel0,1], k>2.

Denote the orthogonal projection in Ly onto span{éx, k € [n]} by pr".
Let

Zt =pt"Z;, t>0, and ay =pr'a;,, tel0,T].

We also introduce

n
Zr =Y (Zyén)e, tel0,T], n>1,
k=1

and note that Z", n > 1, is a sequence of random elements in LQT.
Lemma 3.1.
(i) The equality

P|Z", n>1, convergesin Lg and a.e. as n — oo| =1

holds.
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(ii) Let
Z = lim Z",

n—00

where the limit is taken a.e. Then Z is a random element in L and, for every t € [0,T],

t ¢
/HZ?Hst%/HZ'S\zds a.s. as n — oo.
0 0

1403

Proof. We set z(t) := (Z;,éx), t € [0,T], k > 1. Thus, by the definition of Z, for every k > 1,

the process
t

22k —1)2 ¢
gult) = 21(0) — 26(0) + = [ as— o) as,
0

0

is a continuous local (F;)-martingale with quadratic variation

t
s = / |Loéxl’ds, te[0,7],
0

where ay(s) := (as, é). Denote
o i (t) = (Liéy, Liéy), t€[0,T).

Note that

n n
Zi' = Z"”f(t)ék and  aj = Zak(t)éka tel[0,T], n>1.
k=1

k=1

By the It6 formula and the polarization equality, we get

t
1Z21? = 11Z5 11” —/I!Z?||2d8
0

t t
+2/<ag,zg>ds +/||Ls@nyy%2ds+/w"(t), te0,1],
0 0

where M"(t), t € [0,T], is a continuous local (F;)-martingale defined as

MO(#) = 2 /zk(s)dfk(s), te0,T].
k:lo

As a result of simple computations, we obtain

t
M, :4/\LSZ§‘H2ds, te[0,T).
0

(3.10)
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Trivially,

IZE)? = 1Z:]* as. as n— oo

for all ¢t € [0, T]. By using the dominated convergence theorem, we conclude that

t t
/(a?, ZY)ds — / (as, Zs)ds as. as n — oo.
0 0
Further, by Lemma A.4 and the dominated convergence theorem,
t t
/ |Lopi" 2, ds — / ILoJ2,ds as. as n— ool
0 0

Further, we show that M"(t) converges in probability. Since M™ is a local martingale, it is necessary to choose
a localization sequence of (F;)-stopping times defined as follows:

t
T :=inf< t € [0,T7]: /||Ls||%2d82k NT.
0

Thus, the processes M"™(t A 1), t € [0,T], n > 1, are square-integrable (F;)-martingales for every k > 1,
and 7, 1T T as k — oo. By the Burkholder—Davis—Gundy inequality (see, e.g., [15], Theorem IIL.3.1), for every
k,n,m>1, n <m, we find

T
E Hf(?}zg] | M™(t A1) — M™(EA Tk)’2] < 16E / |Lspt™™Z™||* ds |
te[o,
0
where pr"™ is the orthogonal projection in Ly onto span{éx, k =n+1,...,m}. Hence, by the dominated

convergence theorem,

IE[ max |[M"(t A1) — M™(tA Tk)|2:| —0 as n — oo.
t€[0,T]

This implies that there exists a continuous square-integrable (F;)-martingale My (t), t € [0,T], such that

n%ax] | M™(t A7) — My(t)] = 0 in probability as n — oc.
t€[0,T

By Lemma B.11 [3],

tATE

[Mk]t:‘l/ \LoZi|2ds, te[0,T).

o

Furthermore, for every k£ > 1, we have, a.s.,

My = M1 (- A ).
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We define M(t) := My(t) for t < 7, k > 1. Trivially, M is a continuous local (F;)-martingale with quadratic
variation

t
], :4/||L52512ds, t € [0,7).
0

By using Lemma 4.2 [17], M"™(t) — M(t) in probability as n — oo for every ¢ € [0, T.

t
It has been shown that every term of equality (3.10), except / |1Z7|?ds, converges in probability. Hence,
0

t
/ | Z7||?ds also converges in probability. Moreover, this sequence is monotone. By Lemma 4.2 [17], it con-
0

verges almost surely. By the Fatou lemma,

T

/ lim ||Z7]|%ds < co  a.s. (3.11)
n—oo

0

This yields the convergence of {Z?(w)} . in Ly for almost all s and w. Hence, Z", n > 1, converges

to Z ae. as.as n — oo. The equality in the second part of the lemma follows from the monotone convergence
theorem and (3.11). In particular,

12" Lo = (|21 7

Thus, Z" — Z in LI a.s. according to Proposition 2.12 [17].

Proposition 3.2. Assume that F' € C? (R) has a bounded second derivative and h € C*[0,1]. Then

t
1 .
(P(2).0) = (F(Za) )~ 5 [ ((P(Zn)' ) ds
0
t 1 t
+/ Dhas)ds + 2/ [F"(Z)h] , Ls)p, ds + Mea(D), te[0,7],  (3.12)
0 0

where Mpy(t), t € [0,T], is a continuous local (Fy)-martingale with quadratic variation

(Ml /HL F'(Z)h|[* ds, te[0,T],
0

and (F'(Z)h) := F"(Z)Zsh + F'(Z,)h' € Ly.

Proof. As in the proof of Lemma 3.1, we can compute, for every n > 1,

(2.0 = FEp - 30 T [P s ds
k 1 5
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/<F// Zn hek,€l>0'kl( )d

k=1 kl 1y
n
+ / (F'(Z0)h, &) déx(s), 1€ [0,T).
Therefore,
. t t
(F(Z]),h) = (F( 2/ F’ ZNh ds +/ F’ Z”ha ds
0 0
¢
+/ Lopt" [F"(Z))h] , Lspr™)  ds + M (1), €[0T,
0
where
n t
Fh / F/ Znh€k>d§k
k=17
and
(F'(ZMh)! =Y " (F'(Z)h, &) é.

k=1

The process ML, (t), t € [0,T], is a continuous local (F;)-martingale with quadratic variation

n

Misl, = 30 [ (F@h ) (P 2ha) ot ds
0

k=1

_ / | L5t F'(Z2)h)|* ds,

€ [0,T].

By the boundedness of the second derivative of F, we conclude that there exists a constant C' > 0 such that

|[F'()] < C(1+ |z[) and

Therefore,

(E(Z{"); h) = (F(Z), h)

and

|[F(2)] < C(L+[af?).

as n — oo,

F'(Z)h — F'(Z)h and F"(Z])h — F"(Zy)h in Ly as. as n— o0

forall ¢t € [0, 7.
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By the dominated convergence theorem and Lemma A.4, we get

¢
/ (F'(Z})h,a? ds—>/<F’(Zs)h,as>ds a.s.
0

and
t
/ Lypt"[F"(Z™)h], Lsﬁ">ﬁ2ds—>/<Ls [F"(Z)h], Ls), ds  as.
0

as n — oo. By using the localization sequence, one can show that, for every ¢ € [0,7], M¥%,(t) — Mpn(t)
in probability as in the proof of the previous lemma.

t
In order to complete the proof of the proposition, we only need to show that / <( F'(Z?)h); , Zg> ds
0

converges to the corresponding term. By Lemma 3.1, it is sufficient to show that
(F'(ZMh)! — (F'(Z)h) = F"(Z)Zh+ F(Z)} ae. as. as n— co.

However, this easily follows from the formula of integration by parts.

Theorem 3.1. Let the process Zy, t € [0,T], and the random element L € £2T be as above. Assume that
Zy >0 ae., t€[0,T]. Then the equality

L. []I{Z#O}-]:L in LT as.
holds.

Proof. In order to prove the theorem, we use Proposition 3.2. We fix a function ¢) € C (R) such that

suppy C [-1,1], 0<(x) <1, zcR, and ¢(0)=

Define
Ve() 1= ¢(*), x € R, and F.(x):= /x /y Ye(r)dr |dy, = €R.

Then 0 < F(z) < 2¢, x € R, and F/(z) — Ijpy(v) as € — 0+ forall x € R.
Let a nonnegative function i € C'[0, 1] be fixed. By Proposition 3.2,

(Fe(Z1), h) = (Fz

L\.’J\»—t
\
mN
~~———"
QL
)

0

+/<Fg(zs)h,a5>ds + ;/<LS [F(Zs)h] Ls), ds + Mp (), t€l0,T],
0
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and the quadratic variation of the local (F;)-martingale Mg, j, is equal to
M, / L F(Z)H|[>ds, t e [0,T).

Letting € — 0+, we can immediately conclude that, for every ¢ € [0, 7],

[(Fe(Zt), h) = (Fe(Z0), )| < 2¢([Z; = Zoll[|h] = 0 as.

and

t
/<F5,(Zs>h> as>d5 < 2€||h||/|as||ds — 0 as.
0 0

As in the proof of Lemma 3.1, by using the localization sequence, we can show that
My, »(t) — 0 in probability.

By the dominated convergence theorem and Lemma A.4, we get

t
/ F// } y LS>£2 dS — / <L8 [H{ZS:O}h'] R Ls>£2 dS a.s.
0

Further, by the dominated convergence theorem and Lemma A.6, we find

/t<(FE’(ZS) /t F'(Z3)Zsh, Z, >d
0 0

+ / (F'(Z)H, 2.) ds — j [tz 2.VE [ ds =0 as.
0

0

For every t € [0, 7], we have

t
/ I[{ZS O}h ] >£2 ds =0 as.
0

Thus, taking h = 1 and applying Lemma A.3, it is easy to see that

/ L5 [Tiz,—0y°]|[7, ds = 0.
0

Theorem 3.1 is proved.
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3.3. Proof of the Existence Theorem. In this section, we consider the random element X" defined in Sub-
section 3.1. According to Proposition 3.1, there exists a subsequence N C N such that

X" = (X”,X”,)\”]I{ano},]l{xn>0},1‘") = (X,X, a,0, r) in distribution

in Wi, along N. As earlier, without loss of generality, we can assume that N = N. Moreover, by the Skorokhod
representation theorem, we can assume that this sequence converges a.s. Since

X" 5 X in C([0,7],C[0,1]) as.

and, for all ¢ € [0, 7], the equality X; = X; holds a.s. in Lo, the inequality

max || X" — X”|| < max su max | X"(u) — X"(u/
t€[0,T] H t tH ~ tel0,T] Ogégl |u—u’|§5| ¢ () i )‘

implies that
P[Vvt € [0,T], X{* — X; ae]=1. (3.13)

1. We first show that ' = []I{XA>0}-] Q? [H{XA>0}'] a.s.

By virtue of Proposition 3.1(ii), there exists a random element L in £ such that ' = L? a.s. Next, by Propo-
sition 3.1 and Theorem 3.1, we have

L'H{X,>O} =L as.

Therefore, in view of the convergence of I'"* = pr" I Xn>0}Q2H (xn>0y Pr" to I' in B (L) a.s., we conclude that,
forevery t € [0,7]NQ and k,1 > 1, ass.,

t t t t
/<Fs, e © 61>£2d8 = / <F5€l, 6k> ds = / <L5€l, L56k> ds = / <LS]1{XS>O}617 LS]I{X5>O}€’€> ds
0 0 0 0

t

t
/<FS]I{XS>O}617 H{Xs>0}€k>d3 = lim <P?H{Xs>0}ela H{Xs>0}€k‘> ds
0

n—00
0

t

= lim [ (QLixnsop pr" (Ix,>01e1), Qlixnsoy pr" (Iix,>0y€x)) ds

n—00
0

t

= lim [ (Qpr" (Iixnsoix,>01e1), Qr" (Lxr>03I{x,>01€k)) ds

n—00
0

t t
= / <QH{X5>0}617 QH{XS>0}€]€> ds = / <H{XS>O}Q2H{XS >0} er © €l>52 ds.
0 0
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In the last equality, we have used the fact that

L0, +00) (@n)I(0,400) (2) = L0400y () in R as a, =z,

convergence (3.13), and the dominated convergence theorem. Since the family {Ijy e, ©e;,t€[0,T]NQ, k,1>1}
is countable and its linear span is dense in Eg, we immediately conclude that

I'=Ix-00QT{x~0p as. (3.14)

II. Let x? be defined by (1.6). We now want to show that

H{X>0}U = H{x>0}]I{X>0} in Lg a.s. (3.15)
However, this directly follows from the following lemma:

Lemma 3.2. Ler Z*, t € [0,T], n > 1, be a sequence of La-valued measurable functions such that Z}* > 0
forallt € [0,T) and n > 1, and let

Leby @ Leby {(t,u) € [0,T] x [0,1]: ZP(w) 4 Zi(u)} =0,
If

pr” (I zns0y] Q% [Lizr =0y | pr" = [Liz 03] Q° [Liz=0y] in B(L2) (3.16)
and

H{Z">0} —o in B (LQ)

as n — oo, then
Iso10 = I z>0)- (3.17)
We postpone the proof of the lemma to the end of this section.
III. By using equality (3.15), Proposition 3.1 (i), and assumption (1.7) in Theorem 1.1, we get
a=A1-0)= M0 (1—0)=AMg-0p (1 —Iixso0y)
= Mo lix=0y = Al{x—0}- (3.18)

Hence, by Proposition 3.1(iii) and equalities (3.14) and(3.18), we conclude that, for every ¢ € CZO [0,1], a.s.,

t t
1
<Xta 90> = <g7 (p> + 5 / <XS7(PH> ds + / <)\H{Xs:0},g0> ds
0 0

t
+ / (X)) ds + (Me ), t € [0, (3.19)
0
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and (M, @), t € [0,T], is a continuous square-integrable (]-'tX ’M)-martingale with quadratic variation
t
2
(M., )], = / |QLx, 01| ds, te[0,T].
0

In particular, (3.19) implies that ]:f(’M =FX, te[0,T).
Theorem 1.1 is proved.

Proof of Lemma 3.2. It is easy to see that convergence (3.16) is equivalent to the convergence

Lizr=0y]Q% Lznsoy] = [z 501 Q% [[iz>0p:] in B(L2) as n— oo

Hence, for every ¢ € LI, we find

T

2
@tz dt =1 102 Kizmsoy]o 09 1,
0

T
+ (2501 Lizso ] 0. 0 0)e,p = [ QUzsgperldt a5 s,
0

where ¢. © (. is defined as ¢y © ¢, t € [0,7T]. Replacing ¢ by exly,_qy forevery k > 1, we obtain

T T
/ HQH{Z,{L>O}]I{Zt:0}ekH2dt — / HQH{Zt>O}H{Zt:0}€kH2 dt=0 as n— oo.
0 0

We set

]I;L = H{ZF>O}H{Zz:O}a te [O,T].

Then (3.20) and the equality
T , w T )
[t a =" [t (Brene)ar
0 =179
imply that
T
- 2
/<H?ek,ek> dt -0, n— oo,
0

for every k£ > 1 such that pg > 0. Thus, by the Holder inequality,

T 1 2 T ,
//ﬁ?(u)ei(u)dtdu < T/ <]~I?ek,ek> dt -0, n— oo.
00 0

1411

(3.20)
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. . . s jad 2
Taking into account the equality I} = (I[?) , t €]0,T], we can conclude that

I"e, -0 in LI, n— oo, (3.21)

for every k£ > 1 such that pz > 0.
We claim that I, n > 1, converges to 0 in L as n — oc. Indeed, by convergence (3.21) and the dominated
convergence theorem,

Further, since I;zn-0; — o in the weak topology of LI as n — oo and Itz>0y and I;z—oy are uniformly
bounded, we trivially obtain

Ly Zui//ﬁ w)dtdu — 0, 1 — oo. (3.22)

0 0

Lizns0yl{z>0y = oliz>0y,

(3.23)
I" =T zns0yl{z=0y = 0l{z=0},
in the weak topology of L1 as n — co. Using the fact that
L(0,400) ()10, 400) (T) = L0 400y () as @, = in R,
and the uniqueness of the weak limit, we get
olizs0y = Liz>0- (3.24)

Since x € Lo, convergence (3.23) yields

T 1 T 1
//X ]I" dtdu—>//x (u)lz,—0y (w)dtdu, n — oc.
00 00

On the other hand, Xﬁ” — 0 in Lg by (3.22). Hence,

XUH{ZZO} = 0.
The last equality and (3.24) yield
X0 = x0liz50) + x0Liz—0y = Xlz50p in L3,

which is equivalent to equality (3.17).
Lemma 3.2 is proved.
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A. Auxiliary Statements

Lemma A.1. Let (t), t > 0, k € [2], be continuous real-valued semimartingales with respect to the same

filtration. Also let the quadratic variations be equal to
¢
€k &l /O'k,l t>0, k€2
0

Then, for all k,l € [2], a.s

(€ &l / 11 (8)Ligy (s)0) Liga(s) 0y A5, £ 2 0.
0
Proof. By Theorem 22.5 [17], for k € [2], we get, a.s.,

t

t
/O'k:k §)Lig, (s)=0}d5 Z/H{O}(fk(S))d[Ek]s
0

0

+oo
= / Ijoy(z) Ly "dz =0, >0,

—0o0

where Lf * ¢t >0, z € R, is the local time of &. Applying the Cauchy-type inequality [17] (Proposition 17.9),

for every ¢ > 0, we estimate, a.s.,

t

t t
/‘01’2(8)’]1{&(5)_0}(15 < /0171(8)H{§1(5)_0}d8/UQQ(S) ds = 0.
0 0

0
Similarly, we get

/ |O’172(S)‘H{£2(s):0}d8 = 07 t Z 0, a.s.

These equalities immediately yield the statement of the lemma.

Lemma A.2. Let \ be a nonnegative function from Lo, let () be a nonnegative-definite self-adjoint Hilbert—

Schmidt operator on Lo, let x> be defined by (1.6), and let

n

A\ — Zn<)\,7rg>]l{qgk>0}7rg, n>1,
k=1 ’

where qp ;. = n||Qm|?. If My = A a.e., then X — X in Ly as n — oo.
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Proof. Denote
n
A" = prt \ = Zn()\, )T, 1> 1.
k=1

In this proof, the functions from Ly are considered as random elements on the probability space
([07 1]a B([Ov 1])7 Leb1)7

where B([0,1]) is the Borel o-algebra on [0,1]. We note that A" is the conditional expectation E[\|S"] deter-
mined on the probability space, where " = o {n}, k € [n]}. By Proposition 1 [1], A" — A in Ly as n — oo.
In particular, A" converges to A in probability as n — oo.

Let

n

n n o
0= Sy = S wlQm P = 3 ( zmel,wzf)wz
k=1 k=1 =1

k=1

Note that, for all [ > 1, pr"™ e¢; — ¢; in probability as n — oo.

We fix a subsequence N C N. Then, by Lemma 4.2 [17], there exists a subsequence N’ C N such that
A X as. along N’. By using Lemma 4.2 [17] once again and the diagonalization argument, we can find
a subsequence N’ C N’ such that pr’ e; — ¢; a.s. along N” for all [ > 1. By the Fatou lemma,

N""35n—o0

o0
liminf ¢" > Z,u?e? =% as.
I=1
This inequality and the lower semicontinuity of the map R > z + [ | () imply that

lim inf ]I{qn>0} Z ]I{X2>0} = H{x>0} a.s.

N'"5n—00
Hence, by virtue of the equality
n ~
=D ) g sop = Algso). A1)
k=1 ’

and the convergence A" — \ a.s. along N”, we obtain

z\}}/gnlggo A= Nl}glnlﬂﬁo A0y 2 M0y = A as.

By (A.1), we also have

limsup A" < limsup A" =\ as.
N'"5n—00 N"3n—00



STICKY-REFLECTED STOCHASTIC HEAT EQUATION DRIVEN BY COLORED NOISE 1415

This yields the convergence A" — X a.s. along N and, hence,
A" — X inprobability as n — o

by Lemma 4.2 [17]. We also remark that \* < 5\", n > 1, and A" — \in Ls. Hence, the dominated conver-
gence Theorem 1.21 [17] implies that ||\"|| — ||\||. By Proposition 4.12 [17], A" — X in Lg as n — oc.

Lemma A.3. Let A € L5 and B;, i = 1,2, be bounded operators on Ly. Then AB; € Lo, 1 = 1,2, and

(ABy, ABy) Z v2(Bien, Bien),

n=1
where {e,, n > 1} and {V , N> 1} are the eigenvectors and eigenvalues of A* A, respectively.

Proof. We set

n
" IZVzé‘z@Ez, n> 1.

o0
Then it is easy to see that the sequence { A"} ., convergesto v A*A = Zl_l vie; ® g in L. Hence,

NE

<ABl, ABQ>£2 = <ABlz€k,ABQEk> = Z<A*A31€k, BQEk>
k=1

i

1

\/A*ABl,\/A*AB2> = lim (A,B1, AuBa),,

I
/\

Lo
o0 o0 n
= lim k;zl (AnBieg, ApBaey) = lim ; zz; Vi (Bie, 1) (Baey, €1)

[e.9] o0 o0
= l/ €k,Bl€l Ek,BQEl vV <Bf€l,B;55>.
=1 k=1 =1

Lemma A4. Let A € Lo and let a sequence of bounded operators By, n > 1, in Lo be pointwise con-
vergent to an operator B, i.e., for every ¢ € Lo, Bhy — By in Ly as n — oo. Then B is bounded and
AB} — AB* in Ly as n — 00.

Proof. We first note that the norms || B,,||, n > 1, are uniformly bounded by the Banach—Steinhaus theorem.
Consequently, B is a bounded operator on Ls.

Further, we show that {AB,},~, converges to AB* in the weak topology of L;. Let {e,, n > 1} and
{12, n > 1} be the eigenvectors and eigenvalues of A* A, respectively. Then, for every k,[ > 1,

(AB;,ex © )y, = (ABjer,ex) = (€1, BnA™ex)

— (&1, BA%ey) = (AB", e, © &), as n— oo.
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Since span{e;, ® g7, k,l > 1} is dense in L2 and
1AB Iz, < Al 1Bll,  n=1,

is uniformly bounded, the sequence {AB;;}n21 converges to AB* in the weak topology of L. By the dominated
convergence theorem, the uniform boundedness of the norms of || B, ||, n > 1, and Lemma A.3, we obtain

o0 o0
IAB; |12, =Y vilIBrail® = > vZl|Bal? = |AB*||7, as n — occ.

I=1 I=1

This implies that {AB:‘L}nZl converges to AB* in the strong topology of Ls.
Let £5°" be a closed subset of Lo consisting of nonnegative-definite self-adjoint operators. Consider
B(LE*):={L € B(Ly): L € LY ae.}.

Note that a nonnegative-definite self-adjoint operator A on Lo has the square root, i.e., there exists a unique
nonnegative definite self-adjoint operator v/A on Ly such that (\/Z) ® = A. This trivially follows from the spectral

theorem.

Lemma A.5.

(i) The set B (LY®") is closed in B(L2).

T
5 {L e B(ﬁé”s“) ;
0

(iii) For every v > 0, the map ®": S, — B (LY*") defined as

(ii) Forevery r > 0, the set

2
Lt dt < 7"}
Lo

is closed in B(L2).

O (L) = /Ly, tel0, 7], Le€S,,

is Borel measurable.

Proof. Let L™, n > 1, be a sequence from B(L5*") convergent to L in B(Lz). We take arbitrary ¢ € [0, 7]
and ¢, 1) € Lo and consider

t t t

/ sp, ) d /<Ls,¢®w>£2 dszggn;/@?,w@m ds
0 0 0

t t t

= Jim [ (e onds= lim [ (oziords= [ (oL

0 0 0
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Due to the fact that the set span {Ijp o ® ¥, t € [0,T], ¢,1 € Lo} is dense in L], we conclude that L is self-
adjoint a.e. Similarly, we can show that L is nonnegative definite. Hence, B(£5") is closed.

We now prove (ii). We take a sequence L", n > 1, from S, that converges to L in B(L3) and remark that
L € B(L5™) due to (i). Thus,

[Ial o= [ [S]val|a=$ [ dooa
0 o Lek=1 J

T
[e.e]
< Timi
_hnnig.}fZ/ Lie,ex)d I%Inilol.}f/H\/L" dt <,
k=17
by the Fatou lemma and the fact that
- T
/ (L}eg, ex) —>/ Lyeg, er), n — oo, forall k>1.
0
0

Therefore, S, is closed.
In order to check (iii), we first note that it is sufficient to show that, for every ¢t € [0,7] and ¢,¢ € Lo,
the map

t

5.3 L [ (L) Loy(5)0 0 9) ds = [(@1(L)p0)ds € R (A2)
0

0

is Borel measurable. By Theorem 1.2 [23], the Borel o-algebra on B (L2) coincides with the o-algebra of all
Borel measurable sets of L’g contained in the ball B(L2). Consequently, it is sufficient to show that map (A.2)
is Borel measurable as a map from S, to R, where S, is embedded with the strong topology of £g. However,
in this case, the map (A.2)

t

S5 L [ (@(L)p, ) = [ (Lo, Lot} ds
[ |

0

is continuous and, hence, Borel measurable.
Lemma A.5 is proved.
Assume that the basis {€x, k£ > 1} in Ly is defined as in Subsection 3.2, i.e.,
éi(u) =1, uwe[0,1], and é(u)=+v2cosn(k—1u, wuel0,1], k>2.
For h € Lo, we define

h = i(h, En)el
n=1

if the series is convergent in Lo. Note that (h, ¢) = —(h, ¢') for every ¢ € C1[0,1] with ©(0) = ¢(1) = 0.
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Lemma A.6. Let h € Ly be nonnegative and let h exist. Then hﬂ{o}(h) =0a.e.

Proof. For every € > 0, we consider the function

Ye(x) = Va2 +e2—¢e, xzeR

Then ). is continuously differentiable, 1.(0) = 0, and .(x) — |z| as ¢ — 0+ for all z € R. Moreover,
|Yl(x)] <1 and Y.(x) — sgn(x) forall z € R.

Take any function ¢ € C[0, 1] satisfying ¢(0) = (1) = 0. By the dominated convergence theorem, it is

easy to see that

(W= (), ') = = (WL(M)h, o).

Letting € — 0+ and using the nonnegativity of h, we get

_<h7 ()0> - <h7 §0/> - _<]I(0,+oo)(h)h7 90>

Since ¢ is arbitrary, we conclude that i = hH(O,JFOO)(h) a.e.

€k

Lemma A.6 is proved.

Remark A.1. The same statement of Lemma A.6 remains true if the “cos’ basis is replaced by the “sin” basis
=2sinwku, u € [0,1], k > 1.
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