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Extending previous work [28] by the first author we present a variant of
the Arratia flow, which consists of a collection of coalescing Brownian mo-
tions starting from every point of the unit interval. The important new feature
of the model is that individual particles carry mass which aggregates upon
coalescence and which scales the diffusivity of each particle in an inverse
proportional way. In this work we relate the induced measure valued process
to the Wasserstein diffusion of [48]. First, we present the process as a martin-
gale solution to a SPDE similar to [48]. Second, as our main result we show

a Varadhan formula [44] for short times which is governed by the quadratic
Wasserstein distance.

1. Introduction and statement of main results.

1.1. Motivation. Since its introduction in [34] Otto’s formal infinite dimen-
sional Riemannian calculus for optimal transportation has been the inspiration for
numerous new results both in pure and applied mathematics, see e.g. [1, 32, 35,
41, 47]. It can be considered a lift of conventional calculus of points to point
ensembles resp. spatially continuous mass distributions. It is therefore natural to
ask whether this lifting procedure from points to mass configurations has a prob-
abilistic counterpart. The fundamental object of such a theory would need to be
an analogue of Brownian motion on the space of probability measures adapted to
Otto’s Riemannian structure of optimal transportation. In [48] the second author
together with Sturm proposed a first candidate of such a measure valued Brown-
ian motion (with drift), calling it Wasserstein Diffusion, and showed among other
things that its short time asymptotics are indeed governed by the geometry of op-
timal transport in the sense of a Varadhan formula for short times governed by the
Wasserstein distance. — However, the construction in [48] has several limitations
since it is strictly restricted to diffusing measures on the real line, it brings about
additional seemingly non-physical correction/renormalization terms and lastly it
is obtained by abstract Dirichlet form methods which e.g. do not allow for generic
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starting points of the evolution. Hence, in spite of several ad-hoc finite dimensional
approximations [3, 40, 42] the process remained a rather obscure object. Given the
strong similarity of the SPDE representation of the Wasserstein Diffusion to the
Dean-Kawasaki equation in physics [9, 26] it is natural to ask for related measure
valued diffusion processes which share a similar multiplicative noise structure, giv-
ing rise to the same large deviation principles on short time scales.

1.2. Modified Massive Arratia Flow. In this paper we give a different and very
explicit construction of another diffusion process in the space of probability mea-
sures on the real line which exhibits a similarity to the Wasserstein diffusion as
discussed above. The construction is based on a modification of the so-called Ar-
ratia flow of coalescing Brownian motions, which was introduced in [4] and which
was later extensively studied by Dorogovtsev and coauthors [14, 15, 16, 17, 33]
resp. Le Jan-Raimond [31]. As an important extension the Brownian Web [20] has
also received significant attention in recent studies.

Our point of departure is another modification of the Arratia flow in [27] by
assigning a mass to each particle, which is aggregated when particles coalesce and
which controls the diffusivity of each particle in inverse proportional way. In [28]
it was shown for the first time that such a system can be constructed starting with
an infinitesimal mass particle at each point of the unit interval, i.e. such that the
empirical measure of the particles almost surely converges in weak topology to the
uniform measure on the unit interval as time tends to zero. — The resulting model,
which we shall call modified massive Arratia flow (MMAF), can best be described
in terms of a family of continuous martingales that describe the motion of the
particles. Letting D([0, 1],C[0, T]) denote the Skorokhod space of cadlag-functions
from [0, 1] into the metric space (C[0,T],dw) of continuous real valued trajectories
over the time interval [0, 7| with the uniform distance d. and A denote Lebesgue
measure on [0, 1], the main result of [28] reads as follows.

THEOREM 1.1. There is a process y € D([0,1],C[0,T]) such that

(C1) for all u € [0,1] the process y(u,-) is a continuous square integrable martin-
gale with respect to the filtration

(C2) forallue[0,1], y(u,0) = u;
(C3) forallu <v from|[0,1] andt € [0,T], y(u,t) <y(v,t);
(C4) for all u,v € [0, 1], the joint quadratic variation of y(u,-) and y(v,-) is

1 uy <8 ds
)y, = [ L=t

m(u,s)
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where m(u,t) = A{v: s <t y(v,s) = y(u,s)}, 1, =inf{r: y(u,t) =
yvt)}AT.

Note that uniqueness in law of y satisfying properties (C1) — (C4) remains an
important open problem. However, all subsequent results derived in this paper deal
just with some field of martingales satisfying properties (C1) — (C4) above. In
particular, uniqueness is not needed for any of our arguments.

We also point out that, in contrast to the classical Arratia flow, the family of
maps {y(-,s) }s>0 does not induce a (stochastic) flow on the real line, i.e. does not
satisfy a cocycle property. Our terminology of a *modified massive Arratia flow’
refers rather to the corresponding measure valued process’

,ut = y(')t)#)t'a re [OaT]v

which is obtained via the image (push forward) of the uniform measure A on [0, 1]
under the random maps y(-,#). The process , t € [0,T], is the central object of our
interest. In particular, 1y = A in the present case, but our arguments and construc-
tions below can be modified to the case of more general starting measure, cf. [30].
For the sake of presentation, in the sequel we stick to the g = A case.

For illustration and comparison to the standard Arratia flow we include here
some numerical simulations. The red trajectory on the picture is the evolution of
the center of mass of the particles which is a Brownian motion.
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1.3. Main results for the Modfied Massive Arratia Flow.

1.3.1. New construction and stochastic calculus for the MMAF. The first result
of this paper is a new simplified construction of a modified massive Arratia flow, us-
ing spatial discretization and a tightness argument. Second, we analyze the process
y(t) =y(-,1),t €]0,T], as an Ly(A)-valued martingale and develop an associated

'In fact g, t € [0,T], turns out to be a Markov process, but we will not stress this here.
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stochastic calculus. We show that for each g € Ly(A), s+ J(g)(s) := (g,9(5)) 1, (1)
where (-,-)1,(1) denotes the inner product in L(4), is a continuous square inte-
grable martingale with quadratic variation process

t
U@, = [ byl ayds, 1€ 0.7

Here pr),g is the orthogonal projection in L,(A) of g onto the subspace of ¢ (h)-
measurable functions. This shows that the process y(+) is a martingale solution to
the infinite dimensional SDE

dy (S) = pry(s) dVVS,

where W is cylindrical Brownian motion in the Hilbert space L,(4).

By (C3) the map [0, 1] > u — y(u,t) is monotone (and cadlag), hence the one-to-
one map between probability measures on R and their quantile functions on [0, 1]
yields an equivalent parametrization of y by the induced measure valued flow

(11) He ::y<'7t)#l7 [E[O,T],

where y(-,1)4A(A) = A{u: y(u,t) € A}, A € B(R), denotes the image measure of
A under the map y(-,?).

The process L, ¢t € [0,T], and its relation to the Wasserstein diffusion, is our
main interest of this paper. Our first observation follows from the Ito formula for
y(t),t € [0,T], obtained in [28].

PROPOSITION 1.2.  Let W, := y(-,t)sA. Then, for each twice continuously dif-
ferentiable function f on R with bounded derivatives up to the second order

M = (o) = [Ty as

is a continuous local martingale with quadratic variation process

M), = [ aas

where I is defined as follows

Fre)=5 L 16

xesupp(V)
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We point out that I'(g, ) is well defined since property (P4) of section 2.4 below
implies, that supp(LL,) is a finite set for all r € (0, T] almost surely.

As a consequence of Proposition 1.2, t,, ¢ € [0, 7], is a probability valued mar-
tingale solution to the SPDE

(1.2) dy, = T(,)dt +div(\/TdW, ),

which follows from a standard application of Ito’s formula in finite dimensions. In
fact, assuming existence of a solution in L,(A) of

dy, = L(u;) dt + o (W, )dW;

with dW being cylindrical L, (A )-white noise, for fixed f € C;(0,1) one deduces
from Ito’s formula for the smooth maps F,G : Ly(A) — R F(u) := (f,u) and
G(u) := F*(u) that

M= (fo) = [ foads
0

is a real valued (local) martingale with quadratic variation process

7] = [ (0 (0 (B s
where in our case L(u) = I'(u) and o(u)(§) = div(\/i&) such that o*(u)f =
\/‘H- Vfe Lz()t), ie.

(0" (). 0" () i) = (VS )

The SPDE (1.2) above should be compared to the corresponding SPDE for the
Wasserstein diffusion [3, 48]° reading

dp, = BAwdt + (W, )dt + div(y/mdW,),

with
(.fvy= Y f (1+)J;f (I-) _f(]+)|;|f(1+)

Iegaps(v)

Thus, besides the apparent similarity of the second order part in the drift operators
I" and I', both models share the same singular multiplicative noise which gives
rise to the characteristic density ((f’)?,u) in the quadratic variation process. Of
course, this is the same expression as the one appearing in Otto’s definition [34] of
the Riemannian energy of an infinitesimal (tangential) perturbation of a measure
resp. in the Benamou-Brenier formula [5] for optimal transportation.

2gee also [1] for the connection to the Dean-Kawasaki equation (c.f. [9]).
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1.3.2. Varadhan Formula for the short time asymptotics of the MMAF. As the
main achievement of the present paper we will make this connection more rigorous
by showing that the small time fluctuations of the process are in fact governed, on
an exponential scale, by the Wasserstein metric.

To this aim, recall that the (quadratic) Wasserstein metric is defined as follows.
For probability measures Vi, Vv, on the real line with finite second moments it is
defined by

arvv) = (_ine [ 1= nPvia dn)> ,

where y(v1,Vv,) denotes the set of all probability measures on R? with marginals
V1, V2. The main result of the present paper is the following version of the Varadhan
formula for the measure valued diffusion y,, t € [0, T]. — The precise conditions for
aset A C Z(R) to be properly chosen for the statement are specified in section
1.3.4 below.

THEOREM 1.3. Let y satisfy (C1) — (C4) and let ;, t € [0,T], be defined
by (1.1). Then, for properly chosen sets A C Z(R)

2
(13) lim elnP{pe € A} = — P FA)
£—-0 2

where the uniform distribution A on [0, 1] is considered as an element of &7 (R).

It should be noted that in Theorem 1.3 we do not make any assumptions on
the system y other than (C1) — (C4). Here, the particular construction leading to a
system with these properties does not play any role.

Theorem 1.3 is a large deviations statement for the family of random measures
Ue, involving the rate function

1
=14 ( e J[ le-nPviazan) = taaom.
vex(A,n) JJR? 2
We obtain it by contraction from a full large deviation principle for the family of
processes {y*(-)}ec(0,1] = {¥(€°) yec(0,1)- The latter is the main technical achieve-

ment of the present paper and it consumes the biggest part of it.

1.3.3. Large Deviation Principle for the MMAF. For a precise statement of the
large deviation principle for the sequence {y*(-)}ec(0,1] = {¥(€")}ec(0,1] We need
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some notation. Let Ly (p) = L»([0, 1], p), p(du) = x(u)du, where x : [0,1] — [0, 1]

P 0,1/2
(14) K(u): u Y ue[ ’ / ]7
(I—w)P, ue(1/2,1],

for some fixed B > 1, and

D' = {he D([0,1],R) : his non-decreasing}.

Denote
A ={pecC([0,T],L,(A)ND") : ¢(0)=id and
t — @(t) € Ly(1) is absolutely continuous®},

(o) = {éfoTllrb(t)Himdt, Qe

oo, otherwise.

1.5)

THEOREM 1.4. The family of processes {y*} ec(0,1] Satisfies a large deviations
principle in the space C([0,T],Lx(p)), endowed with the uniform metric, with the
good rate function 1, i.e. for any open set G in C([0,T],L,(p))

lim enP{y* € G} > —igfl

£—0

and for any closed set F

limeInP{y* € F} < —infl.
e—0 F

Since the processes y©(-) solve
dyg(s) = prye(s) \/EdWS,

Theorem 1.4 appears as an instance of the classical Freidlin-Wentzel LDP for so-
lutions of SDE, but here we have to deal with additional difficulties since the dif-
fusion operator g — o(g) = pr, is not continuous as an operator-valued map on
Ly (1), and generally little is known about such large deviation principles for solu-
tions of a SDE with non-smooth coefficients even in finite dimensions. In our case
we can overcome these difficulties with additional arguments, using the fact that ¢
is continuous on strictly monotone y € L,(4).

3A function £(t), t € [0,T), taking values in a Hilbert space H is called absolutely continuous if
there exists an integrable function t — h(r) € H (in Bochner sense) such that

70 = £0)+ [ his)as,

and we will denote the function / by f.
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1.3.4. Properly chosen subsets A C &(R). 1In order to specify the conditions
on the set A for the validity of formula (1.3), let 7, denote the image topology on
P(R) of the Ly(p)-topology on D'([0,1]) induced from the bijection

1: g+ guA.

We call aset A C Z(R) displacement convex if it is the image of a convex subset of
D'([0,1]) under the map 1. A set is properly chosen for the validity of Varadhan’s
formula as in Theorem 1.3, for instance, if it is displacement convex T,-closed with
non-empty 7Tp-interior.

REMARK 1.5. It is possible to construct a process y in a similar fashion on a
circle S with a proper notion of martingale on S. In this case the family {y*(-) =
Y(€°) }ee(o,1) Will be exponentially tight in C([0,T],L2(2)), since the state space
Lg(l) is compact. Consequently, the large deviation principle can be proved in
C(]0,T],L2(A)) and thus, it will imply that the Varadhan formula (1.3) holds for
any measurable set A that belongs to the space Z(S) of probability measures on S
and satisfies intA = A, for instance.

The organization of the paper is as follows. In section 2 we give a streamlined
review of the construction of the modified massive Arratia flow from [28]*. In
section 3 we introduce some elements of a stochastic calculus relative to y to the
extent needed in the sequel. The final section 4 is devoted to the proof of the large
deviations principle Theorem 1.4.

2. Construction by a system of coalescing heavy diffusion particles.

2.1. A finite number of particles. We consider a finite system of particles which
start from the points %, k=1,...,n, with the mass %, where n € N is fixed.

PROPOSITION 2.1.  For each n, there exists a set of processes {x}(t), k=1,...,
n, t € [0,T]} that satisfies the following conditions

(F1) for each k, x; is a continuous square integrable martingale with respect to
the filtration
Fl'=0o(x](s), s<t,I=1,...,n);

(F2) for all k, X(0) = &;
(F3) forallk < landt € [0,T], x}(t) < x(t);

4Here we construct the process directly on [0,7] as a limit of particle systems, whereas in [28]
the construction also included an € — 0 limit for a sequence of processes on [€,T].
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(F4) forall k and I,
t Lyon s ds
o= [ R
0

mi(s)
where m (1) = 1#{j: Is <1 Xi(s) =xp(s)} oy =inf{r: X (1) =x] ()} AT
and #A denotes the number of points of A.

Such a system of processes can be constructed from a family of independent
Wiener processes, coalescing their trajectories. Moreover, (F1) — (F4) uniquely
determined the distribution of x" = (x{,...,x};) in (C[0,T])" (see [27]).

2.2. Tightness of a finite system in the space D([0,1],C[0,T]). Let

0 t 0,1
yn(u’t) — xLImJJrl( )? uc [ ’ )7 te [O,T]
X (1), u=1,

PROPOSITION 2.2.  The sequence {y,(u,t), u € [0,1], t € [0,T]} is tight in
D((0,1],(0,7]).

The statement will follow from theorems 3.8.6 and 3.8.8 [19] and Remark 3.8.9 ibid.
The following lemmas 2.3, 2.4 and 2.5 can be used to check conditions (8.39),
(8.30) of [19] and (a) of Theorem 3.7.2 ibid., respectively.

LEMMA 2.3. ForallneN,uc[0,2], h€[0,u] and A >0

2
P{de(yn(u+h,-),yn(u,-)) > A, doo(yn(u,-),yn(u—h,-)) > A} < %

Here y,(u,-) = yu(1,-), u € [1,2], and d is the uniform distance on [0,T|.
LEMMA 2.4. Forall B > 1

lim SupE |duo (ys(8,-),34(0,-))P A 1| = 0.

6—0,>1

Lemmas 2.3 and 2.4 ware proved in [28] (see lemmas 2.2 and 2.3). The follow-
ing statement is a new result.

LEMMA 2.5.  Forall u € [0,1] the sequence {y,(u,t), t € [0,T]},>1 is tight in
Clo,T).

PROOF. To prove the lemma we use the Aldous tightness criterion (see e.g.
Theorem 3.6.5. [8]), namely we show that
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(A1) forallz € [0,T] the sequence {y,(u,)},>1 is tight in R;
(A2) for all r > 0 each set of stopping times {0, },> taking values in [0,7] and
each sequence 6, \, 0

li_r>n P{|yn(u, 6y + 04) — yu(u,0,)| > r} = 0.

Note that (A1) follows from Chebyshev’s inequality and the estimate

Elyn(u,1)| <E

yn(u;t) —/O]yn(q,t)dq' +E’/O]yn(q,t)dq'
< B0 (1,0 =3 0.0) +E| [ 3n(a.)dg

1
=1+E'/O yn(g,t)dq|,

where fol yn(q,t)dq is a Wiener process.

Condition (A2) can be checked as follows. Similarly as in the proof of
Lemma 2.16 [28], we have that for each o € (0,3) there exists a constant C such
that for all u € [0,1] and n > 1

where
T 1), €10,1),
mn(u,t) — m[un}Jrl( ) u [ ) te [O,T].
mi(t), u=1,

n

Thus, one can estimate

Tim B{y (1,6 + 8,) — 3 0,6)| > r}

1
< = lim E(yn(u, O+ 0n) — yn(u, Gn))z
2

On+0, 1
lim E ds
r2 n—eo Oy mn(u7s)
_ ! lim E T]I ! d
— lim ———ds
 P2ase Jo (Om, 6"—~_(S]I’)’l,,(lzt S)

Y
§11m< / Lis,0,+6,d ) E/ 7 ds
}’ n—oo 0 m,%(u,s)

2 CTs
< : 5 : lim 5,1 =0.
r n—soo
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2.3. Martingale characterization of limit points (proof of Theorem 1.1). Since
the space D([0,1],C[0,T]) is Polish, the tightness implies the relative compactness
of {yu(u,t), u€[0,1], r € [0,T]} in D(]0,1],C[0,T]). In this section we explain
how one can prove that every limit point of {y, } satisfies (C1) — (C4), which proves
Theorem 1.1. The idea is the same as in [28].

Let {y,} converge to y weakly in the space D(]0,1],C[0,T]) for some subse-
quence {n'}. By Skorokhod’s theorem (see Theorem 3.1.8 [19]) we may suppose
that {y,y} converge to y in D([0,1],C[0,T]) a.s. For convenience of notation we
will suppose that the {y,} converge to y in D([0,1],C[0,T]) a.s. Next, to prove the
theorem, first we show that y,(u, -) tends to y(u, -) in C[0,T] a.s. Note that, in gen-
eral, this does not follow from convergence in the space D([0,1],C[0,T]). So we
need some continuity property of y(u,-), u € [0, 1], in u.

LEMMA 2.6. Forall u € |0,1] one has
P{y(u,) # y(u—,-)} =0.
PROOF. The proof is similar to one of Lemma 2.9 [28]. ]
COROLLARY 2.7. Forallu € [0,1]
yu(u,") = y(u,-) in C[0,T] a.s.

Corollary 2.7 and Proposition 9.1.17 [23] immediately imply properties (C1) —
(C3). Property (C4) can be proved by the following lemma and the representation
of m(u,t) and my,(u,t) via 7, ,, v € [0,1], and 7} ,, v € [0, 1], i.e.

u,v’

1
m(u,t)z/o Iz, ,<ndv,

1
my(u,t) = /0 Lien <ydv,
similarly as it was done in the proofs of lemmas 2.13 and 2.15 [28].

LEMMA 2.8.  Let{z,(t), t € [0,T]}n>1, be a sequence of continuous local mar-
tingales (not necessary with respect to the same filtration) such that for all n > 1
and s,t € [0,7,], s <t

(2.1) {Zn(')]l - [Zn(')}s > P(t _S)v

where T, = inf{t : z,(t) =0} AT and p is a non-random positive constant. Let
z(t), t € 10,T), be a continuous process such that

2(-AT) = limz,(-A%,) (in C(0,T],R)) as.,
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where T =1inf{tr: z(t) =0} AT. Then

2.2) T = lim 71, in probability.
n—soo

PROOF. The proof of this technical lemma can be found in [28, Lemma 2.10].
O

2.4. Some properties of the modified massive Arratia flow. Lety satisfy (C1) —
(C4). Then the following properties hold.

(P1) For each o € (0,3) the exists a constant C such that for all u € [0, 1]

E ! < ¢
m(u,t) = Vi

(P2) There exists a constant C such that for all u € [0, 1]

' ds
IE/ <Cvt, te€[0,T].
o m(u,s)

t€(0,7T].

(P3) There exists a constant C such that for all u € [0, 1]
E(y(u,t)—u)*> <CVt, t€[0,T].

(P4) Forallz € (0,T] the function y(u,t), u € [0, 1], is a step function in D([0, 1], R)
with a finite number of jumps. Moreover,
P{Vu,v € [0,1], € [0,T), y(u,t) = y(v,t) implies

2.3
&3 Yt ) =yt )} = 1.

REMARK 2.9. According to (P4), hereafter we will suppose that for all © € Q
and r € [0,T), y(-,t, ) is a step function in D([0,1],R) with a finite number of
jumps. Also we assume that for all u,v € [0,1], @ € Q and 1 € [0,T), y(u,t,0) =
y(v,t,®) implies y(u,t + -, ®) = y(v,t + -, ®).

Here (P1) is the statement of Lemma 2.16 [28], (P2) immediately follows from
(P1). Property (P3) follows from (P2) and (C4).

PROOF OF (P4). We set

Q' ={Vuyvel0,1]nQ, t €[0,T), y(u,t) = y(v1)
implies y(u7t+') :y(V,f+ )}

I d 1
ﬂ{VneN/u<oo,wheretn—/\T}.
o m(u,ty,) n
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Since the set [0, 1]NQ is countable, Proposition 2.3.4 [36] and (P1) imply P{Q'} =
1.
Next we prove that

forevery 0 € Q', u €[0,1]NQ, v € [0,u) and t € [0,T)

2.4
D, 0) =y, 0) implies y(u,t 4+ -, 0) = y(n1 + - ).

Indeed, if y(u,t,®) = y(v,z, ®), then by the monotonicity of y(-,¢,®) (see (C3)),
y(u,t,0) = y(v,t, ) for all v € [v,u) NQ. Hence y(u,t +s5,®) = y(v,t + s, ®) for
all s € [0,T —¢]. Using the right-continuity of y(-,7,®), we have y(u,t +s,0) =
y(v,t+s,®). This proves (2.4).

Let w € Q, ue0,1], ve [0,u) and ¢ € [0,T) be fixed and let y(u,t,®) =
y(v,t, ®). If we show that there exists u € [u, 1]NQ satisfying y(u,t,0) = y(u,t, ®),
then (2.4) will immediately imply (2.3). To check this, we will use the fact that
fol m(#fw) is finite for alln eN. N

We fix some element ¢ from {z,, n € N} such that <t and assume that for all
ue (u,1]NQ y(u,t,0) > y(u,t,®). Then the right-continuity of y(-,7,®) and its
monotonicity imply that there exists a sequence {u,},>; strongly decreasing to u
such that y(up1,t,®) < y(un,t, ®) for all n € N. Next, we set

Uy, =inf{u' : y(u',t,0) =y(u,,t,0)}, neN.

Since y(-,t,®) is right-continuous, we have y(up,t,®) = y(un,t,®). Moreover,
{utty }n>1 also strongly decreases to u and y(uny1,t,®) < y(un,t,®) for all n €
N. Consequently, for all u’ € (t,11,u,) NQ and u” € (Upi2,Uy+1)NQ, n €N,
y(" t,0) < y(u,t,w), by the monotonicity of y(-,7,®) and the choice of the se-
quence {y }n>1. Thus, y(u”,r,0) < y(u/,r,®) also for each r € [0,7], since u’, u”
are rational and @ was taken from Q'. Now we can estimate for every u € (U1, Uy ),
neN,

m(ut,®) =A{u : Ir<t y(u',r,0) =y(i,r,0)} <ty — 1.

/ m(u,t, ®)

But this contradicts the finiteness of the integral fo
holds.

Next, let 7 € (0,T] be fixed. We are going to show that y(-,) is a step function
with a finite number of jumps a.s. Let N(¢) be a number of distinct points of B, =
{y(u,1), u € [0,1]} (that can be equal +oo, if B; has infinitely many points). Then

So,

oo gn
Y [ a2 L / — oo
Uyp M I/l t CO Uips 1 Ltn un+1

n=1

Consequently (2.3)

m( )
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under (2.3) one can see that

U du
2.5 N(t) = / S.
2.5) 0= s s
Indeed, let for fixed @, that we omit in the notation, 7 (u,t) = {v: y(v,t) = y(u,t)},
u € [0, 1]. Then by (2.3), we have m(u,t) = A(m(u,t)). Consequently, (2.5) holds,
if N(t) is finite. Next, we suppose that N(t) = +oo and set A, = {u: m(u,t) >
0}. Note that [, mEl:,t) = oo is enough to check only for the case A(4;) = 1. So,
assuming that A(A;) = 1 and using the fact that the number of distinct points of
B, is infinite and y(-,) is non-decreasing, it is easily seen that there exists a set of
{ug, k€ N} C [0,1] such that y(u,t) # y(u;,t) for all k # [ and m(uy,t) >0, k € N.
Now, we can estimate

1 du du U du
/o m(u,t) & ,;1 /nwk) m(u,t) k;l /n<uk> Arw))

Letting n — oo, we get (2.5).

Thus, N(¢) must be finite a.s., by (P1).

Also we would like to note here that (2.3) yields that almost surely for all ¢ €
(0,T] y(-,1) is a step function with a finite number of jumps.

O]

3. Some elements of stochastic analysis for the system of heavy diffusion
particles. In this section L, will denote the space of square integrable measurable
functions on [0, 1] with respect to Lebesgue measure and || - ||, the usual norm in
L.

3.1. Predictable Ly-valued processes. We will construct the stochastic integral
with respect to the flow of particles in the standard way. First we introduce it for
simple functions and then we pass to the limit. So in this section we show that each
predictable L;-valued process can be approximated by simple processes. We need
some characterization of the Borel o-field on L,.

LEMMA 3.1. The Borel c-algebra %(L,) coincides with the c-algebra gen-
erated by functionals
(~,a), acl,

where (-,-) denotes the inner product on L.
PROOF. The assertion follows from Proposition 1.1.1 [7]. ]

Let (Q,.7,P) be a fixed probability space with a filtration (%), 7]-
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DEFINITION 3.2. The o-algebra .” of subsets of [0,7] x Q generated by sets
of the form,

3.1 (s,t] xF, 0<s<t<T,Fe%; and {0}xF, F e,
is called the predictable o-field.

Note that .7 is generated by left-continuous adapted processes with values in R
(see Lemma 25.1 [25]).

DEFINITION 3.3.  An L-valued process X (¢), t € [0,T], is called predictable
if the map
X:[0,T]xQ— L,

is .# /| % (L,)-measurable.
Lemma 3.1 immediately implies the following assertion.

LEMMA 3.4. An Ly-valued process X (t), t € [0,T], is predictable if and only
if for each a € L, the process (X (t),a), t € [0,T), is predictable.

Next we prove a proposition that is similar to Lemma 25.1 [25], namely, .7 is
generated by L-valued processes which are continuous in some sense. For this
purpose we introduce the following definition.

DEFINITION 3.5.  An L-valued process X (), t € [0, T, is weakly left-continuous
if (X(¢),a),t €[0,T], is left-continuous for all a € L;.

PROPOSITION 3.6. The o-algebra . coincides with the c-algebra generated
by all weakly left-continuous Ly-valued processes.

PROOF. Let .’ denotes the c-algebra generated by all weakly left-continuous
L,-valued processes. Lemma 3.1 implies that .’ coincides with the sigma algebra
generated by processes of the form,

(X(t),a), te€]0,T],

where a € L, and X is a weakly left-continuous L,-valued process. From

Lemma 25.1 [25] it follows that .’ C .¥.
To proof the inclusion .’ D ., it is enough to note that every left-continuous
process with values in R is also weakly left-continuous. The proposition is proved.
O
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For an L,-valued process X (¢), 1 € [0, 7], set

1
T 2
Xl = (B [ X0t

Let 7% denote the set of all predictable L,-valued processes X with

The map || - || 2 is a norm on <72
Consider an L,-valued process Y of the form

m—1
(3.3) Y(1) = @olioy (1) + Y, ol p, (1), 1€10,T],
k=0

where 0 =1ty <t; <...<t, =T and ¢, k=0,...,m— 1, are L-valued random
elements. It is easy to see that Y € o2 if and only if ¢ is F#,-measurable and
Ell@[|z, <eoforallk=0,...,m—1. Denote by <7 the subset of 27* that contains
all processes of the form (3.3).

PROPOSITION 3.7. The set 42/02 is dense in <>

PROOF. The proposition can be proved similarly as Proposition 1.4.22 [7]. First,
one can show that each X € .7 can be approximated in 27> by a sequence of
predictable L,-valued processes which take only finite numbers of values. Then it
is sufficient to check that for an arbitrary A € .% and all € > 0 there exists a finite
union I" of disjoint sets of the form (3.1) such that

PA((A\T)U((\A)) <&,
that follows from the definition of .. This proves the proposition. U

3.2. The stochastic integral on 52%02. In the present section we construct the
stochastic integral with respect to the system of coalescing heavy diffusion parti-
cles for simple functions (from 42/02) and prove that it is a square integrable martin-
gale. Consider a random element in D([0, 1],C[0,T]) which satisfies (C1) — (C4).
Hereafter we will assume that .7 is the predictable o-algebra associated with the
filtration

Fr=0(y(u,s), uc|0,1], s<t), te][0,T].

Let f belong to 42/02. Then f can be written in the form (3.3). We set
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I f):/ot/olf(uas)dﬂ” s)d i (O Yt At) —y(t At)) =

k=0

- i/l O () (Y, tysy A1) —y(u, e A2))du, 1 €10,T).
k=070

REMARK 3.8. Since y(t) = y(-,1), t € [0,T], is an L,-valued random process,
usually we will use the notation I, (f) = [5(f(s),dy(s)).

For a,b € L, denote the projection of a onto the space of ¢ (b)-measurable func-
tions from L, by pra.

The following theorem shows that the total fluctuation of the martingale field y
is given by the sizes of level sets of y(s) (see formula (3.5) below).

THEOREM 3.9. Foreach f € </¢, I(f) is a continuous square integrable (.F;)-
martingale with the quadratic variation

= [ lIoro fO)lds, 1€ 0.7)

To prove the theorem we will use integration in a Banach spaces. So, let H be
a Banach space, & : Q — H be a random element such that E||& || < o and let #Z
be a o-algebra contained in .%. Then there exists a unique &#-measurable random
element 7 in H such that E||n||y <E|&||y and for all A € Z, h* € H*

/A(g,h*)du»: /A(n,h*)d]P’

This element 7 is called a conditional expectation of & with respect to # and we
will denote it by EZ&. More detailed information about conditional expectation
for H-valued random elements can be found in [43, Section 2.4.1]. The following
statement can also be found in Section 2.4.1 [43] (see Property (f) there). We would
like to note that the statement easily follows from the definition of the conditional
expectation.

LEMMA 3.10. If L is a bounded linear operator from H to a Banach space K,
then 7 7
E”LE = LEZE.

Let us state the following lemma that is used to prove Theorem 3.9. Let Ay
denote the Lebesgue measure on [0, 1]¢ for d € N.
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LEMMA 3.11. Let d € N and let &E(u), n(u), u € [0,1]¢, be measurable (in
(1, ®)) random fields such that E [y 11 |& (u)|du < oo, n(u) = E(S(u)|2) for al-
most all u € [0,1]¢ (w.r.t. Ay), and for each a € Lo.([0,1]%,Ay) let Jio, e alu)n (u)du
be an Z-measurable random variable. Then &, 1 are random elements in L1 (]0,1]¢,A4)
and EZE = 1.

PROOF. The measurability of £, N as maps from Q to L;([0,1]¢, ;) follows
from the measurability of the fields & (), 1 (u), u € [0, 1]¢, and Proposition 1.1.1 [7].
Moreover, 1 is Z-measurable as a map to L; ([0, 1]¢, A,), since Jio. e au)n (u)du is
an %-measurable random variable for all a € L..([0, 1]¢, A4). Next, we take A € Z,
a € L.([0,1]%,44) and consider

/A (a,n)dP = /A < /[Ovllda(u)n(u)du> P — /W ( /A a(u)n(u)d]P’) du

-1 ( /A a(u)g(u)dp> du— /A (a,€)dP,

where (-,-) denotes the inner product in L, ([0, 1]¢, A;). The lemma is proved.  [J

LEMMA 3.12. For all 0 < s <t < T and an arbitrary %s-measurable L,-
valued random element @ with E||@||7, < e,

E (/01/01 0 () P(V)A(u, 1, 5)dudv y) —0.

where

t]:[ T <r
Au,v,t,s) = (y(u,t) — y(u,5)) (y(v, 1) — y(v, 5)) 7/ {twsrt

s m(u,r)

PROOF. By Lemma 3.10 and Property (d) [43, P. 127], we have
1,
E </ / o(u)p(v)A(u,v,t,s)dudv 9})
0 Jo
1,1 )
- / / 0)9(v) (E7A(,1.5)) (u,v)dudy
0 Jo

Next, we note that E fol fol |A(u,v,t,5)|dudv < oo, by the Cauchy-Schwarz inequal-
ity and Property (P3), and for all u,v € [0, 1]

E(A(u,v,t,s)|.%) =0,

by (C4). Consequently, Lemma 3.11 yields E”A(-,z,s) = 0, which proves the

lemma.
O
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LEMMA 3.13. Under the assumptions of Lemma 3.12,

1,1 ZH{T,,VSI’} t )
ah [ [ ewee)| [ E=ar dudv= [y el.ar

PROOF. By Fubini’s theorem, we obtain
/ / o (u / Hewsn) ] duay
m(u,r)
:/ / / {T” r)}dudv] dr
:1 /0 m(u,r) </0 (p(v)]I{Tu?vér}dv> du] dr
(Tl
:/ o) </ (p(v)dv) du] dr,
s Yo m(u,r) \Ja(ur

where w(u,t) = {v: y(v,t) = y(u,t)}. Here we have used the equality m(u,t) =
{v: 7, <r}, which follows from Remark 2.9. We note that for each @ and r the

operator pry, ) is a usual projection (in L (4 )) onto the subspace of all o (y(r, ®))-
measurable functions and moreover

G:3) (preot0) =t | plnaar

m(u,r,0) Jz

because y(r, @) is a step function according to Remark 2.9. Consequently, the left
hand side of (3.4) equals

/st [/01 o(w) (pro ) (”)d“] ar= [ 'ty 01

The lemma is proved. O

PROOF OF THEOREM 3.9. Let f € </7. The continuity of I(f) follows from
its construction. Next, the martingale property of the integral will be checked. Fix
s < t and note that f on (s,] has the form

p—1
= Z (pkH(sk,skH](r)a re (S,l’],
k=0

where s =59 <1 <...<s, =t and ¢ is .# -measurable, k =0,...,p — 1. Using
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lemmas 3.10, 3.11 and (C1), we calculate

p—1
E(It(f) _Is(f)|gs) =E (kzo(q)k’ (Sk+1) .V(Sk)) <g;)
-1
=Y B ( [ 00sen) —stws)de| %)
k=0 0
p—1

Therefore I(f) is a martingale. It should be noted that /( f) is a square integrable
martingale. This follows from E (fol yz(u,t)) du < o (see Lemma 2.18 [28] or
(P3)).

Let us calculate the quadratic variation of I(f). Denote

/Hpr Hdes t€10,T].
So,

E(M(t) = M(s)| ;) = E ((L(f) — L()*| F)

([ Il 7.)

+2L(NE (L (f) = L) F5).-

The third term in the left hand side of the latter relation equals O since I(f) is a
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martingale. Next we calculate

p—1 2
E{ y 1¢k<u><y<u,sk+1>y(u,sk»du) 7
1

1
1) (y(,51+41) —y(u,sz))du>
0

- kzOE [ ( [ 0005t —y<u,sk>>du)2

]

Here, for [ > k we have used the equality
| (] outuse) ~s(s)an)
([ o0t st | ]
—E | [ pu005) (s

B [ 000G0) -yl

7|7 =0
Thus, using lemmas 3.12 and 3.13, it is easily seen that

B(00) - 1P| 7) = | [ org sl 7).

The theorem is proved. O

3.3. Stochastic integral for predictable functions. Let .4, denote the space of
continuous square integrable (.%; )-martingales M(z), ¢ € [0, 7] with the norm

IMll.0, = (EM(T))?.

It is well-known that .4, is a complete and separable metric space (see e.g.
Lemma 2.1.2 [22] for the completeness).
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In the previous section we have proved that [ : 42%02 — > is a linear operator.

Moreover,
= ([ [ steniastun) = [ ool a

<E /0 I @)12,d = 17112

(3.6)

Hence [ is bounded on 42%02 and consequently it can be extended to the bounded op-
erator on 272, We will denote this extension by [ fol flu,t)dy(u,t) or [o(f(1),dy(t)).

PROPOSITION 3.14. Forall f € />

an [ = [ s, e

PROOF. The proof of the proposition, it is enough to check that

B| [10.as0| 7] =0

([ asten) ] | [ ool ar| 7.

whenever 0 < s <¢ < 7. But these relations follow easily from the approximation
of f by elements of %2 and Theorem 3.9. O

and

E

Let o7 denotes the set of predictable L,-valued processes f(t), t € [0,T], such
that

T
(3.8) /0 If()2,dt <o as.

Then similarly as in [22, P. 52] one can construct the stochastic integral [, (f(s),dy(s))
for all f € «/. Moreover such an integral is a continuous local square integrable
martingale with respect to (-%;) with the quadratic variation as in (3.7).

3.4. Girsanov’s theorem. In this section we construct a system of coalescing
diffusion particles with drift that will be needed in Section 4.2.2 for the proof of
the lower bound in LDP. So, fix ¢ € <7 and consider on (Q,.%) the new measure

T
P?(A) :E]IAexp{/ (o(s) / [Pry () ||L2dt} Ae F.
0
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If

T
(3.9) Eexp{ | (o) / Iprye lledt} 1,

then P9 is a probability measure.

THEOREM 3.15.  Let ¢ € o satisfy (3.9). Then the random element {y(u,t), u €
[0,1], € [0,T]} in D([0,1],C|0,T]) satisfies the following properties under P?

(D1) forall u € [0,1] the process

is a continuous local square integrable (%,)-martingale;
(D2) forallu € [0,1], y(u,0) = u;
(D3) forallu <v from [0,1] andt € [0,T], y(u,t) < y(v,1);
(D4) forall u,v € [0,1] andt € [0,T],

1y <nds
[n(u,-),n(v,.)]t:/o Hu<spds

m(u,s)

Note that (D2) and (D3) immediately follows from the absolute continuity of
[P?. To prove (D1) and (D4) we state an auxiliary lemma.

LEMMA 3.16. Foreachu € [0,1]

y(u,t —u—i—// dy(q,s)dq.
m(u,s—

PROOF. Setting f(g,s) = % and using (P2), we have

T T r17 o (q)
E 2 :E/ / 7o(u,s—)
L r@as=e [ [ S dva
E ! o dqg|d
a /o <m2(u,s) /nw,s) q) ’

r 1
0 m(u,s)

Next, put

Op =1,
oy =inf{s: N(s) <k} At, keN,
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where N(t) = [y ﬁ, t € 10,T], denotes a number of distinct points in {y(u,t), u €
[0,1]} and is an (.%;)-adapted cadlag process, and note that oy is an (.%;)-stopping
time, Oy > Oj1. So,

//f q,5)dy(q,s)dq = Z/% /1 mdy(q,ﬂdq

“Gk+1
,0r) —vy(q, 0 d
k . mquH (v(g; 0k) —¥(q; Ok+1))dgq
1
-y / oy 000 3 0k)

7o(u,Cp11) m(uack-i-l

= i(Y(ua o) —y(u,0141)) = y(u,t) —

The lemma is proved. O

COROLLARY 3.17. Foreach f € o/ andu € [0,1]

[A.(f(S),dy(S))aY(u,-)] Z/Ot <pry(s)f(s)) (w)ds, t€[0,T].

t

PROOF OF THEOREM 3.15. The proof of the assertion follows from Girsanov’s
theorem (see Theorem 5.4.1 [22]) and Corollary 3.17. L]

REMARK 3.18. For functions f € .72 (resp. <) we can construct the stochas-
tic integral with respect to the flow {y(u,7), u € [0,1], € [0,T]} satisfying con-
ditions (D1) — (D4) in the same way as in the case of conditions (C1) — (C4).
Moreover,

[0 = [ (). pry0ds+ [ (76).d

and [,(f(s),dn(s)) is a continuous square integrable (resp. local square integrable)
(.#,)-martingale with the quadratic variation

[ hann) = [ oo

4. Large deviation principle for the modified massive Arratia flow.
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4.1. Exponential tightness. In this section we prove exponential tightness of
the modified massive Arratia flow. In order to prove this we will use “exponentially
fast” version of Jakubowski’s tightness criterion (see Theorem A.1 [11]). So, let
{y(u,t),u € [0,1], € [0,T]} be a random element in D([0, 1],C[0,T]) satisfying
(C1) —(C4) and p(du) = k(u)du, where K is given by (1.4).

REMARK 4.1. Since for each u € [0, 1] the process y(u,t), t € [0,T], has con-
tinuous trajectories, y(t) = y(-,1), t € [0,T], is a continuous Ly (p)-valued random
process, by (C3) and the dominated convergence theorem.

We will establish exponential tightness of {y®}¢o,1) in the space C([0,T], L2(p)),
where y¢(1) = y(-,€t), t € [0,T].

By Theorem A.1 [11], {y®}¢¢(0,1) is exponential tight in C([0,T],Lz(p)), i.e. for
every M > 0 there exists a compact Ky C C([0,T],L2(p)), such that

limelnP{y* ¢ Ky} < —M,
e—0
if and only if
(E1) for every M > 0 there exists a compact Ky, C L(p) such that
4.1 @)emﬂ»{at €[0,T]: y°(t) ¢ K} < —M;
E—
(E2) forevery h€ Ly(p) the sequence {(%,Y°(-))1,(p) }ec(0,1] is exponentially tight
in C([0,T],R), where (,-).,(p) denotes the inner product in Ly(p).

Since y(u,t), u € [0, 1], is non-decreasing for all t € [0,7], to find the com-
pact Ky C Lp(p) satisfying (4.1) it suffices to control the behavior of processes
y(u,t), t € [0,T], for u close to 0 or 1. Note that the diffusion rate of the process
y(u,t), t € [0,T], tends to infinity as ¢t — 0. But

4.2) M, (u,t) < y(u,t) <M*(u,t), t€][0,7T],

where

and

4.3)
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The latter inequalities follow from the simple relations

M (0) = 1 [ Bdy(s),
Mo(t) = [ (ousdy(s)

where these sort of integrals ware defined in Section 3.3, and the formula for the
quadratic variation of the stochastic integral (3.7). Indeed,

di (u,) 2 o | -
dl’ = (1 —M)z ”pry([)H[M,I]HLZ S WHH[MI]HLZ = 1—

" .

The inequality w < % can be obtained in the same way.

In Lemma 4.3 we will use inequalities (4.2) in order to find a compact Ky, C
Ly(p) for each M > 0 such that (4.1) holds.

Since y(u,t), u € [0, 1], belongs to D([0, 1], R) and is a non-decreasing function,

we will often work with non-decreasing functions
D' ={he D([0,1],R) : his non-decreasing}.
LEMMA 4.2.  The set
Ay = {h eD": h(1/n) > —Mnand h(1—1/n) < Mn, n € N}.
is compact in Ly(p) for all positive M.

PROOF. First we prove that Ay, C Lp(p). Let h € Ay Without loss of generality
let & be positive on [1/2, 1] and negative on [0,1/2]. Then

/Oth(u)p(du) = /Olhz(u)lc(u)du §Ci 1\/;2[;12 <nil 1> <(C

n=2 n

and C) is independent of A.

Next, take a sequence {/y }r>1 in Ay Since {h; }r>1 C D', there exists a subse-
quence {hy } that convergences to 1 € D' for all u € [0, 1] except possibly countably
many points, and hence also p-a.e. Since | (u)| < f(u), u € [0, 1], where

{Mn, uel—1/(n—1),1—1/n),

f(u): Mn, ue[l/l’l,l/(n_l))7

and f € La(p), || llr,p) — I12llLy(p)» by the dominated convergence theorem.
Consequently, this and Lemma 1.32 [25] imply Ay — h in Lp(p). The lemma is
proved. O
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LEMMA 4.3.  The family of processes {y® }¢c(0,1] satisfies (E1), i.e. for every
M > 0 there exists a compact Ky C Lo(p), such that (4.1) holds.

PROOF. By Lemma 4.2, we can take Ky, = Ay and show that for some L >
0 (4.1) holds. So,

{3 e [0,7]: y5() ¢ AL} < Y P{3r € [0.7): y¥(1/m,1) < —Ln}

n=1

£ Y P{FHE[0,T): ¥ (1—1/m1) > Lnk
n=1

Using (4.2), we estimate for fixed n € N

P{3r€[0,T]: y(1—1/n,et) > Ln} = IP‘{ sup y(1 —1/n,et) > Ln}
1€[0,T]

<P} sup M*(1—1/n,€t) > Ln
t€[0,T]

Next, by the representation theorem for martingales [22, Theorem 2.7.2’], there
exists a Wiener process wy(t), ¢ > 0, maybe on an extended probability space, such
that

M (1—1/n,t) =M*(1—1/n,0)+w,([M*(1—-1/n,-)];), t€]0,T].

Thus,
sup M*(1—1/n,et) < sup (1+w,([M* (1 —1/n,-)]s))
t€[0,T] t€[0,7]
< sup (1+wy,(net)),
t€[0,T]

since the set {[M*(1 —1/n,)]e, t € [0,T]} is contained in {net, t € [0,T]}, by (4.3).
Hence,

P< sup M*(1—1/n,et) >Ln p <P< sup (wy(ner)+1)>1Ln
t€[0,T) 1€[0,7]

2
e el dx

2 oo
B V2nneT /Lnfl

I’n L
< Cexp _2£T+87 ’
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where C is independent of €, L and n. Here we used the reflection principle for the
evaluation of P {supte[oﬂ (Wn(net)+1) > Ln} (see e.g. Proposition 2.9 [21]).
Similarly

L’n L
P{3r € [0,7]: y(1/n,e1) < —Ln} <Cexpy —5 =+ — o

Now, for M > 0 we can estimate

limelnP{3r € [0,T]: y(r) ¢ AL}
£—0

. ’n L
<limegln | 2 —
=50 n<CZeXp{ 2T T})

< L + = L < —M,
2T T
where L is taken large enough. The lemma is proved. O

LEMMA 4.4.  The sequence of processes {Y* }¢c(o,1] satisfies (E2), i.e. for every
h € Ly(p) the sequence {(h,y(*))1,(p) }ec(0,1] is exponentially tight in C([0,T],R).

PROOF. To prove the lemma, we will use Corollary 7.1 [38] (see also Theo-
rem 3 [37]). It is enough to show that for each A there exist positive constants ¢, ¥y
and k such that for all s,z € [0,T], s <t

4 1
EGXP{M!Mh(El)—Mh(SS)\} <k'e Ve <e,

where M, (t) = (h,¥(t))1,(p), t € [0,T].

Using (3.7), for
1 t
- /0 h(u)y(u, 1) ke (u)dut = /O (he,dy(s)), )
we have
t t
[Mh]t:/o Hpry(s)(hK)H%Z(l)dSS/o 1xcl|Z, 2y ds < IRI17, o

The inequality for the quadratic variation of M} and Novikov’s theorem [25, The-
orem 18.23] imply

(4.4) Eexp{ﬁ/s (hx,dy(r) / ||pr (hK) ||L }
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So, for 6 >0
Eexp {|Mj(et) — My(es)[} < Eexp {8(Mi(er) — My(es))}
+Eexp{6(My(es) —My(er))}

et 52 et 5
=E€XP{5/8 (hK,dY(r))Lz(x)—j/es [Pty (R |7, 2 dr

N

5% ret
2 /8 Ipryr) (i) ‘i(z)d”} +Eexp {8(M_y(et) — M_y(es))}
€82

Taking 6 = = , we have

V2
1=$)12 1Al )

Eexp ﬂ’Mh(m_Mh(le?‘ < 2e/€ < (2¢)V/.
e[l yp) (t —5)"/

This finishes the proof of the lemma. O
From the two previous lemmas we obtain the exponential tightness of {y*} ec(0,1]-

PROPOSITION 4.5.  The sequence {y®}¢c(o,1) is exponentially tight in C([0,T],
Ly (p)).

4.2. Proof of Theorem 1.4. We set

Li(p)={s€La(p): FgeD', g =g, p-ac}

and
Ca([0,7],LY(p)) = {¢ € C((0,T],Li(p)) : ¢(0) =id}.

REMARK 4.6.  Since the set Ciq([0,T],L1(p)) is closed in C([0,T],La(p)), it
is enough to state LDP for {y®} ¢ (g ) in the metric space Ci4([0, T],Lg(p)).

Due to the exponential tightness, for the upper bound it is enough to consider
compact sets. According to [10] (see Theorem 4.1.11), for this it is enough to show
that I is a lower-semicontinuous function and

(B1) weak upper bound:

lim linéslnIP){ye €B.(0)} < -I(o),

r—0e—

where @ € Cia([0,T],L1(p)) and B,(¢) is the open ball in Ciq([0,T],L1(p))
with center ¢ and radius r;
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(B2) lower bound: for every open set A C Cig([0, T],Lg (p))

limeInP{y® € A} > — inf I(9).
peA

£—0

To prove the upper and lower bounds we will follow the idea in [12, 13] based
on exponential change of measure and the Girsanov transformation.

4.2.1. The upper bound. First we check (B1). We set

H={heC([0,T],L2(p™")): he La([0,T],La(p™ "))},

where p~!(du) = K(lu)du.
For h € H let

oo [T
@5 w =ep{ | [ (0@ Dt~ 3 [ oI ] |-

By Novikov‘s theorem, Mf ’h, t €[0,T], is a martingale with IEJM,8 =1 (see also (4.4)).
By an integration by parts (Lemma A.1), we can write

my" —exp{l O h)}

where
F(@,h) = (A(T),9(T))1,2) — (h(0),id) 1, 2)
T
= [ (51,05 s

_,/ 1Pt ()12, 2 ds, ¢ € Ca([0,T],L3(p)).

For ¢ € Ci¢([0, T],Lg(p)) we have

P{ys € Br((p)} =E

ME"
]I{)'SEB:-(‘P)}W

1 h
< —— inf F EME
o5t P

€ yeB,(9)

:exp{—l inf F(y,h )}.

Using the inequality ||pr(p(s)h(s)|]iz(l) <||h(s)|)?

HLz(l)’ we obtain

limenP{y* € B,(¢)} < — inf F(y,h)<— inf ®(y,h),
£—0 VeEB,(9) YEB (@)
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where
®(@,h) = (KT),o(T))r, ) — (~(0),id), (1)
—ATmoxwwnb@ws

u<>m2 ds, @ Cy([0,T],LY(p)).

Since the map ®(¢,h), ¢ € Ci4([0, T],L;(p)), is continuous for fixed £,

lim hmelnIP’{y €B, ()} < —P(o,h).

r—0e—

Minimizing in 2 € H, we obtain

lim lim eInP{y® € B,(¢)} < —sup®@(, h).

r—0e—0 heH

Now (B1) will follow from the following.
PROPOSITION 4.7.  For each ¢ € Ci4([0, T],Lg(p))

sup (@, h) =1(@).

heH

PROOF. First we prove the assertion of the proposition for ¢ satisfying

J(9) :=sup®(¢,h) <
heH

Replacing 4 by 6k, 60 € R, and using the linearity of H, we get

J(¢) = sup®@(¢,6h)
heH

for all 6 € R. Next, we note that for each & € H the function

0 b(g.6m) = 0G(p.4) % [ IH(0) 00
where
G(.) = (H(T), (T3~ (HO). i)
— [ 9 05D

31



32 V. KONAROVSKYI AND M.-K. VON RENESSE

reaches its maximum at the point

max _ G(o,h)
fOT Hh(S)HI%Z(;L)dS

Consequently,

J(@) = sup®(¢,6h) = sup (¢, 6,"*h),
heH heH

which implies

I G*(¢,h)
:Esup T A > J < oo,
heH fo | (S)HLZ(;L) s

(4.6) J(9)

We can consider H as linear subspace of L,([0,7T],L,(1)). By Lemma A.2, it is
a dense subspace and consequently the linear form

Gy :h— G(9,h),

which is continuous on H, by (4.6), can be extended to the space L, ([0,T], L(1)).
Using the Riesz theorem, there exists a function kg € L,([0,T], L»(A)) such that

T
@.7) G, h) = /0 (ko (s), h(s))ds.

Thus, by Lemma A.3, @ is absolutely continuous and ¢ = ky. Applying the Cauchy-
Schwarz inequality to (4.7) we get

T T
G(oh < | ko (5)Eayds- [ 10(5) 1,5y
T
=20(p) [ 14(s) 2 ds,

with equality for A proportional to k. The latter inequality yields J(¢) <I(¢) and
since H is dense in L,([0,T],L2(A)), we get the equality J(¢) =1(@).

If I(@) < oo, then ¢ is absolutely continuous and k, = ¢ in (4.7). So, J(¢) <
I(¢) < oo and consequently we have J(¢) = I(¢). This completes the proof of the
proposition. O

COROLLARY 4.8. lis lower-semicontinuous as supremum of continuous func-
tions.
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4.2.2. The lower bound.

LEMMA 4.9. Let there exist a subset # C Ci4(|0, T],Lg(p)) such that
(i) foreach ¢ € %

(4.8) lim lim eInP{y* € B,(9)} > —1(9);

r—0g_0

(ii) for each @ satisfying 1(@) < oo, there exists a sequence {@,} C X such that
9n = @ in (071, LY (p)) and 1(@n) ~ 1(@).
Then the lower bound (B2) holds.
PROOF. First we note that it is enough to prove (B2) for all open A C Ci4([0,T], Lg( P))

satistying infyea I(@) < oo.
Let 6 be an arbitrary positive number. Then there exists ¢y € A such that

I(¢o) < inf I(@)+ 5.
peA

Hence, by (ii) and the openness of A we can find ¢; € AN.Z that satisfies

I(o1) <I(go)+§6.

Next, using (i) and the openness of A, the exists > 0 such that B,(¢;) C A and

lim e InP{y* € B,(91)} > —1(g1) .

£—0

Consequently, we can now estimate

lim e InP{y* € A} > limeInP{y* € B,(¢1)}

£—0 £e—0

> () — & > —I(go) — 28 > — inf I(g) — 36.
PeA

Making 6 — 0, we obtain (B2). The lemma is proved.
O

So, in order to obtain the lower bound (B2), it is enough to find a subset Z C
Cid([O,T],Lg(p)) that satisfies (i) and (ii) of Lemma 4.9.
We denote

(4.9) D' ={geD([0,1],R): Yu<vel0,1], gu) <g()}
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and define LET(p) in the same way as Lg (p), replacing D' by D', Set

% ={<p € C(0,T1,LT(A)) : (g) < oo, ¢ € Hy 2,

¢ is continuous in (u,7) and @(u,t) is continuously differentiable in u

8<pa(Z,t) }’

with bounded (uniformly in ¢, «) derivative

where
Hp,) ={h € C([0,T],L2(R)) : h € L2([0,T],L2(A))}.

For h € Hy,(;) we define the new probability measure PE" with density
dP&‘,h
dp

where M;’h is defined by (4.5). By Novikov’s theorem and Theorem 3.15, the ran-
dom element y¢ in D([0, 1],C[0, T]) satisfies (w.r.t. P€"") the following properties

(D?1) for all u € [0, 1] the process
N (u,-) =y () = [ (Pryeo)hls) ) ()ds
0

is a continuous local square integrable (%, )-martingale;
(D?2) forall u € [0,1], y*(u,0) = u;
(D#3) forall u <vfrom [0,1] and 7 € [0,T], y*(u,t) < y*(v,1);
(D*4) forallu,ve[0,1] and ¢ € [0,T],

&h
= MT ,

f]I{Ts <s}dS
£ . € . — 8/ U,y =
[77 (M> )717 (V, )]f 0 mg(u“g) ’
where 7¢ and m? is defined in the same way as 7 and m, replacing y by y*.

Note that if ¢ € %, then
(4.10) lim P {y* € B,(¢)} = 1
e—=0

for all r > 0, by Proposition B.1.
Let us fix ¢ € # and set h = ¢. Noting that y* € [,([0,T],L>(A)) a.s., we
estimate

Liyecs,
P{ye e Br((P)} :Ee,h {)’AZSJ(:P)}
T

> exp{—1 sup F(‘l’ah)}Pg’h{ys €B.(9)},
V/EBr((P)ﬁLz([O,T],Lz(l))



MASSIVE ARRATIA FLOW 35
where E€" denotes the expectation w.r.t. P¢". Thus, by (4.10),

4.11) limeInP{y* € B.(p)} > — sup F(y,h).
€0 VEB(@)NLa([0,T],L2(A))

Next we prove the continuity of the map g+ pr, f on LZT(p) foreach f € Ly(A).

LEMMA 4.10. Let g € LET(p) and f € Ly(A). If a sequence {gn}n>1 of ele-
ments Lg (p) converges to g a.e., then {pr, f}n>1 converges to f in Lr(A) and

(4.12) lim [[pry, fllo2) = [1fllLa)-

PROOF. First we note that o(g) is a Borel o-algebra on [0, 1]. Moreover, since
{gn}n>1 converges to g a.e., one can show that for almost all a,b € [0,1] and a < b
there exists a sequence {c,, d,, n € N} such that 1((a,b) A g, ' (cn,d,)) — 0 as
n — oo. This immediately implies that for all A € o(g) there exist A, € 6(g,),
n €N, suchthat A(AAA,) — 0. Thus, by Proposition 1 [2], pr,, f —prof = finLs.
Consequently, we also have ||pr, f[lz,(2) = || fllz,2)- The lemma is proved. [

So, by Lemma 4.10, (4.11) yields

limlimeInP{)* € B,(¢)} > —F(¢.h) = —1(9).

r—0g_0

Here the last equality follows from the form of the map F, the choice of # and
Lemma A.1.

PROPOSITION 4.11.  For each ¢ € €, where F is defined by (1.5), satisfying
I(@) < oo, there exists a sequence {@,} C X such that ¢, — ¢ in Ciq([0, T],Lg(p))

and I(@,) — 1(@).

REMARK 4.12. To prove the proposition, it is enough to check that for all
€ > 0 there exists ¥ € Z such that

r 2
@.13) | 190 = w0)1, 3y < e

REMARK 4.13. From (4.13) it follows that it is enough to check the statement
only for functions ¢ with a bounded derivative, i.e.

(4.14) sup |@(u,t)| < oo
(u)€[0,1]x[0.T]
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For measurable functions f, g from R? to R let f * g denote the convolution of f
and g, i.e

fxglut)= / / flu—v,t —r)g(v,r)dudr, u,t €R.
R JR
PROOF OF PROPOSITION 4.11. Let @ satisfy I(¢) < oo and (4.14) hold. Set

C= sup |(P(u7t)|
() €[0,1]x[0,T]

and extend ¢ to the function on R?. Denoting

¢(ut),  (u1) €[0,1]x[0,T],

N e, (u,t) € (1,2] x [0,T],
P (u,t) = —C, (u,t) € [—-1,0) x [0,T],
0, otherwise,

the extension of ¢ is defined as
t
O(.t) =id-I 1)+ [ §ls)ds

where [*_ @(-,s)ds is the Bochner integral in the space of square integrable func-
tions on R w.r.t. the Lebesgue measure.

Let ¢ be a positive twice continuously differentiable symmetric function on R
with suppg € [—1,1] and [ g(u)du=1. Setfor0 < 6 < 1and a >0

G (u,1) = 62(5 (g) S (%), u,t € R.

and
t
v (u,t) :u+/ ©*G5(u,8)ds+ aru, uel0,1],t€]0,T].
0

Note that the continuity property of the convolution (see Theorem 11.21 [18]) in
the space of square integrable functions implies that (4.13) holds for small enough
6 and a. Thus, to prove the proposition, we need to show that ¥ belongs to Z.
Since @ * G5 is smooth because ¢ is smooth and the function @ is bounded with
compact support, the statement will hold if we check that y(-,#) € D' for all
t € [0,T], where D'! is defined by (4.9). So, let fo(u,t) = uforu c [~1,2],t € R
and fo =0 foru € R\ [—1,2],7 € R. Using the symmetry of ¢ we have

usz*GS(“J)a ME[O,I],ZER.
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Thus we may rewrite the integral
t . t "
u—i—/ QxGs(u,s)ds =u —i—/ / / O(u—v,s—r)gs(v,r)dsdrdv
0 0 JRJR

:/R/R[fo(u—v)—i—/ot@(u—v,s—r)ds} Gs(v,r)drdv

— /R/R [fo(u—v)+/0tr¢(u—v,s)ds] Gs (v, r)drdv
- /R/R(p(”_"vt—r)gcs(\/,r)drdv.

Since @ (vi,1) < @(vy,t) for all vi < v, from [—1,2] and ¢ € R, we obtain

1 1
ul—i—/o @*ga(ul,s)ds§u2+/0 Q0 xGs(up,s)ds, up,up €[0,1], uy < up.

This proves the proposition, since the constant ¢ in the definition of y is strictly
positive.
O

PROOF OF THEOREM 1.3. First of all we note that the family {y(€) }¢c(o 7] sat-
isfies large deviations in L (p) with the rate function 3|id — Hiz (2 (for simplicity
of notation we suppose that |[id — g|1,(x) = +o° whenever g ¢ L»(4)). This imme-
diately follows from Theorem 1.4 and the contraction principle for large deviations.
Next, let us show that for each convex closed set C in L(p) with non-empty inte-
rior we have

. | R 2
(.15) limenP{y(e) € C} = — inf [id — g, 1.
To prove this, it is enough to show that
(4.16) giélcfoHid*gHLz(A) S;relg\\id*gHLz(A),

where C° denotes the interior of C in Ly(p). Let infyec [lid — g[1,(1) <o and 6 €
(0,1] be fixed. Then there exists go € L(A) NC such that

[id — gollz, 1) < &}Iel(f; lid — gl ,(2) +O-

Since C° is non-empty, there exists g; € C° and r > 0 such that B(g;,r) :={g €
Ly(p) : llg—&1llL,(p) < r} € C. Moreover, g1 can be chosen from L,(2) because

Ly(A)isdensein Ly(p). Next, let g. = (1 —8p)go+ dog1, where &) = m.
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Using the convexity of C, we can see that B(g.,dr) C C and consequently, g,
belongs to C°. Now we can estimate

gieflgo lid —gll, 1) < llid = gellz, () < Mlid = goll (1) + 1180 — 8ell Lo (a)
< [lid — gollz,(2) + ollgo + &1l ,(2)
inf ||1d — 20.
< ;IGICHI 8l +

Making 6 — 0, we obtain (4.16).

Thus, the Varadhan formula (1.3) is obtained from a straightforward combina-
tion (4.15), the contraction principle for large deviations applied to the endpoint
map C([0,1],L2(p)) — La(p), thefo,)) — H1 and the fact that the map

1: D'([0,1]) 3 g+ gsA € Z(R)

is an isometry from the L, (A )-metric to the quadratic Wasserstein metric dy (see
e.g. Section 2.1 [6]). L]

APPENDIX A: SOME PROPERTIES OF ABSOLUTELY CONTINUOUS
FUNCTIONS

LEMMA A.l. For every absolutely continuous function f(t), t € [0,T], with
values in Ly(A)

[ (6)a5(6)) = (05 )raisy — (F0). (0D
(A.D) 0 .
- G 5©ds 101

almost surely, where the integral in the left hand side was defined in Section 3.3.

PROOF. Observe that, since the right and left hand sides of (A.1) are continuous
functions almost surely, it is enough to prove that for each fixed ¢t € [0, T]

[ G6.456) = (050~ (O 50D
~ [T pds as

Next, let foreachn € N

n

fa(s) = FO)Loy () + Y f (1), 4y (5), s €[0,1],

k=1
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where #;, = %, k=0,...,n. Then by the continuity of f and the dominated conve-
nience theorem,

/Hf ()2, 2yds =0 as n—eo

Consequently, by inequality (3.6) (where T is replaced by ¢),

[ 6.y = fim ’(fn<s>,dy<s>>Lzm

n—soo
= r}grolo Z (t—1),¥(t6) = ¥(te—1)) 1, (1)
in L(Q). Thus, the statement follows from the standard argument. U

LEMMA A.2. The set H, which is defined in Subsection 4.2.1, i.e.

H={heC([0,T),Lo(p™")): he Lo([0,T],L2(p~ "))},

where p~1(du) = K(lu) ([0,T],La(1)).
PROOF. To shorten notation, we set U = Ly (p ') and V =L, (A). Letalso || - ||y
and || - ||y denote the norms in U and V/, respectively.
Since U is continuously embedded in V, that is, there exists a constant C such
that
llallv <Cllal|ly forall a €U,

we have that
”f”Lz V) < CHfHLz U) for all f € L2(U)a

where || - ||,y and || - ||, () denote the norms in L (U) = L»([0,T],Ly(p~")) and
Ly(V) = Lz([O T],Ly(A)), respectlvely. Thus, if a sequence {f,},>1 converges to
fin Ly(U), it will converge to f in L,(V). Also, we note that L,(U) is dense in
L,(V). This follows from the fact that the set of elementary functions

{fz iakﬂAk CareU, Ay e B(0,T]), ne N} C L(U)
k=1

is dense in L,(V), by the density of U in V. Consequently, to prove the lemma, it
is enough to show that H is dense in L (U).

Let {e, },>1 denote an orthonormal basis in U and f € L,(U), € > 0 be fixed.
We set

fu®) = (f(t),en)y, t€[0,T], neN,
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where (-,-)y denotes the inner product in U. It is easily seen that f;, € Ly([0,T],R).
Moreover, by Parseval’s identity and the monotone convergence theorem

T
2 —
1= |,

So, we can find N € N such that

2
o T
dt = Z/ F2(t)dt < oo
U n=1 0

imen

i T 2
1 =Pl = X [ Fwdr<5

n=N+1

where fy = Zﬁlvzl ﬁzen.
Next, since the space of continuously differentiable functions C' ([0, T]) on [0, T]
is dense in L,([0,T],R), for eachn = 1,...,N there exists ¢, € C' ([0, T]) such that

T _ o g2
[ G0 =802 < 5, n= 1.

This immediately implies that the function ¢ = Y3 @,e, is absolutely continuous,
¢ =Y Phen € Lr(U) and

€
v =@l w) < 5

Thus,

f =0l w) < &, that finishes the proof of the lemma. O

LEMMA A3. Iffor ¢ € Cq([0,T],Ly(p)) and k € L,([0,T],La(A))
()9t~ (O )y~ [ (1), 00
=K¢®*®Mmﬂ VheH,

then @ belongs to Ciq([0,T],L2(A)) and is absolutely continuous with ¢ = k.
PROOF. Set
t
WQ:M+/k®ﬂ,temJ}
0
Then by Theorem 23.23 [49], v € Ci4([0,T],L2(A)) and

/OT(h(S%k(S))LZ(A)dS = (W(T),w(T))r,2) — (R(0),id) 1, 1)

[ ). W) s
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forall h € H. Hence, forall h € H

()0 [ (H6),906) s
(A2)

T .
= (W(T),w(T))r,0) —/0 (h(s), w(s))L,n)ds.
Taking h(t) = ho, t € [0,T], where hg € Ly(p~"), we obtain

(ho, ©(T)) 1,2y = (ho, W(T)) 1, (2)-

So, since L,(p~!) C Ly(A) densely, ¢(T) = w(T). Thus (A.2) can be rewritten as
follows

T T
| ). 0)ads = [ (h(5), W)

This immediately implies ¢ = y in L(]0,7],L2(A)). Since y is continuous in
L,(A) it is also continuous in Ly (p). Thus by continuity of @, @(¢) = w(t) in L, (p)
forall ¢ € [0,T]. Consequently, @(¢) = y/(¢) in Ly(A) for all z € [0, T]. This finishes
the proof of the lemma. 0

APPENDIX B: CONVERGENCE OF THE FLOW OF PARTICLES WITH
DRIFT

In this section we prove that the process {z°}¢c(o,1) satisfying (D®1) — (D®4)
with 2 = ¢ tends to ¢. Note that z° is a weak martingale solution to the equation

dz®(t) = pr.e @(t)dt +/€predW,.

If we show that zZ converges to a process z taking values from LgT(p), then by
Lemma 4.10, z should be a solution of the equation

It gives z = ¢.

Thus, we prove first that the family {z®}¢c (g ) is tight. Then we show that any
limit point z of {z%}¢c (0,1 is LgT (p)-valued process. As we noted, it immediately
gives z = @. Since {z°}¢¢ (0,1) has only one nonrandom limit point, we obtain that
{z°}ec(0,1] tends to @ in probability (not only in distribution).

PROPOSITION B.1. Let ¢ € % and a family of random elements {z%}¢c(o,1]
satisfies properties (D¢1) — (D®4) with h = @, then zf tends to @ in the space
C(]0,T],L2(p)) in probability.
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To prove the proposition, we first establish tightness of {zf} in C([0,T], L2(p)),
using the boundedness of ¢ and the same argument as in the proof of exponential
tightness of {y¢}. Next, testing the convergent subsequence {z¢ } by functions [
from C([0, 1] x [0,T],R) and using integration by parts we will obtain

/OT /01 l(u’[)(zfl(u,t) —u)dtdu = /OT /O] L(uat)(PrZs'(,)(P(l))(u)dtdu
T rl ,
+/O /0 L(u,t)dn® (u,t)du,

where L(u,t) = [ I(u,s)ds and z¥ — z. If z(r) belongs to L;T(p) forallz € [0,7T],
then passing to the limit and using Lemma 4.10 we obtain

/O ! /0 ) (el,t) — w)dedu = /O ' /0 L) (w1 ded,

which implies z = ¢.
The fact that z(¢) € LET(p) will follow from the following lemma.

LEMMA B.2. Let ¢ and {zf} be such as in Proposition B.1. Then for each
u < v there exists 6 > 0 such that

lim P{z®(v,1) — z%(u,t) < 6} = 0.
e—0

Let G(u,v,t) be a finite set of intervals contained in [u,v] for all € (0,T] such
that

1) if m,m € &(u,v,t) and m # m,, then m N, = 0;

2) US(u,v,t) = [u,v];

3) forall s <t and m; € S(u,v,s) there exists m € S(u,v,t) that contains 7p;
4) there exists decreasing sequence {#, },>1 on (0, 7] that tends to 0 and

S(u,v,t) = S(u,v,ty), tE€tyty_1), neN, 1o="T;
5) for each monotone sequence 7(t) € S(u,v,t),t >0, ()~ 7(¢) is a one-point

set.

LEMMA B.3. Let ¢ € #Z and [u,v] C (0,1). Then there exists y > 0 such that
for each interval (u,v) D [u,V] there exist uy € (u,u) and vy € (V,v):

t t
inf [vo—uw | ot 96 00)ds — [ (b 9(5)) (wo)ds | = & >0,
1€[0,T] 0 0

forall &(t) =& (0V (u—7),(v+y)AL1),t € (0,T], such that up and vy belong to
separate intervals from &(T'), and prg,) denotes the projection in Ly (1) onto the
space of o(&(t))-measurable functions.
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PROOF. Let u € [0,1] and S(r) = &(0,1,¢), t € [0,T]. Then we can choose
a sequence of intervals {m,},>; and a decreasing sequence {s,},>1 from (0,7]
converging to 0 such that m,; C m, C [0, 1], {u} =(,—; ™, and

s At 1
o [ orsgounmas=ur ¥ [ (2 [ otq.naq)ar

n=1"sn/\t ’T[n| T,

:u-i-i

n=1 |7rn‘ Ttn

®(q,1)dq+ Z [

(©(q,5n-1\t) — @(q,5, \t)dgq

©(q,s1)dq
‘ﬂk‘ bt | Tnst] S (4:5n)

_|7T,' ‘ 71.' (P(qun)dq:| )

where 1 € [sg,Sk—1).
We estimate the n-th term of the sum. For convenience of calculations, let [a, b] C

[c,d] and f :[0,1] — R be non-decreasing absolutely continuous function with
bounded derivative. So,

bla/abf(x x—i/f x<—/f x——/f

a—
~ o [ was- o [

gb_{f@%—b_cf@%=gjzﬁﬂﬂ—f@»
< sup f(x)(a—c).
x€[0,1]

Taking ¢ = a,, d = by, a = any1, b = by and f = ¢(-,s,), where a, < b, are
the ends of 7,, we get

1 >
u+/p% >w<|déwmm@+zcwﬂ—%
k n=k
< — [ ¢(q.ndg+Clu—ap),
|7rk| o

~ d
where C = sup(,,)cfo.1)x[0.7] 5 (U:1)-
Similarly, we can obtain

u+/ Pre(s) )ds>m o(q,1)dqg —C(by —u).
Ttk
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Next, let # and v is from the statement of the lemma. Since ¢ is continuous on
[0,1] x [0,T] and increasing by the first argument, the function

1 v 1 a
G ,b,t:~—/ ,td——~/ 1)d
(@ bt)==— | @ladqg— — | @a.1)dq
is positive and continuous on E = {(a,b,t):u<a<b<v, t € [0,T]}. Hence

01 =infG > 0.
E
Take y = g—é and for u,v € [0, 1] satisfying (u,v) D [u, V] set

MOZ(M‘i"}/)/\ilV,

vo=(v—7) V.

Let &(1) =60V (u—7),(v+7y)Al,t),t € (0,T], such that up and vy belong to
separate intervals from &(7') and ¢ € (0, 7] be fixed. For m;, m, belonging to &(t)
and containing ug, vg respectively, we obtain

o=+ [ (pr@(s)) (olds— [ (pros p(s)) wo)ds

1
> 1)dg— —
= Tl Sy P44 7 )
—C(d—vo) —Clug—a)

> G(bVii,c Av,t) —C(d —vo) — Clug —a),

¢(q,t)dq

where ¢ < d and a < b are the ends of m; and 7, respectively and b < ¢ because ug
and vp belong to separate intervals from &(7'). Since u —y < a < up < u+ 7y and
v—yY<vg<b<v+7, we have

1 t
o0+ | (presy 9(5)) (0)ds — [ (pr#() (w)ds
>8 —Cv+y—v+y) —Cluty—u+y)
=8 —4Cy = L
2
It finishes the proof of the lemma. O

PROOF OF LEMMA B.2. Let u < v be a fixed points from (0, 1) and J, ug, vo, ¥
be defined in Lemma B.3 for some [u,v] C (u,v). Suppose that

1im]P’{z£(v,t) — 2 (u,1) < (;} > 0.

£—0
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Set

={Fw,1) = ((u—7)v0,0)},
={Fm) = v+ AL},

At = {Zs(v,t) — 725 (u,t) < g}

Since the diffusion rate of z%(u,-) grows to infinity as the time tends to 0, it is
convenient to work with the mean of z% because we can control the growing of
diffusion rate in this case. So, denote

Ei(t) = 1 / K #*(q,t)dq,

Uy —u

It is easy to see that
AE € € o €
A=l g < b oan
Next, using the processes £f and &€, we want to show that
(B.1) lim P{A€ N (BE UBS)“} = 0.
£—=0

Note that ££ and &F are diffusion processes, namely

EE(r) ”°+”+/ (s)ds + xE (1),

EE(r) v°+v+/ s)ds+ xE(1),

where
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By choosing of ug, vy and 8, we have

L2(t, ) = votv uptu

2 2
t t
+ [ @ ods— [ amwds>6, 1€0.7], oeBUB)-
0 0
Denote the difference £& — &F by &€. Note that the quadratic variation of the
martingale part x¢ of £¢ satisfies

(xf]: < eCt,

where C = % + #VO So, denoting

0—u v—

ot :inf{tr §5(r) = (Z}

P{A®N(BTUB) } <P{{o® <1}N(BTUB3) Y},

which implies (B.1). Indeed, by Theorem 2.7.2 [22], there exists a standard Wiener
process wé(t), t > 0, such that

we get

Define 7¢ = inf{t :wt(eCt) = —g}. Since

E5() =8+ (L°(1) = 8) +x°(1)

and the term Lf — § is non-negative on (Bf UB5)“, the process 6 + w®(eC-) hits
at the point % sooner than £¢. Consequently, {0 <t} N (B UBS)" C {7° <r}N
(BE U BE)°. This yields (B.1).

Next, the relation P{A* N (B{ UBS)} = P{A®*} —P{A* N (B{UBS)‘}, (B.1) and
the assumption lim,_,,P{A®} > 0 imply

lim P{A*N(B{UB5)} > 0.

£—0

Thus, we obtain

LimP{A*NB%} >0 or limP{A*NBS} > 0.

e—0 e—0
It means that we can extend the interval [u,v] to [(u—7Y) V0,v] or [u, (v+7) A 1],
i.e.

limIP’{zs(v,t) - ((u—y)Vv0,1) < g} >0

£—0
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or
lim}P’{zs((v—i—Y)/\l,t)—zs(u,t) < g} > 0.

e—0
Noting that ¥ only depends on [«,V] and applying the same argument for new start
points of the particles in finitely many steps, we obtain

0
hrnP{ZS(VM) —2%(ur,1) < } >0,
£—0 2

where (u1,v;) D [u,v] and u; = 0 or v = 1. Next, applying the same argument for
new start points of the particles, but replacing B UBS by B{, if vi =1 or BS, if
u; =0, in finitely many steps we get

hmP{zg(l,z‘) —75(0,1) < i} > 0.

£—0

But it is not possible because the same argument (without Bf and B%) gives

1)
lim]P’{zg(l,t) —725(0,1) < } =0.
£—0 2
The lemma is proved. n

PROOF OF PROPOSITION B.1. Using Jakubowski’s tightness criterion (see The-
orem 3.1 [24]) and boundedness of ¢, as in the proof of exponential tightness of
{)*} (see Proposition 4.5), we can prove that {z° }¢¢(q,1) is tight in C([0, 7], L2(p)).

Let {zsl} be a convergent subsequence and z is its limit. By Skorokhod’s theorem
(see Theorem 3.1.8 [19]), we can define a probability space and a sequence of
random elements {zZ }, Z on this space such that Law(z¢ ) = Law(z% ), Law(z) =
Law(Z) and 2 — Z in C([0,T],Ly(p)) a.s. If we show that Z = ¢, we finish the
proof because this implies that 22 — ¢ in C([0,T],Ly(p)) in probability and since
¢ is non-random, = = ¢ in probability. Thus, it will easily yield that z2 — ¢ in
probability.

So, for convenience of notation we will assume that z°2 — z a.s., instead F =7
First we check that z(¢) € LgT (p) forallz € [0,T]. Let ¢ is fixed. One can show that

ZF(t) = z(t) inmeasure P®p.
By Lemma 4.2 [25], there exists subsequence {€’} such that

/

F(t)—z(t) Pep—ae.
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Set A= {(w,u): 2% (u,t,®) = z(u,t,®)}. Since P® p(A°) = 0, it is easy to see
that there exists the set U C [0, 1] such that p(U¢) =0 and P(A,) =1, forallu € U,
where A, = {@: (w,u) € A}. Note, it implies that for each u € U

(1) — z(u,1)  as.

Let Ugouns is a countable subset of U which is dense in [0, 1]. From Lemma B.2 it
follows that
z(u,t) <z(vt) as.,

for all u,v € Uepyps, u < v.

Denote
Q= ﬂ {z(u,t) < z(v,1)}.

u<v, u,VEUcount

Since Uy is countable, P(Q') = 1. Next, define

Z(u,t,w)= inf  z(nt,), uecl0,1], ®we Q.

u§v7 VEU(‘()MVL[

Then for all @ € Q', Z(-,¢,®) € D'". Let us show that p{u: Z(u,t) # z(u,t)} =0
a.s.

Denote
Q= ( N Au) NQ' N{z (1) = z(r) in Ly(p)}.
MEUC()MI’L[
Then
(B.2) ZF(u,t,0) = z(u,t,®) = Z(u,t, ®)

for all 4 € Uppyy and ® € Q. Fix ® € Q. Since Z(+,t,®) is nondecreasing, it
has a countable set Dy, o) of discontinuous points. The countability implies that

P(Dz(.s0)) =0.Takeu € DZ . then from monotonicity of Z(-, 7, ®) and (-1, 0),
density of Uy, and (B.2) we can obtain

Z(u,t,0) — Z(u,t, ).
Thus,
ZE(',Z‘,CO) —>fZV(',l‘,CO) p—ae.

On the other hand,
Z(t,0) = z(-,1,0) inLy(p).

Consequently, z(-,¢,®) = Z(-,t,®) p-a.e. for all ® € Q. So, it means that z(r) €
L;T(p) a.s., forallr € [0,T].
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Now we can prove that z = ¢. Take [ € C([0,1] x [0,T],R). By the dominated
convergence theorem, [y [ 1(u,1) (28 (u,t) — u)dtdu converges to f) [o I(u,1)(z(u,t) —
u)dtdu a.s. Integrating by parts, we get

/ /lut E(u,t) —u) dtdu—/ /Lut (pre) @ (1)) (w)dtdu

4 /O /0 L(u,1)dn® (u,1)du,

where L(u,t) = [ I(u,s)ds. The first term in the right hand side of the previous
relation converges to fOT fol L(u,t)9(u,t)dtdu, by Lemma 4.10. The second term is
the stochastic integral so we can estimate the expectation of its second moment

<//Lutdn (u,t)d > <8E/ / Pree )2 (u)dtdu

gsE/ /Lz(u,t)dtdu—>0, £—0.
o Jo

Consequently, we obtain

! 1l(u,t)(z(u,t)—u)dtdu: ' 1L(u,t)(i)(u,t)dtam,
o Jo 0 Jo

which easily implies z = ¢. The proposition is proved. O
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