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Supervised learning and SGD dynamics
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The output v = (&) is approximated by f,(£), where z € R® are parameters that have

to be learned from

R(z) := Ep [ (f(€), £(£)] = Ep [R(z,€)] — min
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For simplicity assume that & ~ P and SR
~i = f(&). 77777179011 2%777
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The output v = f(&) is approximated by £,(¢), where z € RY are parameters that have
to be learned from

R(z) := Ep [ (f(€), £(£)] = Ep [R(z,€)] — min

Stochastic Gradient Descent:
taking z(0) € R? define

Z(ti+1) = Z(t,') - avzk(z(ti)7£")

for learning rate o, t; = i and & ~ P —i.i.d.
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Neural network with one hidden layer

Hidden layer:  nodes Network with a single hidden layer:
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Risk Function: for z = (z1, ..., z,)

R(z) = %]Ep [(F(&) — (2, ) 2] — min
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SGD for shallow network

The parameters z = (zx)k=1,...,» can be learned by stochastic gradient descent

-----

2u(ti) = 2(8) — 0¥, (517(6) — iz &)
= z(ti) — a(f(z,&) - (fl))Vzkd’(Zk(ff):ff)
= ze(t) + a [VF(z(t:), &) — (VoK (z(t), - &), i) |
= ze(t)) + oV (z(t), Vué)
where « is a learning rate, t; = i, & ~ P —i.id., vy = %27:1 0z (t), and

F(z,§) = f()®(2,§) and K(z,y,£) = ®(z,£)®(y, ).

s zi(ti1) :zk(t,-)+(’1\7(zk(t;),ug.§f)
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.
SGD and distribution dependent stochastic flow
The dynamics of the SGD

Zk(t,url) = Zk(t,') + a\7(zk(t;), VZ,{,')
—2(t) + BeV(.) atva (V(e(t), vl &) — BeV(..) Va
—_——

=:V(z(t;),vf) ::G(z(t;).l/t"i@,-)

i

can be captured by Distribution Dependent Stochastic Flow:

4Z(u) = V(Zu(u), )t + /@ / G(Z(u), e, €) W(dE, dt),
(€]

:El_(G,e,')dW;

Zo(u)=u, pe=poo Ztil»

where W is a cylindrical Wiener process on L>(=, Law({), i.e.

W(Et) =D el@w(t).

i
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Recall the SGD:
zi(tiv1) = ze(ti) + V(z(ti), v ) + VaG(2(ti), vy, &)V
and the Distribution Dependent Stochastic Flow:
dZ:(u) = V(Z:(u), pe)dt
Vi [ G(z(e) )Wt a),

Zo(u)=u, pe=poo zZt,
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Recall the SGD:
zi(tiv1) = ze(ti) + V(z(ti), v ) + VaG(2(ti), vy, &)V
and the Distribution Dependent Stochastic Flow:
dZ:(u) = V(Z:(u), pe)dt
Vi [ G(z(e) )Wt a),

Zo(u)=u, pe=pooZ

Theorem [Gess, Kassing, K. '24, JMLR]

Let po € P2 and VV/(z,v, ) be regular enough in z. Then for every ® € C;(P2)

sup [E®(1]) — E(ug)| < Ca + C/EWE (1o, 15)

ti<T

where W7 (p1, p2) = infyp, E [|m1 — 12|]
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Recall the SGD:
zi(tiv1) = zu(ti) + V(2(t), vi)a + VaG(z(t), vi, &)Va
and the Distribution Dependent Stochastic Modified Flow:

dZi(u) = V(Ze(u), pe)dt— 5 V|V (Ze(w), o) Pt = Z(DIV/(Ze(u), ) P pue) it
va / G(Z:(u), e, E)W(dE, ),
€]
Zo(u)=u, pe=pooZ
Theorem [Gess, Kassing, K. 24, JMLR]

Let o € P2 and VV(z,v, &) be regular enough in z. Then for every ® € C}(P2)

sup [E®(v)) — E®(us,)| < Co® + C/EWZ(ju0, 15)

t<T

where W3 (p1, p2) = infyp E [ — 127
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.
Weak Topology vs. Strong Topology

Observe that for a 1-d Brownian motion w the error between \/aw; and 0 can is
different in different topologies

Wi (Lare (Vawe) . 00) = & [|Vawe ~0]] = 0 (va)
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.
Weak Topology vs. Strong Topology

Observe that for a 1-d Brownian motion w the error between \/aw; and 0 can is
different in different topologies

Wi (Lare (Vawe) . 00) = & [|Vawe ~0]] = 0 (va)

but

E [f (vaw)] ~ E[FO)] = E [/ (0)Vaw: + 3" (0)awi| = O (If"]lo)
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.
Main goal

Goal: Compare the SGD and mean-field dynamics in strong (Wasserstein topology).
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.
Main goal

Goal: Compare the SGD and mean-field dynamics in strong (Wasserstein topology).

Note that

n__ _ p i
Ve — Pt O(\F+ ﬁ)

[Mei, Montanari, Nguyen '18, PNAS] and

pe — pe = (Va),
where
Owpr = =V (V(-, p)pt),  po = pio-

Idea: We will focus on the case a = %, (where the SGD and the initial noises are
balanced) and compare the fluctuation field for both dynamics:

Vn(@" —p) and Vn(u-—p)
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CLT for the SGD

We set
Cl{, = \/E(I/f*[)d,

where

n

1. . L1
Zk(t,‘+1):Zk(t,‘)+EV(Zk(t,‘),I/t/.,€,') and vy = Ezézk(t)

k=1

Theorem [Sirignano, Spiliopoulos '20, SPA]
Let o has a compact support and V' be regular enough in z. Then

C: - Ch t 2 07
in D ([0, 00), H—,) in distribution and

E sup [|¢fl}_, <C,
te[0,T]

where ( is a Gaussian process solving (V(z, 1) = VF(z) — (VK(z,+), 1))

d¢e = =V (V (-, pe)Ge + (VK(x, ), e} pe(ax)) dth/G » P, §)pe W(dE, dt).
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Stochastic mean-field equation

Considering

4Z(4) = V(Z(u), p)dt + v/ / G(Ze(u), e, ) W(dE, dt)

Zo(u)=u, pe=pooZ

and applying Ito's formula, we get the Stochastic Mean-Field Equation:
dpte = —V - (V(-, pue) e )dt + %Vz (A e pe)dt

- Vav. / G e E)pe W(dE, d)

where A(z, 1) = EG(z, 1, §) ® G(z, 1, ).
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.
Stochastic mean-field equation

Considering
4Z(u) = V(Zu(u), e}t + Ve / G(Z(u), e, €) W(dE, o)
Zo(u) =u, pr=poo Zfl )
and applying Ito's formula, we get the Stochastic Mean-Field Equation:
dpe = =V - (V(, p)pe)dt + 5V (AC, ue)jue)dt
- Vav. / G i, E)pe W(GE, dt)

where A(z, 1) = EG(z, 1, §) ® G(z, 1, ).

~» The martingale problem for this equation is the same as in
[Rotskoff, Vanden-Eijnden, '22, CPAM]
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.
Well-posedness of SMFE

Theorem [Gess, Rishabh, K. 25, PTRF]

Let the coefficients V/, G be Lipschitz continuous and smooth enough w.r.t. spe-
cial variable. Then the SMFE

dpe = =V - (V(, pe)pue)dt + SV 2 (AC, pe)pae)dt
_Jav. / G i, E)pe W(GE, d)

has a unique solution. Moreover, it is a superposition solution, i.e., pir = poo Z;
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.
Well-posedness of SMFE

Theorem [Gess, Rishabh, K. 25, PTRF]

Let the coefficients V/, G be Lipschitz continuous and smooth enough w.r.t. spe-
cial variable. Then the SMFE

dpe = =V - (V(-, pe)pe) dt + %Vz (A pre)pe)dt
_Jav. / G i, E)pe W(GE, d)
has a unique solution. Moreover, it is a superposition solution, i.e., pir = poo Z;

Idea of Proof: We use the transformation 1
Yt = pe 0 Py
with

t t
Ph(z) =2 - / Vk(z) - M(z,0ds) and M(z,t) = ﬁ/ Gz, e, £)W(dE, ds)
0 0

to reduce the SMFE to the continuity equation

dye = —V(b(t, )ve)dt, yo=po ~ e=nooY,
where dY:(x) = b(t, Y¢(x))dx
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I
Quantified CLT for SMFE

Theorem [Gess, Rishabh, K. 25, PTRF]

Let pf be a solution to the
1 1
due = =V - (V(, pe)pe)dt + §V2 (A, pe) pe)dt — %V : / G(+, pe, E)pe W(dE, dt)

started from py = vy = %EZ:I 02,0) With z,(0) ~ po i.i.d. Then under the
assumptions of the previous theorem,

ne ==v/n(pt —pt) = G, t2>0,

where ( is a Gaussian process solving

d¢e = =V-(V(, u)Ce + (VK(x, ), Coopt(dx)) dt—=V- [ G(-, pg, &)} W(dE, dt).

e

C

n*

Moreover, E sup ||nf — QH%LJ <
te[0,T]
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.
Higher Order Approximation

Recall: .
1 n a1
z(tin) = 2(t) + —V(a(t), 75, &) and w) =% by
u¢ is a solution to the

dpe = =V - (V(:, pe)pe)dt + %Vz D (AQ pe)pe)dt — 7V / G(+, pe, E)pe W(dE, dt)

started from p§ = v§ = 237 6,,(0) with zk(0) ~ po i.i.d and @ = 1, where

V(z,1) =EV(z,1,€), and  G(z,1,€) = V(z,1,6) — V(z,v).
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.
Higher Order Approximation

Recall: .
1 n a1
z(tin) = 2(t) + —V(a(t), 75, &) and w) =% by
u¢ is a solution to the

1
dpe = =V - (V(-, pe) e )dt + ﬂvz t(A(, pe)pe)dt — 7V / G(-, pe, E)pe W(dE, dt)
started from p§ = v§ = 237 6,,(0) with zk(0) ~ po i.i.d and @ = 1, where
V(z, 1) = EV(z,1,€), and G(z,1,6) = V(z,1,€) = V(z,v).
Theorem [Gess, Gvalani, K. '25, PTRF]

For V quite regular in z one has

sup W, (Lawug,Lawut,) =o0 (\/E)

t<T

for all p € [1,2).
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|dea of proof

We observe that

Therefore,
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|dea of proof

We observe that

1
Zii+0

(
1C+(

pe = pe +

)
5
()

Pt+7

Therefore,

More precisely,

VP W (Law(p"), Law(v")) = v/n? inf E { sup |[|uf — V?IZ_J

tel0,T]
=infE |: sup ||vn(pi — pt) —/n(vi — Pt)”Z_J]
t€[0,7]
= W} (Law(n"), Law(¢")) — 0.
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.
Open problem and optimal rate of error bound

We recall that
¢ =V —pe) = G

where

1~ n a1
ze(tiv1) = ze(ti) + —V(z(ti), v, &) and vi =~ Zézk(t)-
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.
Open problem and optimal rate of error bound

We recall that
&=V —pe) = G

where
1~ n n
ze(tiv1) = ze(ti) + —V(z(t), v, &) and - vt

Open problem:

W, (Law(("), Law(Q)) = (E sup |c:—<f|">” -o(3)?
te[0,T]
for optimal coupling (¢", ¢).
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.
Open problem and optimal rate of error bound

We recall that

=V —pe) = Ce

where
1~ n n 1
ze(tiv1) = ze(ti) + —V(z(ti), v, &) and vi =~ E (-

Open problem:

1

W, (Law(¢"), Law()) = (E sup |c:—<f|">” =o(3)
te[0,T]

for optimal coupling (¢", ¢).
Then

n_oy b 1
My = Pt + \/EC+O(”)

Therefore, " — 1" :% o(%).
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