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Stochastic Gradient Discent Dynamics and Stochastic Modified Flow

Supervised Machine Learning

{(θi , γi ), i ∈ I} – training data set

θi – i.i.d. samples from P

γi = f (θi ), where f : Θ → Rl has to be modeled

Idea: Model f (θ) by U(θ, z), where z ∈ Rd is a parameter that has to be found.

Ex.: U(θ, z) = c · h(Aθ + b), z = (c,A, b) – neural network approximation.

Consider a loss function l : R2 → R+

(Ex. l(a, b) = |a− b|2, l(a, b) = |a− b|, l(a, b) = I{a ̸=b}) and define

R(z) = EP l(f (θ),U(θ, z)) − generalization error.

R → min
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Stochastic Gradient Discent Dynamics and Stochastic Modified Flow

Stochastic gradient descent

Set
R̃(z , θ) := l(f (θ),U(θ, z)), R(z) = EP R̃(z , θ) → min

Stochastic Gradient Descent: taking Z(0) = z ∈ Rd define

Ztn+1 = Ztn − η∇R̃(Ztn , θn)

for learning rate η, tn = ηn and θn ∼ P – i.i.d.
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Stochastic Gradient Discent Dynamics and Stochastic Modified Flow

Stochastic Differential equation

Ztn+1 = Ztn − η∇R̃(Ztn , θn)

is the Euler scheme for the SDE

dYt = −∇R(Yt)dt +
√
ηΣ

1
2 (Yt)dW ,

where Σ(y) = EPG(y , θ)⊗ G(y , θ).

Theorem Li, Tai, E ’19

For f , R and Σ
1
2 smooth enough with bounded derivatives one has

sup
tn≤T

|Ef (Ztn )− Ef (Ytn )| ≤ Cη.
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Stochastic Gradient Discent Dynamics and Stochastic Modified Flow

Disadvantages of the SDE approximation

1. Limited regularity of Σ
1
2 :

Ex. Σ(y) = y 2 =⇒ Σ
1
2 (y) = |y |.

2. The SDE does not catch n-point motion:

Denoted the SGD dynamics started from z by Z(z), i.e, for Z0(z) = z ∈ Rd define

Ztn+1(z) = Ztn (z)− η∇R̃(Ztn (z), θn)

for learning rate η, tn = ηn and θn ∼ P – i.i.d.

Then
(Z(z1), . . . ,Z(zm)) ̸≈ (Y (z1), . . . ,Y (zm)).
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Stochastic Modified Flow
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Ztn+1 = Ztn −∇R(Ztn )η +
√
η
(
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)
︸ ︷︷ ︸

G(Ztn ,θn)

√
η.
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dXt = −∇R(Xt)dt −
η

4
∇|∇R(Xt)|2dt +

√
ηΣ

1
2 (Xt)dW .

where W is a cylindrical Wiener process on L2(Θ,P).

Theorem 1 Gess, Kassing, K. ’23

Let R̃(·, θ) ∈ C6
b for P-a.e. θ and

∫
Θ
∥R̃(·, θ)∥2C6

b
P(dθ) < ∞. Then for all f ∈ C4

b

and Φ ∈ C4
b(P2)

sup
tn≤T

∣∣∣Ef (Ztn (z
1), . . . ,Ztn (z

m))− Ef (Xtn (z
1), . . . ,Xtn (z

m))
∣∣∣ ≤ Cη2

and sup
tn≤T

∣∣∣EΦ(µ ◦ Z−1
tn )− EΦ(µ ◦ X−1

tn )
∣∣∣ ≤ Cη2.
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Overparametrized SGD dynamics

Supervised Learning in Overparametrized Regime

{(θi , γi ), i ∈ I} – training data set

θi – i.i.d. samples from P

γi = f (θi ), where f : Θ → Rl has to be modeled

Idea: Model f (θ) by

Ex.: U(θ, z) = c · h(Aθ + b), z = (c,A, b) – neural network approximation.

Consider the square loss function l(a, b) = |a− b|2

R(z) = EP l |f (θ)− fn(θ, z)|2 − generalization error.

R → min

Vitalii Konarovskyi (Bielefeld University & Institute of Mathematics of NAS of Ukraine)SMF, MFL and DSGD April 18, 2023 9 / 27



Overparametrized SGD dynamics

Supervised Learning in Overparametrized Regime

{(θi , γi ), i ∈ I} – training data set

θi – i.i.d. samples from P

γi = f (θi ), where f : Θ → Rl has to be modeled

Idea: Model f (θ) by U(θ, z), z ∈ Rd .

Ex.: U(θ, z) = c · h(Aθ + b), z = (c,A, b) – neural network approximation.

Consider the square loss function l(a, b) = |a− b|2

R(z) = EP l |f (θ)− fn(θ, z)|2 − generalization error.

R → min

Vitalii Konarovskyi (Bielefeld University & Institute of Mathematics of NAS of Ukraine)SMF, MFL and DSGD April 18, 2023 9 / 27



Overparametrized SGD dynamics

Supervised Learning in Overparametrized Regime
{(θi , γi ), i ∈ I} – training data set

θi – i.i.d. samples from P

γi = f (θi ), where f : Θ → Rl has to be modeled

Idea: Model f (θ) by

fn(θ, z) =
1

m

m∑
k=1

U(θ, zk) = ⟨U(θ, ·), ν⟩,

where zk ∈ Rd are parameters that has to be found, and ν = 1
m

∑m
k=1 δzk .

Ex.: U(θ, z) = c · h(Aθ + b), z = (c,A, b) – neural network approximation.

Consider the square loss function l(a, b) = |a− b|2

R(z) = EP l |f (θ)− fn(θ, z)|2 − generalization error.

R → min

Vitalii Konarovskyi (Bielefeld University & Institute of Mathematics of NAS of Ukraine)SMF, MFL and DSGD April 18, 2023 9 / 27



Overparametrized SGD dynamics

Supervised Learning in Overparametrized Regime
{(θi , γi ), i ∈ I} – training data set

θi – i.i.d. samples from P

γi = f (θi ), where f : Θ → Rl has to be modeled

Idea: Model f (θ) by

fn(θ, z) =
1

m

m∑
k=1

U(θ, zk) = ⟨U(θ, ·), ν⟩,

where zk ∈ Rd are parameters that has to be found, and ν = 1
m

∑m
k=1 δzk .

Ex.: U(θ, z) = c · h(Aθ + b), z = (c,A, b) – neural network approximation.

Consider the square loss function l(a, b) = |a− b|2

R(z) = EP l |f (θ)− fn(θ, z)|2 − generalization error.

R → min

Vitalii Konarovskyi (Bielefeld University & Institute of Mathematics of NAS of Ukraine)SMF, MFL and DSGD April 18, 2023 9 / 27



Overparametrized SGD dynamics

SGD in Overparametrized Regime

Stochastic Gradient Descent: Z k
0 ∼ µ0 i.i.d.

Z k
tj+1

= Z k
tj − η∇zk

(
1

2
|f (θj)− fm(θj ,Ztj )|

2

)

for learning rate η, tn = ηn, θn ∼ P – i.i.d.

and

νt =
1

m

m∑
k=1

δZk
t
.

Distribution dependent SDE:

dX k
t = V (X k

t , µ
m
t )dt +

√
η

∫
Θ

G(X k
t , µ

m
t , θ)W (dθ, dt),

µm
t =

1

m

m∑
k=1

δX k
t
, V := EP Ṽ , G := Ṽ − V .

See also [Rotskoff, Vanden-Eijnden, CPAM, ’22; Gess, Gvalani, K. ’22]
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Overparametrized SGD dynamics

Distribution Dependent Stochastic Modified Flow
Stochastic Gradient Descent: Z k (0) ∼ µ0 i.i.d.

Z k
tj+1

= Z k
tj
+ ηṼ (Z k

tj
, νtj

, θj )

for learning rate η, tn = ηn and θn ∼ P – i.i.d. νt = 1
m

∑m
k=1 δZk

t
.

Distribution Dependent Stochastic Modified Flow:

dXt(x) = V (Xt(x), µt)dt

+
√
η

∫
Θ

G(Xt(x), µt , θ)W (dθ, dt),

X0(x) = x , µt = µ0 ◦ X−1
t ,

where is a cylindrical Wiener process on L2(Θ,P).
[Dorogovtsev, Kotelenez, Pilipenko, Ostapenko, Weiß, Wang . . . ]

Theorem 2 Gess, Kassing, K. ’23

Let µ0 ∈ P2 and
∫
Θ

(
∥U(·, θ)∥2C6

b
+ |f (θ)|2

)
∥U(·, θ)∥2C6

b
P(dθ) < ∞. Then for

every Φ ∈ C4
b(P2) and m ≥ 1/η2d

sup
tn≤T

|EΦ(µtn )− EΦ(νtn )| ≤ Cη2.
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Theorem 2 Gess, Kassing, K. ’23

Let µ0 ∈ P2 and
∫
Θ

(
∥U(·, θ)∥2C6

b
+ |f (θ)|2

)
∥U(·, θ)∥2C6

b
P(dθ) < ∞. Then for

every Φ ∈ C4
b(P2) and m ≥ 1/η2d

sup
tn≤T

|EΦ(µtn )− EΦ(νtn )| ≤ Cη2.
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General result

Lion’s Derivative

We say that a function f : P2(Rd) → Rk is L-differentiable at µ, if there exists
Df (µ) ∈ L2

(
Rd → Rk × Rd , µ

)
such that

f
(
µ ◦ (id+ h)−1

)
− f (µ) = ⟨Df (µ), h⟩µ + o (∥h∥µ) .

Ex. If f (µ) = g(⟨φ, µ⟩), then Df (µ, x) = g ′(⟨φ, µ⟩)∇φ(x).

Definition

We write f ∈ C1
b(P2) if f is L-differentiable at every point µ ∈ P2 and its derivative

at µ has µ-version Df (µ, x) which is jointly continuous and bounded.

Similarly, we can define the class Cm
b (P2).
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General result

Discrete and Continuous Dynamics

Fix measurable V : Rd × P2(Rd) → Rd , G : Rd × P2(Rd) → L2

(
Θ → Rd ,P

)
with

EPG(µ, x , θ) = 0.

Define

Ztn+1(z) = Ztn (z) + ηV (Ztn (z), νtn ) + ηG(Ztn (z), νtn , θn),

Z0(z)= z , νtn = µ0 ◦ Z−1
tn , tn = nη, θn ∼ P − i.i.d.

and

dXt(x) =
[
V (Xt(x), µt)−

η

4
∇|V (Xt(x), µt)|2 −

η

4
⟨D|V (Xt(x), µt)|2, µt⟩

]
dt

+
√
η

∫
Θ

G(Xt(x), µt , θ)W (dθ, dt)

X0(x) = x , µt = µ0 ◦ X−1
t .
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General result

Main result

Theorem 3 Gess, Kassing, K. ’23

Let V ∈ C5,5
b (Rd×P2), G(·, ·, θ) ∈ C4,4

b (Rd×P2) P-a.s. Then for every Φ ∈ C4
b(P2)

sup
µ0∈P2

sup
tn≤T

|EΦ(νtn )− EΦ(µtn )| ≤ Cη2.
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Idea of Proof

Interpolation of One-Step estimate

Set
SΨ(µ0) := EPΨ(νt1) = EPΨ(µ0 ◦ Z−1

η )

and
TtΨ(µ0) := EPΨ(µt) = EPΨ(µ0 ◦ X−1

t ).

Then for tn = ηn

EΦ(µ0 ◦ Z−1
tn )−EΦ(µ0 ◦ X−1

tn ) = EΦ(νtn )− EΦ(µtn ) = SnΦ(µ0)− TtnΦ(µ0)

Since supµ0∈P2
|SΨ(µ0)| ≤ supµ0∈P2

|Ψ(µ0)|,

sup
µ0∈P

∣∣∣EΦ(µ0 ◦ Z−1
tn )− EΦ(µ0 ◦ X−1

tn )
∣∣∣ ≤ n−1∑

i=0

sup
µ0∈P2

|SU(ti , µ0)− TηU(ti , µ0)|.
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Idea of Proof

Expansion of Ψ(νη)

For fixed θ ∈ Θ we consider

Zη(µ0, z) := z + ηV (z , µ0) + ηG(z , µ0, θ1), z ∈ Rd ,

as a random variable on (Rd ,B(Rd), µ0).

Define
ξs(z) := (1− s)z + sZη(z , µ0), s ∈ [0, 1].

Using Taylor’s formula,

Ψ(νη) = Ψ(µ0 ◦ Z−1
η (µ0, ·)) = Ψ(Law ξ1) = Ψ(Law ξ0) +

d

ds
Ψ(Law ξs)|s=0

+
1

2

d2

ds2
Ψ(Law ξs)|s=0 +

1

2

∫ 1

0

d3

ds3
Ψ(Law ξs)(1− s)3ds.
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Idea of Proof

Chain rule

Lemma Ren, Wang ’19, Wang ’21

Let ξs , s ≥ 0, be a family of square integrable random variables on Rk defined on
a probability space (Ω,F ,P). If

ξ′0 := lim
s→0+

ξs − ξ0
s

exists in L2(Ω → Rk ,P), then ∀f ∈ C1(P2) one has

lim
s→0+

f (Law ξs)− f (Law ξ0)

s
= E

[
Df (Law ξ0, ξ0) · ξ′0

]
.

Vitalii Konarovskyi (Bielefeld University & Institute of Mathematics of NAS of Ukraine)SMF, MFL and DSGD April 18, 2023 19 / 27



Idea of Proof

Expansion of SΨ(µ0)

Recall
ξs(z) := (1− s)z + sZη(z , µ0), s ∈ [0, 1],

and note
ξ′0(z) := Zη(z , µ0)− z = η[V (z , µ0) + G(z , µ0, θ)].

Then

d

ds
Ψ(Law ξs)|s=0 = Eµ0 [Df (Law ξ0, ξ0) · ξ′0]

= η

∫
Rd

DΨ(µ0, z) · [V (z , µ0) + G(z , µ0, θ)]µ(dz).

Therefore,

SΨ(µ0) = EPΨ(Law ξ1) = Ψ(µ0) + η

∫
Rd

DΨ(z , µ0) · V (z , µ0)µ0(dz)

+ η2(. . .) + η3R1(Ψ, µ0),

where supµ0∈P2
|R1| ≤ C∥Ψ∥C3

b
.

Vitalii Konarovskyi (Bielefeld University & Institute of Mathematics of NAS of Ukraine)SMF, MFL and DSGD April 18, 2023 20 / 27



Idea of Proof

Expansion of SΨ(µ0)

Recall
ξs(z) := (1− s)z + sZη(z , µ0), s ∈ [0, 1],

and note
ξ′0(z) := Zη(z , µ0)− z = η[V (z , µ0) + G(z , µ0, θ)].

Then

d

ds
Ψ(Law ξs)|s=0 = Eµ0 [Df (Law ξ0, ξ0) · ξ′0]

= η

∫
Rd

DΨ(µ0, z) · [V (z , µ0) + G(z , µ0, θ)]µ(dz).

Therefore,

SΨ(µ0) = EPΨ(Law ξ1) = Ψ(µ0) + η

∫
Rd

DΨ(z , µ0) · V (z , µ0)µ0(dz)

+ η2(. . .) + η3R1(Ψ, µ0),

where supµ0∈P2
|R1| ≤ C∥Ψ∥C3

b
.

Vitalii Konarovskyi (Bielefeld University & Institute of Mathematics of NAS of Ukraine)SMF, MFL and DSGD April 18, 2023 20 / 27



Idea of Proof

Expansion of SΨ(µ0)

Recall
ξs(z) := (1− s)z + sZη(z , µ0), s ∈ [0, 1],

and note
ξ′0(z) := Zη(z , µ0)− z = η[V (z , µ0) + G(z , µ0, θ)].

Then

d

ds
Ψ(Law ξs)|s=0 = Eµ0 [Df (Law ξ0, ξ0) · ξ′0]

= η

∫
Rd

DΨ(µ0, z) · [V (z , µ0) + G(z , µ0, θ)]µ(dz).

Therefore,

SΨ(µ0) = EPΨ(Law ξ1) = Ψ(µ0) + η

∫
Rd

DΨ(z , µ0) · V (z , µ0)µ0(dz)

+ η2(. . .) + η3R1(Ψ, µ0),

where supµ0∈P2
|R1| ≤ C∥Ψ∥C3

b
.

Vitalii Konarovskyi (Bielefeld University & Institute of Mathematics of NAS of Ukraine)SMF, MFL and DSGD April 18, 2023 20 / 27



Idea of Proof

Expansion of PηΨ(µ0)

Recall that

dXt(x) =

[
V (Xt(x), µt) −

η

4
∇|V (Xt(x), µt)|2 −

η

4
⟨D|V (Xt(x), µt)|2, µt⟩

]
dt

+
√
η

∫
Θ

G(Xt(x), µt , θ)W (dθ, dt)

X0(x) = x, µt = µ0 ◦ X−1
t .

Then,

PηΨ(µ0) = Ψ(µ0) +

∫ η

0

LPsΨ(µ0)ds,

where L = L1 + ηL2 and

L1Ψ(µ0) =

∫
Rd

DΨ(x , µ0) · V (x , µ0)µ0(dx), L2Ψ(µ0) = . . .

Iterating the equality above, one gets

PηΨ(µ0) = Ψ(µ0) + ηL1Ψ(µ0) + η2

(
L2 +

1

2
L2

1

)
Ψ(µ0) + η3R2(Ψ, µ0),

where supµ0∈P2
|R2| ≤ C∥Ψ∥C4

b
.
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Idea of Proof

End of Proof

For tn = ηn ≤ T

sup
µ0∈P

∣∣∣EΦ(µ0 ◦ Z−1
tn )− EΦ(µ0 ◦ X−1

tn )
∣∣∣ ≤ n−1∑

i=0

sup
µ0∈P2

|SU(ti , µ0)− PηU(ti , µ0)|

Proposition [Feng-Yu Wang, J. Evol. Equ., ’21]

Let V ∈ C5,5
b (Rd×P2), G(·, ·, θ) ∈ C4,4

b (Rd×P2) P-a.s. Then for every Φ ∈ C4
b(P2)

the function U(t, µ0) = EΦ(µt) is a unique solution to the equation

∂tU(t, µ0) = LtU(t, µ0),

U(0, µ0) = Φ(µ0).

Moreover, U ∈ C0,4
b ([0,T ]× P2) and ∂tU ∈ C([0,T ]× P2).
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Stochastic Modified Flow (again)

Stochastic Gradient Descent:

Ztn+1
= Ztn − ∇R(Ztn )η +

√
η
(
∇R(Ztn ) − ∇R̃(Ztn , θn)

)
︸ ︷︷ ︸

G(Ztn ,θn)

√
η.

Stochastic Modified flow:

dXt = −∇R(Xt)dt −
η

4
∇|∇R(Xt)|2dt +

√
η

∫
Θ

G(Xt , θ)W (dθ, dt),

where W is a cylindrical Wiener process on L2(Θ,P).

Theorem 1 Gess, Kassing, K. ’23

Let R̃(·, θ) ∈ C6
b for P-a.e. θ and

∫
Θ
∥R̃(·, θ)∥2

C6
b
P(dθ) < ∞. Then for all f ∈ C4

b and Φ ∈ C4
b(P2)

sup
tn≤T

∣∣∣Ef (Ztn (z
1), . . . , Ztn (z

m)) − Ef (Xtn (z
1), . . . ,Xtn (z

m))
∣∣∣ ≤ Cη

2

and sup
tn≤T

∣∣∣EΦ(µ ◦ Z−1
tn

) − EΦ(µ ◦ X−1
tn

)
∣∣∣ ≤ Cη

2
.
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Prof of Theorem 1

Taking Ṽ (x , µ, θ) = R̃(x , θ) and µ0 = δz1 , we get for m = 1

sup
tn≤T

∣∣∣Ef (Ztn (z
1))− Ef (Xtn (z

1))
∣∣∣ ≤ sup

tn≤T

∣∣∣E⟨f , µ0 ◦ Z−1
tn ⟩ − E⟨f , µ0 ◦ X−1

tn ⟩
∣∣∣ ≤ Cη2.

Define for z = (z1, . . . , zm) ∈ Rmd

R̃ext(z , θ) := R̃(z1, θ) + · · ·+ R̃(zm, θ)

and let Z ext
tn , X ext

t , be defined as above for R̃exp instead of R̃.

∇R̃ext(z , θ) =
(
∇z i R̃(z

i , θ)
)
i∈[m]

=⇒ Z ext
tn (z) =

(
Ztn (z

i )
)
i∈[m]

.

∇Rext(z , θ) =
(
∇z iR(z

i , θ)
)
i

∇|∇Rext(z)|2 =
(
∇z i |∇z iR(z

i )|2
)
i

G ext(z , θ) =
(
G(z i , θ)

)
i

 =⇒ X ext
t (z) =

(
Xt(z

i )
)
i∈[m]

.

Remark: This trick does not work for the diffusion term
√
ηΣ

1
2 (Xt)dWt with

Σ = EpG(z , θ)⊗ G(z , θ).
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Overparametrized case
Stochastic Gradient Descent: Z k

0 ∼ µ0 i.i.d.

Z k
tj+1

= Z k
tj
+ ηṼ (Z k

tj
, νtj

, θj )

for learning rate η, tn = ηn and θn ∼ P – i.i.d. νt = 1
m

∑m
k=1 δZk

t
.

Distribution Dependent Stochastic Modified Flow:

dXt(x) = V (Xt(x), µt)dt −
η

4
∇|V (Xt(x), µt)|2dt −

η

4
⟨D|V (Xt(x), µt)|2, µt⟩dt

+
√
η

∫
Θ

G(Xt(x), µt , θ)W (dθ, dt),

X0(x) = x, µt = µ0 ◦ X−1
t

where is a cylindrical Wiener process on L2(Θ,P).
[Dorogovtsev, Kotelenez, Pilipenko, Ostapenko, Weiß, Wang . . . ]

Theorem 2 Gess, Kassing, K. ’23

Let µ0 ∈ P2 and
∫
Θ

(
∥U(·, θ)∥2

C6
b
+ |f (θ)|2

)
∥U(·, θ)∥2

C6
b
P(dθ) < ∞. Then for every Φ ∈ C4

b(P2)

and m ≥ 1/η2d

sup
tn≤T

|EΦ(µtn ) − EΦ(νtn )| ≤ Cη
2
.
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Proof of Theorem 2

Let µm
t be a solution to the Distribution Dependent Stochastic Modified Flow started

from ν0 =
1
m

∑m
k=1 δZk

0
.

Using the Lipshitz continuity of solutions to DDSMF
see e.g. [Dorogovtsev ’07; Gess, Gvalani, K. ’22],

sup
tn≤T

|EΦ(µtn )− EΦ(νtn )|

The control of EW2
2 (µ0, µ

m
0 ) follows from the quantified Law of Large Numbers from

[Fournier, Guillin, On the rate of convergence in Wasserstein distance of the empirical measure,

PTRF, ’15].
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