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{(0:,7:), i € I} — training data set
0; —i.i.d. samples from P

i = f(0;), where f : © — R’ has to be modeled

Idea: Model () by U(0, z), where z € R is a parameter that has to be found.

Ex.: U(0,z) = c- h(A0 + b), z = (c, A, b) — neural network approximation.
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Supervised Machine Learning

{(0:,7:), i € I} — training data set
0; —i.i.d. samples from P

i = f(0;), where f : © — R’ has to be modeled

Idea: Model () by U(0, z), where z € R is a parameter that has to be found.

Ex.: U(0,z) = c- h(A0 + b), z = (c, A, b) — neural network approximation.

Consider a loss function / : R?> — R,
(Ex. I(a,b) =|a— b|? I(a,b) =|a— b|, I(a,b) = L{,.}) and define

R(z) =Epl(f(0),U(0,z)) — generalization error.

R — min
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Stochastic gradient descent

Set
R(z,0) := I(f(8),U(8,2)), R(z)=EpR(z,6) = min
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Stochastic Gradient Discent Dynamics and Stochastic Modified Flow _
Stochastic gradient descent

Set
R(z,0) := I(f(8),U(8,2)), R(z)=EpR(z,6) = min
Stochastic Gradient Descent: taking Z(0) = z € RY define
Z,., = Z:, —nVR(Z.,,0,)

for learning rate n, t, = nn and 6, ~ P —i.i.d.
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Zipr = Ziy =NV R(Z,,,00)
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Stochastic Differential equation

Zoyy = Zey = 1V R(Z:,.,00)
= 2., ~ VR(Z, )1+ Vi (VR(Z,) = VR(Z,.0,)) Vi

G(Zt,,0n)

is the Euler scheme for the SDE
dY: = —VR(Y.)dt + /7Z2 (Y:)dW,

where X(y) = EpG(y,0) ® G(y,0).

Vitalii K kyi (Bielefeld University & Institute of SMF, MFL and DSGD April 18, 2023 5/27




Stochastic Gradient Discent Dynamics and Stochastic Modified Flow _
Stochastic Differential equation
Ziy, = Z, — 1V R(Z:,,0n)
= Z, = VR(Zi,)n + /i (VR(Zy,) = VR(Z:,,60)) /i

G(Zt,,0n)

is the Euler scheme for the SDE
dY: = —VR(Y.)dt + /7Z2 (Y:)dW,
where X(y) = EpG(y,0) ® G(y,0).

Theorem Li, Tai, E '19

For f, R and Y2 smooth enough with bounded derivatives one has

sup |[Ef(Z:,) — Ef(Ys:,)| < Cn.

th<T
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Stochastic Differential equation

Ztn+1 = Ztn - nvﬁ)(ztn7 9”)
= 2, ~ VR(Z )1+ Vi (VR(Z,) = VR(Z,,.6,)) Vi

G(Zt,,0n)

is the Euler scheme for the SDE
dy, = —VR(Yt)dt—gVWR(Yt)\Zdt T (Ye)dW,
where X(y) =EpG(y,0) ® G(y,0).

Theorem Li, Tai, E '19

For f, R and Y2 smooth enough with bounded derivatives one has

sup [EF(Z:,) — EF(Y,)| < Cif’
t<T
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Disadvantages of the SDE approximation

1. Limited regularity of Yo

1
Ex. Z(y)=y* = Xz(y)=lyl.
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Stochastic Gradient Discent Dynamics and Stochastic Modified Flow _
Disadvantages of the SDE approximation

1. Limited regularity of Yo

Ex Z(y)=y* = )=l

2. The SDE does not catch n-point motion:

Denoted the SGD dynamics started from z by Z(z), i.e, for Zy(z) = z € RY define
Z4,1(2) = Z:,(2) = nVR(Z,(2), 00)

for learning rate n, t, = nn and 0, ~ P —i.i.d.

Then
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Stochastic Modified Flow

Stochastic Gradient Descent:

Zes = Zo — VR(Z)n + /1 (v;%(ztn) —VR(Z,, en)) NG

G(Zt,,0n)
Stochastic Modified flow:
dX: = —VR(X:)dt — gV\VR(Xt)fdt + \/EZ%(Xt)dW.
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Stochastic Modified Flow

Stochastic Gradient Descent:

Zipiy = Zo, = VR(Ze, I + /i1 (VR(Z,) = VR(Z:,,00)) /i

G(Zt,,0n)
Stochastic Modified flow:

dX: = —VR(X.)dt — gV\VR(Xt)th + \/77/ G(X., 0)W(d0, dt),
JO

where W is a cylindrical Wiener process on L>(©, P).
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Stochastic Modified Flow

Stochastic Gradient Descent:

Zes = Zo — VR(Z)n + /1 (v;%(ztn) —VR(Z,, en)) NG

G(Zt,,0n)
Stochastic Modified flow:

dX: = —VR(X.)dt — gV\VR(Xt)th + \/77/ G(X., 0)W(d0, dt),
JO

where W is a cylindrical Wiener process on L>(©, P).

Theorem 1 Gess, Kassing, K. '23

Let R(-,0) € C§ for P-a.e. 0 and [ ||§(~,9)||§2P(d0) < o0. Then for all f € C}
and ® € Ci(P2)

sup [EF(Z, (1), -, Zi (27)) — BF (X (1), - X (2T))| < Co
t<T

and  sup |[Ed(po Z; ') —Ed(uo X, M) < Cn.

tn<T

\.
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Supervised Learning in Overparametrized Regime

{(0i,~i), i € 1} — training data set

6; —i.i.d. samples from P

~i = f(0;), where f : © — R’ has to be modeled
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Supervised Learning in Overparametrized Regime

{(0i,~i), i € 1} — training data set

6; —i.i.d. samples from P

~i = f(0;), where f : © — R’ has to be modeled
Idea: Model f(0) by U(6,z), z € RC.

Ex.: U(0,z) = c- h(A0 + b), z = (c, A, b) — neural network approximation.
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{(0i,~i), i € 1} — training data set

6; —i.i.d. samples from P

~i = f(0;), where f : © — R’ has to be modeled

Idea: Model f(0) by

where z¥ € RY are parameters that has to be found, and v = i > O

Ex.: U(0,z) = c- h(A0 + b), z = (c, A, b) — neural network approximation.
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Supervised Learning in Overparametrized Regime

{(0i,~i), i € 1} — training data set

6; —i.i.d. samples from P

~i = f(0;), where f : © — R’ has to be modeled

Idea: Model f(0) by

where z¥ € RY are parameters that has to be found, and v = i > Ok

Ex.: U(0,z) = c- h(A0 + b), z = (c, A, b) — neural network approximation.
Consider the square loss function /(a, b) = |a — b|?
R(z) = Epl|f(0) — fa(8, z)]" — generalization error.
R — min
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SGD in Overparametrized Regime

Stochastic Gradient Descent: Z§& ~ y i.i.d.

1
2ty = 25 =¥ (5166) - 1005, 2,)F)

for learning rate n, t, = nn, 0, ~ P —i.i.d.
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SGD in Overparametrized Regime

Stochastic Gradient Descent: Z(f ~ pg i.i.d.

1
R A CLUOBAOES
= Z + V(2 vy, 67)

for learning rate n, t, =nn, 6, ~ P —i.i.d. and

1 m
=—> bz
k=1
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SGD in Overparametrized Regime

Stochastic Gradient Descent: Z(f ~ pg i.i.d.

1
R A CLUOBAOES
= Zt[j + 77\7(257%,79/)

for learning rate n, t, =nn, 6, ~ P —i.i.d. and

1 m
=—> bz

k=1

Distribution dependent SDE:
Xt = VOXE )+ i || GOXE T, 6) W (db, ),
S
= %Zaxtk, V:=EpV, G:=V -V,

k=1

See also [Rotskoff, Vanden-Eijnden, CPAM, '22; Gess, Gvalani, K. '22]
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Distribution Dependent Stochastic Modified Flow

Stochastic Gradient Descent: Z*(0) ~ pp i.i.d.
ko _ ok ok .
ij+1 = er + 77V(th, Vi 0;)
for learning rate 7, t, = nnand 0, ~ P —i.id. vy = % D ke Ok
t

Distribution Dependent Stochastic Modified Flow:
dX,(x) = V(Xe(x), pe)dt

Jr\/ﬁ/eG(Xt(x).,,1“,6’)W(d9,dt)7

Xo(x) =x, pe=pooX; ",

where is a cylindrical Wiener process on L»(©, P).
[Dorogovtsev, Kotelenez, Pilipenko, Ostapenko, WeiB, Wang .. .]
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Distribution Dependent Stochastic Modified Flow

Stochastic Gradient Descent: Z*(0) ~ pp i.i.d.
ko _ ok ok .
ij+1 = er + 77V(th, Vi 0;)
for learning rate 7, t, = nnand 0, ~ P —i.id. vy = % D ke Ok
t

Distribution Dependent Stochastic Modified Flow:

dX,(x) = V(Xe(x), pe)dt = TVIV(Xe(x), o) Pt = LDIV(Xe(x), o) P, pe)

4 [ GO e YW, k).

Xo(x) =x, pe=poo X'

where is a cylindrical Wiener process on L,(©, P).
[Dorogovtsev, Kotelenez, Pilipenko, Ostapenko, WeiB, Wang .. .]
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Distribution Dependent Stochastic Modified Flow

Stochastic Gradient Descent: Z*(0) ~ pp i.i.d.
K K o ok
ij+1 = th + nV(th, Vi 0;)

for learning rate 7, t, = nnand 0, ~ P —i.id. vy = % ET:I 5Z‘<'
t

Distribution Dependent Stochastic Modified Flow:

dX,(x) = V(Xe(x), pe)dt = TVIV(Xe(x), o) Pt = LDIV(Xe(x), o) P, pe)

4 [ GO e YW, k).

Xo(x) =x, pe=poo X'

where is a cylindrical Wiener process on L,(©, P).
[Dorogovtsev, Kotelenez, Pilipenko, Ostapenko, WeiB, Wang .. .]

Theorem 2 Gess, Kassing, K. '23

Let yio € P2 and [, (||U(-,a)||gg + |f(9)|2) 1UC,0)I2P(d6) < oo. Then for
every ® € C(P2) and m > 1/n*

sup [E®(r,) — Ed(vy,)| < C’.
< T
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Lion's Derivative

We say that a function f : P»(R?) — R¥ is L-differentiable at 1, if there exists
Df(p) € Lo (RY — R* x RY, 1) such that

F (1o id+h)) = F(u) = (DF(), by + o (Ih].)

Ex. If £(1) = g({. 1)), then Df(1,x) = ' ({0, 1)) Vep ).

Definition

We write f € C(P) if f is L-differentiable at every point x € P> and its derivative
at u has p-version Df(u, x) which is jointly continuous and bounded.

Similarly, we can define the class C;'(P2).

Vitalii Ki kyi (Bielefeld University & Institute of SMF, MFL and DSGD April 18, 2023 13 /27




Discrete and Continuous Dynamics

Fix measurable V : R? x Po(R?) — R?, G : R? x P,(R?) — L, (© — R, P) with
EpG(p,x,0) =0.
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General reslt |
Discrete and Continuous Dynamics

Fix measurable V : R? x Po(R?) — R?, G : R? x P,(R?) — L, (© — R, P) with
EpG(p,x,0) = 0. Define

an+1(z) - an(z) + nV(an(Z)7 an) + nG(an(Z)v Vtny 6")7
Zo(2)=z, vy =pooZ, ", ta=nm, On~P—iid.

and

dXc(x) = [V(Xe(x), 1) = TVIVXe(x), 1) = Z(DIVX (), )P ae)| ot

+\/77/® G(Xe(x), pe, O)W(dO, dt)

Xo(x) =x, pe=poo X
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Main result

Theorem 3 Gess, Kassing, K. '23

Let V € C°(RYxP2), G(-,-,0) € CY*(RYxP2) P-a.s. Then for every ® € Cp(P2)

sup sup [E®(vy,) — E®(p,)| < Cn’.

Ho€EP2 tn<T
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Interpolation of One-Step estimate

Set
SV (o) :=EpV(vy) = EpW (o o Z{l)

and
TV (o) = EpW(pe) = EpW(po 0 X; ).
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Interpolation of One-Step estimate

Set
SV (o) :=EpV(vy) = EpW (o o Z{l)

and
TV (o) = EpW(pe) = EpW(po 0 X; ).

Then for t, =nn

E (10 0 Z;,")~EP(no 0 X, ") = Ed(vr,) — ED(pae,) = S"P(p10) — Tr, ®(110)
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Interpolation of One-Step estimate

Set
SV (uo) := EpW(vy) = EpW(uo o Z, )

and
TeW (ko) := EpW(pe) = EpW(po 0 X 7).

Then for t, =nn

E(j10 0 ztzl)fw o © Xi, 1) = Ed(1,) — ES(u,) = 8"®(uo0) — Tz, ®(1o)

Z (s” T2 ®(110) ”"‘l’rt,.+14>(uo))

i=0
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Interpolation of One-Step estimate

Set

SV (uo) := EpW(vy) = EpW(uo 0 Z,Tl)
and

TeW (o) := EpW(pe) = EpW(po 0 X7).

Then for t, =nn
E® (0 0 Z;, ) ~Eb (o 0 X, ) = E®(vr,) — E®(u,) = S"®(p10) — T, ®(10)

=S (50 () — ST 0(0)
i=0

-

n—

st 87;;(1)(/‘0) - 7:7 /Tficb(/l'o)
——

=:U(tj,10)

i=0
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Interpolation of One-Step estimate

Set

SV (uo) := EpW(vy) = EpW(uo 0 Z{l)
and

TeW (o) := EpW(pe) = EpW(po 0 X7).

Then for t, =nn
E® (0 0 Z;, ) ~Eb (o 0 X, ) = E®(vr,) — E®(u,) = S"®(p10) — T, ®(10)

=S (50 () — ST 0(0)
i=0

-

n—

st 87;;(1)(/‘0) - 7:7 'Tt,-q)(,u,o)
——

i=0
=:U(tj,10)
Since sup,p, [SW(10)| < sUp, e, V()]
n—1
sup ‘E‘b(uo 0Z; ") —E®(uo o XJI)‘ <> sup [SU(ti, o) — Ty U(ti, o).
ro€P i—og Ho€EP2
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Expansion of W(v,)

For fixed § € © we consider
Z,(po, z) := z+nV(z,p0) + nG(z, o, 61), z € RY,

as a random variable on (RY, B(R9), o).
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Expansion of W(v,)

For fixed § € © we consider
Z,(no, 2) := z +nV(z, jto) + 1G (2, o, 61), z € RY,
as a random variable on (RY, B(R9), o).

Define
ES(Z) = (175)Z+SZTI(ZHMO)7 s € [071]
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Expansion of W(v,)

For fixed 6 € © we consider
Zy(p0, 2) := z+nV(z, pto) + nG(2, o, 61), z €RY,
as a random variable on (R, B(R?), 110).
Define
&(z) := (1 —s)z+sZ,(z,0), s€]0,1].

Using Taylor's formula,

V() = (o 0 Z; (o, ) = W(Law ) = V(Lawo) + L W(Law ) sco

2 awe) o+ 2 [ Lwlawe) (1 — ) s
2 ds? =0Ty ds? ° '
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Chain rule

Lemma Ren, Wang '19, Wang '21
Let &, s > 0, be a family of square integrable random variables on R¥ defined on
a probability space (2, F,P). If

55 - 50

2 g
& = lim >———
: s—0-+ S

exists in Ly(Q — R*,P), then Vf € C*(P,) one has

lim f(Law&s) — f(Law &)

s—0+ 5

= E [Df (Law &, &) - & -
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Expansion of SW( 1)

Recall
&(2) := (1= s)z+sZy(z,0), s€]0,1],
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Expansion of SW( 1)
Recall
&(2) := (1= s)z+sZy(z,0), s€]0,1],

and note
€0(2) := Zy(z, o) — z = N[V(z, o) + G(2, o, 0)].
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Expansion of SW( 1)

Recall
&(2) := (1= s)z+sZy(z,0), s€]0,1],
and note
€0(2) := Zy(z, o) — z = N[V(z, o) + G(2, o, 0)].
Then
9 (Law £)smo = B [DF (Law o, ) - &1
= [ DVlun.2) - [V(z. ) + Gz, 0)] ().

Therefore,

SV (o) = EpW(Law &) = W(pi0) + 7 / DW(z, po) - V(z, ool )
+7°(-.) + 1’ Ru(V, o),

where sup,, . p, |Ri| < C[[W]|cs.
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B e —————————
Expansion of P,W( o)
Recall that
() = [ VX0, ) = TOIVOG00, 0 = DIV ) )]

£V [ GOX(x). e )W, )

Xo(x) = x, pe = po oXt_l‘

Then, )
PV (o) = W(po) + [ LRV (o),
0

where £ = L1 +nL> and

L2W(ji0) = / DU (x, o) - V(x. pio)paocbs), LoV (o) = ...

JRI
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Expansion of P,W( o)

Recall that
() = [ VX0, ) = TOIVOG00, 0 = DIV ) )]
+ \/ﬁ/ G(X:(x), e, 0)W(d0, dt)
C]
Xo(x) =x, pe=poo Xt_l‘
Then,

n
PV (o) = W(po) + [ LRV (o),
0

where £ = L1 +nL> and

L1V (o) = /

. DW(x, o) - V(x, po)po(dx), LoW(po) = ...

Iterating the equality above, one gets
1
Py (i0) = W(po) + 11V (1o) + 1’ (z:2 + 56%) W (ko) + 1° Ro(W, o),

where sup,,;ep, [Ro| < C[[W||cs.
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End of Proof

Fort,=nn<T

n—1
sup |E®(po 0 Z;, ) — Ed(p1o 0 XJI)‘ <3 sup [SU(ti, 110) — PyU(ti, o)
Ho€P i—o HoEP2
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End of Proof

Fort,=nn<T

n—1
sup Eq)(NOOZt:l)_Ed)(ILOOXt;l ‘ Z sup [SU(ti, o) — Py U(ti, o)
Ho€P i—o HoEP2
n—1
< Z sup 1’ |Ri(U(ti, o), o) — Re(U(ti, to), o))
—o Ho€P2
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End of Proof

Fort,=nn<T

Vitalii Ki

n—1
sup |E®(uo0 Z;,') —Ed(uo 0 X, ') < Y sup [SU(t, o) — Py U(ti, o)
Ho€P i—o Ho€P2
n—1
<> sup 7 |Ri(U(ti, o), pro) — Re(U(ti, o), o)
i—og ho€EP2
3 2
S n nCHU||C2’4([O,T]><P2) S C1 T77 .
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End of Proof

Fort,=nn<T

n—1
sup |E®(uo0 Z;,') —Ed(uo 0 X, ') < Y sup [SU(t, o) — Py U(ti, o)
Ho€P i—o Ho€P2
n—1
<> sup 7’ |Ri(U(i, o), p10) — Re(U(ti, o), pro)|
i—og ho€EP2
3 2
S n nCHU||C2’4([O,T]><732) S C1 T77 .

Proposition [Feng-Yu Wang, J. Evol. Equ., '21]

Let V € Cp°(RYxP2), G(-,-,0) € CY*(RYxP2) P-a.s. Then for every ® € Cp(P2)
the function U(t, o) = E® (1) is a unique solution to the equation

8tU(t, ,UO) - EtU(t7 /Lo)a
U(O,,Lto) = ¢(/,L0)

Moreover, U € Cp*([0, T] x P2) and 0:U € C([0, T] x P»).
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Stochastic Modified Flow (again)

Stochastic Gradient Descent:

Ziyoy = Ziy = VR(Ziy )0 + V1 (VR(Zey) = VR(Ziy,00)) V7.

G(Z¢,,0n)
Stochastic Modified flow:
dX, = —VR(X,)dt — gV\VR(Xt)\zdtJr \/ﬁ/ G(Xe, 0)W(d0, dt),
€}
where W is a cylindrical Wiener process on L,(©, P).

Theorem 1 Gess, Kassing, K. '23

Let R(-,0) € CJ for P-ae. 6 and [ [|R(:,0)||26P(d6) < co. Then for all f € Cf and & € C}(P»)
b
sup [EF(Z,,(2Y), ..., Z(2™)) 7]Ef(th(zl)7...,th(zm))‘ < cn?
th<T

and  sup [Ed(uoZ ') —Ed(uoX, )| < Cn.
th<T
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e
Prof of Theorem 1
Taking V/(x, u1,0) = R(x,6) and po = 0,1, we get for m =1

sup ‘Ef(Zt,,(zl)) f]Ef(th(zl))‘ < sup ‘E{f,uo 0 Z:NY —E(f, mo o X, 1| < Ci.

th<T th<T
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Prof of Theorem 1

Taking V/(x, u1,0) = R(x,6) and po = 0,1, we get for m =1

sup ‘Ef(Zt,,(zl)) f]Ef(th(zl))‘ < sup ‘E{f,uo 0 Z:NY —E(f, mo o X, 1| < Ci.

th<T th<T

Define for z = (z*,...,z™) € R™

R*(z,0) := R(z",0) + --- + R(z",6)

and let Z2%, X, be defined as above for R®® instead of R.

Vitalii K kyi (Bielefeld University & Institute of SMF, MFL and DSGD April 18, 2023




Prof of Theorem 1

Taking V/(x, u1,0) = R(x,6) and po = 0,1, we get for m =1

sup ‘Ef(Zt,,(zl)) f]Ef(th(zl))‘ < sup ‘E{f,uo 0 Z:NY —E(f, mo o X, 1| < Ci.

th<T th<T

Define for z = (z*,...,z™) € R™

R*(z,0) := R(z",0) + --- + R(z",6)

and let Z2%, X, be defined as above for R®® instead of R.

VR (z,0) = (Vz"é(zi’e)),-e[m] =  ZZ'(2)= (Zf,,(z"))idm].
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Prof of Theorem 1
Taking V/(x, u1,0) = R(x,6) and po = 0,1, we get for m =1

sup [EF(Z,, (2Y)) — EF(Xe,(2"))| < sup ‘]E<f,uooz;1> — E{f, oo X, Y| < Ci.

th<T ‘ th<T

)

Define for z = (z*,...,z™) € R™

R*(z,0) := R(z",0) + --- + R(z",6)

and let Z2%, X, be defined as above for R®® instead of R.

VR (z,0) = (Vz"é(zi’o)),-e[m] =  ZZ'(2)= (Zf,,(z"))idm].

VR®!(z,0) = (V.iR(Z',0)), '
VIVR™(2)]2 = (V| V.R(Z)P), } —  X™(2) = (Xt(z')>

G*(2,0) = (G(',9)) el

i
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Prof of Theorem 1

Taking V/(x, u1,0) = R(x,6) and po = 0,1, we get for m =1

sup [EF(Z.,(2")) f]Ef(th(zl))‘ < sup ‘E{f,uo 0 Z:NY —E(f, mo o X, 1| < Ci.

th<T th<T

Define for z = (z*,...,z™) € R™

R*(z,0) := R(z",0) + --- + R(z",6)

and let Z2%, X, be defined as above for R®® instead of R.

VR (z,0) = (Vz"é(zi’o)),-e[m] =  ZZ'(2)= (Zf,,(z"))idm].

VR®!(z,0) = (V.iR(Z',0)), '
VIVR™(2)]2 = (V| V.R(Z)P), } —  X™(2) = (Xt(z')>

G*(2,0) = (G(',9)) el

i

Remark: This trick does not work for the diffusion term \/7]2% (Xe)dW; with
Y =E,G(z,0) ® G(z,0).
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Overparametrized case
Stochastic Gradient Descent: Z(f ~ po i.id.
k k 7k
th+1 = er + UV(thw Vtjs 9])
for learning rate n, t, = nnand 0, ~ P —iid. vy = & 37 6.
t
Distribution Dependent Stochastic Modified Flow:
7 7
dX,(x) = V(Xe(x), pe)dt = 3 VIV(Xe(x), pe) Pt — 2 (DIV(Xe(x), o), o)t
VT [ GOX(x), e, O)W(B, ),
Jo
Xo(x) =x, pe=poo X;l

where is a cylindrical Wiener process on L,(©, P).
[Dorogovtsev, Kotelenez, Pilipenko, Ostapenko, WeiB, Wang ]

Theorem 2 Gess, Kassing, K. '23

Let p1o € P2 and [y <||U(-, 0)%s + |f(0)|2) U, 8)[|%6 P(d8) < oc. Then for every & € C{(P2)
b b
and m > 1/n*

sup [E®(us,) — Ed(vy,)| < Cn.
ta<T
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Proof of Theorem 2

Let 1] be a solution to the Distribution Dependent Stochastic Modified Flow started
from vo = 37, Oz

Using the Lipshitz continuity of solutions to DDSMF
see e.g. [Dorogovtsev '07; Gess, Gvalani, K. '22],

sup [E®(pu,) — B (vs,)|

th<T
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Proof of Theorem 2

Let 1" be a solution to the Distribution Dependent Stochastic Modified Flow started
from vy — # ZT:I 526('

Using the Lipshitz continuity of solutions to DDSMF
see e.g. [Dorogovtsev '07; Gess, Gvalani, K. '22],

sup “Eq)(p’tn) - E¢(th)|
tha<T

< sup [Ed(pr,) — ES(ug, )| + sup [ED(ug) — EP(vy,)]
th<T th<T
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Proof of Theorem 2

Let 1] be a solution to the Distribution Dependent Stochastic Modified Flow started
from vo = L 3°7 ) Oz

Using the Lipshitz continuity of solutions to DDSMF
see e.g. [Dorogovtsev '07; Gess, Gvalani, K. '22],

sup [E®(pe,) — Ed(vy, )]
tn<T

IA

sup [E®(us,) — Ed(pf))| + Slir;lm(uﬁ) —Ed(uy,)]
th<

ta<T

[®lley sup EWa(pas,. piy) + Crp?
tn<T

IA
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Proof of Theorem 2

Let 17" be a solution to the Distribution Dependent Stochastic Modified Flow started
from vo = 37, Oz

Using the Lipshitz continuity of solutions to DDSMF
see e.g. [Dorogovtsev '07; Gess, Gvalani, K. '22],

sup [E®(pe,) — ED(vy, )]
ta<T
< sup [E®(pe,) — EP(ui,)| + sup [EP(ui) — ED(v, )]
th <T tha<T

< [[®llcy sup EWa(us,, i) + Cn’

1
< [[®lley sup (EW§(urn,u$))2 +Cn’
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Proof of Theorem 2

Let 1] be a solution to the Distribution Dependent Stochastic Modified Flow started
from vo = 37, Oz

Using the Lipshitz continuity of solutions to DDSMF
see e.g. [Dorogovtsev '07; Gess, Gvalani, K. '22],

sup [E®(pe,) — Ed(vy, )
t, <T

IA

ta<T

sup [E®(us,) — Ed(pf))| + SliPTIE‘D(uE) —Ed(vy, )]
th<

IN

[1®llcr sup EWa(pe,, i) + Cn®
th<T
%
< ®llcy sup (EW3 (e, )" + Co?
t,<T

1
<cC (EW§(uo,u6"))2 +Cn’
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Proof of Theorem 2

Let 1] be a solution to the Distribution Dependent Stochastic Modified Flow started
from vo = 37, Oz

Using the Lipshitz continuity of solutions to DDSMF
see e.g. [Dorogovtsev '07; Gess, Gvalani, K. '22],

sup [E®(pe,) — Ed(vy, )
t, <T

IA

sup [E®(us,) — Ed(pf))| + SliPTIE‘D(uE) —Ed(vy, )]
th<

ta<T

[1®llcr sup EWa(pe,, i) + Cn®
th<T

IN

1
< ®llcy sup (EW3 (e, )" + Co?
th <T
}
<cC (EW§(uo,u3’)) +Cn’

The control of EW3 (10, 11§') follows from the quantified Law of Large Numbers from

[Fournier, Guillin, On the rate of convergence in Wasserstein distance of the empirical measure,
PTRF, '15].
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Thank you!
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