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Sticky-reflected stochastic heat equation

Sticky-reflected stochastic heat equation on [0, 1]

ot 2 Ou?

X: 18X :
S = 5=+ Mixe=o) + Lixesoy We

XO = £ Z O, Xt(O) = Xt(].) =0
where A > 0
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Sticky-reflected stochastic heat equation

Sticky-reflected stochastic heat equation on [0, 1]

OXe _ 10°X

ot 2 Ou?

+ Mx,—0y + Iix,>0p We

XO = £ Z O, Xt(O) = Xt(].) =0
where A > 0

It is similar to the SDE for sticky-reflected Brownian motion:

dX(t) = AH{x(t):O} dt + H{x(t)>0} dW(t),
X(O) =x0>0

— only weak existence and uniqueness in law! (Engelbert and Peskir, 2014)
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e
Reason of investigation

o Sticky-reflected SHE vs. Reflected SHE  (Nulart and Pardoux, 1992)

0X,_~ o laQXt
ot~ 2 ou?

+ do(Xe) + W,
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e
Reason of investigation

@ Sticky-reflected SHE vs. Reflected SHE  (Nulart and Pardoux, 1992)

OXe _ 19°X
ot 2 ou?

+ 5O(Xt) + Wt

@ Possible connection with wetting dynamics
(Deuschel, Giacomin, Zambotti, 2004)
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e
Reason of investigation

@ Sticky-reflected SHE vs. Reflected SHE  (Nulart and Pardoux, 1992)

OXe _ 19°X
ot 2 ou?

+ 5O(Xt) + Wt

@ Possible connection with wetting dynamics
(Deuschel, Giacomin, Zambotti, 2004)

@ A new method of solving SDEs with discontinuous coefficients.
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D
Formulation of the main result

Sticky-reflected SHE:
OXe _ 10°X
ot 2 0u?
XO =8 Z 07 Xt(O) = Xt(l) = 07

+ Mx,—0y + Iixe >0y We
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D
Formulation of the main result

Sticky-reflected SHE:

oXe 10X :
att = 2 8u2t + AH{XtZO} + ]I{Xt>0}QWt

XO =8 2 O, Xt(O) = Xt(].) = 07

where Q is non-negative definite self-adjoint Hilbert-Schmidt operator in L;[0, 1]
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Formulation of the main result

Sticky-reflected SHE:

X 18%X .
Gtt 2 auzt + Algx=0y + Txe>0) QWs

XO =g 2 O, Xt(O) = Xt(].) = 07

where Q is non-negative definite self-adjoint Hilbert-Schmidt operator in L5[0, 1]

Solution to sticky-reflected SHE

A continuous process X : [0,00) X [0,1] — R is called a weak solution to the
sticky-reflected SHE if for any ¢ € C?[0, 1] with ¢(0) = (1) =0

1 t t
ME = (Xe) = %0,0) = 5 [ (X0 s = [ (oo, o) s

is a martingale with quadratic variation

t
W7l = [ Qx50
0
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D
Formulation of the main result

Let {ex, k > 1} and {u«, k > 1} be eigenvectors and eigenvalues of Q. Define

=Y el

k=1
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D
Formulation of the main result

Let {ex, k > 1} and {u«, k > 1} be eigenvectors and eigenvalues of Q. Define

=3 s

k=1

If x> > 0 a.e., then the sticky-reflected SHE admits a weak solution.
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B
Meaning of assumtion x? > 0

The equation

has no solution
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B
Meaning of assumtion x? > 0

The equation

dx(t) = Algx(e)=0y dt + Lix(t)> o0y dw(t)
x(0)=0

has ne-selution a weak solution
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B
Meaning of assumtion x? > 0

The equation

dx(t) = Algx(e)=0y dt + Lix(t)> o0y dw(t)
x(0)=0

has ne-selution a weak solution

X’ = >y Lae? > 0 means that the solution X to the equation

OXe _ 19X
ot 2 ou?

+ Mx,—0} + Lix, >0y QWi

feels a noise at any point of [0, 1].
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Description of the idea of construction of solution

using the equation

dX(t) — )\H{x(t):o}dt + H{X(t)>0}dw(t)
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I ——
Approximating sequence

Consider the SDE for sticky-reflected BM:

dX(t) = )\H{x(t):o} dt + H{x(t)>0} dW(l‘)7
x(0) =x0 > 0.
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I ——
Approximating sequence

Consider the SDE for sticky-reflected BM:

dX(t) = )\H{x(t):o} dt + H{x(t)>0} dW(l‘)7
x(0) =x0 > 0.

We approximate its solution by the solutions to the SDEs

dxa(t) = M1 — K2(xa(t)))dt + kn(xa(t))dw(t),
X (0) = xo.

which have non-negative strong solutons x,(t) > 0.

11
/ ' rn(y) = Tiysoy,
1—rki(y) = 1-T},s0 = Iyoy
J fory >0, as n — oo.
I
1
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Problem of approximation
One can show that {x,, n > 1} is tight in C[0, T] and
{K2(x), n> 1} is tight in L?[0, T] in weak topology

4

X, —x in C[0,T] and ki(x)) — p° in L]0, T] in weak t.
along a subsequence.
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I ——
Problem of approximation

One can show that {x,, n > 1} is tight in C[0, T] and
{K2(xn), n> 1} is tight in L?[0, T] in weak topology

4

X, —x in C[0,T] and ki(x)) — p° in L]0, T] in weak t.
along a subsequence.

But
Ma(t) = xa(t) — X0 +/O M1 — £5(xa(s)))ds
1 ¥

t
X(t) — X0 +/ )\H{x(s):o}ds
0

M(t) :

(M), = / K2 (n(s)) ds /o / Tiu(s)o) s
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I ——
Problem of approximation

One can show that {x,, n > 1} is tight in C[0, T] and
{K2(xn), n> 1} is tight in L?[0, T] in weak topology

4

X, —x in C[0,T] and ki(x)) — p° in L]0, T] in weak t.
along a subsequence.

But
Ma(t) = xa(t) — X0 +/O M1 — £5(xa(s)))ds
! ' !

M(t) :=x(t) — xo +/Ot)\(1 — p°(s))ds

[Mi]e = /Otkf,(xn(s))dSH /Oth(s)ds: [M]:
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I ——
Problem of approximation

One can show that {x,, n > 1} is tight in C[0, T] and
{K2(xn), n> 1} is tight in L?[0, T] in weak topology

4

X, —x in C[0,T] and ki(x)) — p° in L]0, T] in weak t.
along a subsequence.

But
Ma(t) = xa(t) — X0 +/O M1 — £5(xa(s)))ds
! ' !

M(t) :=x(t) — xo +/Ot)\(1 — p°(s))ds

[Mi]e = /Otkf,(xn(s))dSH /Oth(s)ds: [M]:

Why p?(s) = T{x(s)>0y?
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D
Two observations

o x3(yn) Al =01 @S Yo = y.
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D
Two observations

Qo ]I{y>o}/£,2,(y,,)%]1{y>o} as yn — y.
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D
Two observations

® Ij,-o1ka(yn)—I{y=0} as yn —> y. |
y

@ If x is a continuous non-negative semimartingale with q.v.

[x]e = /Ot(rz(s)ds,

then [x]: = fot ]I{X(s)>0}02(s)ds.
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D
Two observations

® Ij,-o1ka(yn)—I{y=0} as yn —> y. |
J

@ If x is a continuous non-negative semimartingale with q.v.

t
e = / o (s)ds,
0
then [X]t = fot H{X(S)>0}U2(S)d5.
Proof.
ot ot
/0 02(5) L pu(s)—0y 5 = /O (0 (x(s))d[xs

400
= / Loy (v)LYdx = 0,

where L is the local time of x at y.
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L E—————————
|dentification of quadratic variation

Remind
Mm)_ﬁufm+/ — K2(xa(s)))ds
+ 4

M(t) = x(t) -0 +/0t)\(17p2(s))ds

ww:f&W@mﬁA%%m:Wh
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L E—————————
|dentification of quadratic variation

Remind
Ma(t) := xn(t) fxO+/ — Ka(xn(s)))ds
! !
M(t) := x(t) —xo +/0t)\(17,02(s))ds
Wrle = [ witsds = [ (5)ds = [
Therefore,

ot t
[x]e = [M]:=/ 02(5)d$=/ Iix()>010"(s)ds
0 0
t ) t
= lim / [{x(s)>0} Fon(xn(5))ds = / [ix(s)>0y ds
0 0

n
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Proof of existence of solution to

sticky-reflected SHE

X, 10°X _
3—; "2 0u2t + AMlpx=op + Lix0y QWA
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L E—————————
Discrete equation

We discretize only the space variable u € [0,1] by £, k =1,...,n.
Set 7w = H[g‘k) and define

w(®) =i [ [ (@ei)ow(du.do)

Consider the following SDE
1. n
dx(t) = EA xi(t)dt + Ly, (5)=0y dt + ﬁﬂ{xk(t)>0}dwk(t)7 k=1,...,n,

with Xo(t) = X,,+1(t) =0 and A"x = n’ (X/(+1 + Xk—1 — 2X/<)
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Discrete equation

We discretize only the space variable u € [0,1] by £, k =1,...,n.
Set 7w = H[g‘k) and define

w(®) =i [ [ (@ei)ow(du.do)

Consider the following SDE

o
ka(t) — EA Xk(t)dt + I[{xk(t)zo}dt + ﬁﬂ{xk(t)>0}dwk(t)7 k=1,..

with Xo(t) = X,,+1(t) =0 and A"x = n’ (X/(+1 + Xk—1 — 2X/<)

'7n7

Set
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Discrete equation

We discretize only the space variable u € [0,1] by £, k =1,...,n.
Set 7w = H[g‘k) and define

w(®) =i [ [ (@ei)ow(du.do)

Consider the following SDE

1 n
dx(t) = EA xi(t)dt + Ly, (5)=0y dt + ﬁﬂ{xk(t)>0}dwk(t)7 k=1,..

with xo(t) = xp41(t) =0 and Ax, = n? (Xk41 + Xk—1 — 2xk)

., n,

Set

n k
X{(u) = x(t), <u< T UE [0,1].
Remark that X" > 0.
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e
Convergence result

For every o € C?[0, 1] with ¢(0) = (1) =0,

n n n 1 ¢ n aAn ¢
M = <Xt,<p)—<X0,(p>—§/ <xs,A <p>ds—)\/ (Iixo—oy, ) ds
0 JO

is a continuous martingale with quadratic variation

t
1% = [ @0y o
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e
Convergence result

For every o € C?[0, 1] with ¢(0) = (1) =0,

Mt"#P = <th, (p) — <)<(§77 (,9) - % / <)(S"7 A"<P> ds — A / <H{X$n:0},<p> ds
0 J0
+ + . + +

1 t P t
ME = (Xe, ) — (Xo, ) _i/ (Xs,¢") ds —)\/ (1—o0s,¢)ds
Jo Jo

is a continuous martingale with quadratic variation

(M™% :/0 |’Q(H{X;>o}¢)|\2ds_>/o 1Q(as)|* ds = [M*].
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e
Convergence result

For every o € C?[0, 1] with ¢(0) = (1) =0,

Mt"#P = <th, (p) — <)<(§77 (,9) - % / <)(S"7 A"<P> ds — A / <H{X$n:0},<p> ds
0 J0
+ + . + +

1 t P t
ME = (Xe, ) — (Xo, ) _i/ (Xs,¢") ds —)\/ (1—o0s,¢)ds
Jo Jo

is a continuous martingale with quadratic variation

(M™% :/0 |’Q(H{X;>o}¢)|\2ds_>/o 1Q(as)|* ds = [M*].

Equivalently
OX: _10°X:
at 2 Ou?

+ A(l — Ut) + UtQW,

X(0) = X:(1) =0, Xo(u) = g(u).
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Identification of coefficient o

Let X solves the equation

X _ 10°%,

_1
ot 2 0u?

+ ar + 0 QW,

Xi(0) = Xi(1) =0, Xo(u) = g(uv)
and X 2 0. Then Ot = H{Xt>0}o—t-
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D
Identification of the coefficients

We come back to our equation with undefined coefficients:

OX: _10°X:

5t = 2ge TAL- o) oW,

X:(0) = X:(1) =0, Xo(u) = g(u), Xe>0.

By the previous proposition,

¢(u) = Lpx >0y 0e () = lim Iix >0 ixp(y >0} = Lixew>0}
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D
Identification of the coefficients

We come back to our equation with undefined coefficients:

OXe _10°X:

ot 2 Ou? +/\H{Xr70} +H{Xz>0}QW’

X:(0) = X:(1) =0, Xo(u) = g(u), Xe>0.

By the previous proposition,

¢(u) = Lpx >0y 0e () = lim Iix >0 ixp(y >0} = Lixew>0}
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|dea of proof of the key proposition

Let X solves the equation

aXe 1 X

ot 2 02 +3t+UtQWt7

Xe(0) = Xe(1) =0, Xo(u) = g(u).
and X > 0. Then a.s. o = ]I{Xt>0}at for t-a.e.
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R ————————
1/t . . ot
/ <FE//(XS)XS,X5>d5—|—/ (FL(Xs),as) ds
0 0
t

Proof
Analog of Ito’s formula applid to F.:
2
t
[ QUL 06). Qo) s s+ M 1),

<F5(Xt) — Fg(Xo), 1) =—-=
1

2

where N y
F(x) = [ [ Ye(r)dydr,
FEN(X) — H{O}(X)

May 18, 2022

0 < Fl(x) < 2e,

Sticky-reflected stochastic heat equation
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R ————————
1/t . . ot
/ <FE//(XS)XS,X5>d5—|—/ (FL(Xs),as) ds
0 0
t

Proof
Analog of Ito’s formula applid to F.:
2
t
[ QUL 06). Qo) s s+ M 1),

<F5(Xt) — Fg(Xo)7 1) =—-=
1

2

where N y
F(x) = [ [ Ye(r)dydr,
FEN(X) — H{O} (X)

0 < Fl(x) < 2e,
Hence all green terms — 0 and the red term — fot (Qloslix,—0y ], Qos]) s ds
May 18, 2022

Sticky-reflected stochastic heat equation
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R ————————
1/t . . ot
/ <FE//(XS)XS,X5>d5—|—/ (FL(Xs),as) ds
0 0
t

Proof
Analog of Ito’s formula applid to F.:
2
t
[ QUL 06). Qo) s s+ M 1),

<F5(Xt) — Fg(Xo)7 1) =—-=
1

3

where oy
F(x) = [ [ Ye(r)dydr,
FEN(X) — H{O} (X)

May 18, 2022

0 < F(x) < 2,
Hence all green terms — 0 and the red term — [;' (Q[osIx, —0}°]. Qlos]),sds =0

Sticky-reflected stochastic heat equation

= We can replace o5 by I;x,50}0s
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L E—————————
Open problem and references

Open problems:

@ Is a solution to the equation unique?
@ Does the solution of the equation with the identity operator Q exists?
@ What is the invariant measure for the dynamics?

@ How much time does the equation spend at zero?

@ Vitalii Konarovskyi,
Sticky-Reflected Stochastic Heat Equation Driven by Colored Noise
Ukrain. Math. J., Vol. 72, no. 9, 2021

D Vitalii Konarovskyi,
Coalescing-Fragmentating Wasserstein Dynamics: particle approach

to appear in Annales de I'Institut Henri Poincaré
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Thank you!

Vitalii Konarovskyi (Bielefeld Universi i ochastic heat equati



