
Ñèñòåìà ÷àñòèíîê iç ñèíãóëÿðíîþ âçà¹ìîäi¹þ äëÿ äèôóçi¨
Âàññåðøòåéíà

Âiòàëié Êîíàðîâñüêèé

Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ

Ñåìiíàð Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè � Êè¨â

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 1 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Çìiñò äîïîâiäi

1 Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

2 Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà

3 Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

4 Ñèñòåìà ÷àñòèíîê ç ëèïêèì âiäáèòòÿì

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 2 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Ñêií÷åííà ñèñòåìà ÷àñòèíîê (iç âçà¹ìîäi¹þ)

dX i
t = −1

n

n∑
j=1

∇V (X i
t − X j

t )dt, i = 1, . . . , n.

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 3 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Ñêií÷åííà ñèñòåìà ÷àñòèíîê ó âèïàäêîâîìó ñåðåäîâèùi

dX i
t = −1

n

n∑
j=1

∇V (X i
t − X j

t )dt+
√
ndw i

t , i = 1, . . . , n,

äå w i � íåçàëåæíi áðîóíiâñüêi ðóõè.

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 4 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Åâîëþöiÿ âåëèêîãî ÷èñëà ÷àñòèíîê

Ââàæà¹ìî, ùî ìàñà êîæíî¨ ÷àñòèíêè 1
n i âèçíà÷èìî

µt =
1

n

n∑
i=1

δX i
t
, t ≥ 0,

äå δa-äåëüòà ìiðà â òî÷öi a.

Íàäàëi îïèñóâàòèìåìî åâîëþöiþ ÷àñòèíîê çà äîïîìîãîþ ìiðîçíà÷íîãî
ïðîöåñó µt , t ≥ 0.

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 5 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Åâîëþöiÿ âåëèêîãî ÷èñëà ÷àñòèíîê

Ââàæà¹ìî, ùî ìàñà êîæíî¨ ÷àñòèíêè 1
n i âèçíà÷èìî

µt =
1

n

n∑
i=1

δX i
t
, t ≥ 0,

äå δa-äåëüòà ìiðà â òî÷öi a.

Íàäàëi îïèñóâàòèìåìî åâîëþöiþ ÷àñòèíîê çà äîïîìîãîþ ìiðîçíà÷íîãî
ïðîöåñó µt , t ≥ 0.

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 5 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Ðiâíÿííÿ äëÿ µt

Âçÿâøè äîâiëüíó ôóíêöiþ φ ∈ C 2
b (Rd) i çàñòîñóâàâøè äî

⟨φ, µt⟩ :=
∫
Rd

φ(x)µt(dx) =
1

n

n∑
i=1

φ(X i
t )

ôîðìóëó Iòî îòðèìà¹ìî

⟨φ, µt⟩ = ⟨φ, µ0⟩ −
∫ t

0

⟨∇φ · (∇V ∗ µs), µs⟩ds

+
n

2

∫ t

0

⟨∆φ, µt⟩+ Bφ
s ,

äå Bφ � áðîóíiâñüêèé ðóõ iç øâèäêiñòþ äèôóçi¨ ⟨∥∇φ∥2, µt⟩

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 6 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Ðiâíÿííÿ äëÿ µt

⟨φ, µt⟩ = ⟨φ, µ0⟩ −
∫ t

0

⟨∇φ · (∇V ∗ µs), µs⟩ds

+
n

2

∫ t

0

⟨∆φ, µt⟩+ Bφ
s ,

äå Bφ � áðîóíiâñüêèé ðóõ iç øâèäêiñòþ äèôóçi¨ ⟨∥∇φ∥2, µt⟩

Ôîðìàëüíî ìè îòðèìàëè ðiâíÿííÿ

∂

∂t
µt =

n

2
∆µt +∇ · (µt∇V ∗ µt) +∇ ·

(√
µtẆt
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µtẆt

)
,

äå F (µt) =
1
2

∫
Rd

∫
Rd V (x − y)µt(dx)µt(dy) i

δF (µt)
δµt

= V ∗ µt =
∫
Rd V (· − y)µ(dy) � ôóíêöiîíàëüíà ïîõiäíà âiä ïîòåíöiàëó

âçà¹ìîäi¨ F .

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 7 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Ðiâíÿííÿ Äiíà-Êàâàñàêi

Ðiâíÿííÿ Äiíà-Êàâàñàêi:

∂

∂t
µt =

α

2
∆µt +∇ ·

(
µt∇

δF (µt)

δµt

)
+∇ ·

(√
µtẆt
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Ẇ � áiëèé øóì;

α � äîäàòíié ïàðàìåòð.

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 8 / 37



Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Ïðîáëåìà iñíóâàííÿ ðîçâ'ÿçêiâ

Ðiâíÿííÿ Äiíà-Êàâàñàêi:

∂

∂t
µt =

α

2
∆µt +∇ ·

(
µt∇

δF (µt)

δµt

)
+∇ ·

(√
µtẆt
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ds + Bφ

t ,
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Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ

Íåõàé X i
t , t ≥ 0, i = 1, . . . , n, ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü

dX i
t = −∇δF (µt)

δµt
(X i

t )dt +
√
ndw i

t , i = 1, . . . , n

äå µt =
1
n

∑n
i=1 δX i

t
i w i � íåçàëåæíi ñòàíäàðòíi áðîóíiâñüêi ðóõè.

ßê ìè áà÷èëè ðàíiøå äëÿ ÷àñòèííîãî âèïàäêó, µt , t ≥ 0, ¹ ðîçâ'ÿçêîì

∂

∂t
µt =

α

2
∆µt +∇ ·

(
µt∇

δF (µt)

δµt

)
+∇ ·

(√
µtẆt

)
iç α = n.

Òåîðåìà
(K., T. Lehmann, M. von Renesse / Electron. J. Probab. '19; J. Stat. Phys, '20)

Íåõàé µ0(Rd) = 1, i F � äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ ïî µ
i x , ÿêà ðàçîì iç ïîõiäíèìè ¹ îáìåæåíîþ. Òîäi ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê,
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1
n
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i=1 δx i .
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Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

Ïiäêîðåêòîâàíå ðiâíÿííÿ

Ìåòà: Ïîáóäóâàòè ìîäåëü ÷àñòèíîê, ÿêà á çàäîâîëüíÿëà ðiâíÿííÿ

∂

∂t
µt = Γ(µt) +∇ ·

(√
µtẆt

)
äëÿ äåÿêîãî (ñèíãóëÿðíîãî) Γ.
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Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà
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1 Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

2 Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà

3 Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì
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Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 13 / 37



Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà

Âiäñòàíü Âàññåðøòàéíà

Íåõàé P2(Rd) � ïðîñòið óñiõ éìîâiðíiñíèõ ìið ρ íà Rd ç∫
Rd

∥x∥2ρ(dx) < ∞.

Äëÿ ρ1, ρ2 ∈ P2(Rd) âèçíà÷èìî âiäñòàíü Âàññåðøòåéíà çà ôîðìóëîþ

W2
2 (ρ1, ρ2) = inf

{∫
R2d

∥x − y∥2χ(dx , dy) : χ(· × Rd) = ρ1,
χ(Rd × ·) = ρ2

}

Wikipedia
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= inf

{
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}
Òâåðäæåííÿ

(P2(Rd),W2) ¹ ïîâíèì ñåïàðàáåëüíèì
ìåòðè÷íèì ïðîñòîðîì.

Wikipedia
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Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà

Ðiìàíîâà ñòðóêòóðà íà ïðîñòîði Âàññåðøòåéíà

Ìåòðèêà Âàññåðøòåéíà íà P2(Rd) ôîðìóëà Áåíàìó-Áðåíü¹:

W2
2 (ρ

1, ρ2) := inf
{
E|ξ1 − ξ2|2 : ξi ∼ ρi

}
= inf

{∫ 1

0

∫
Rn

∥∇Φ(t, x)∥2ρ(t, x)dxdt : ∂tρ(t, x) +∇ · (ρ(t, x)∇Φ(t, x)) = 0,
ρ(0, x) = ρ1, ρ(1, x) = ρ2(x)

}

Âèçíà÷èìî äîòè÷íèé ïðîñòið â ρ çà äîïîìîãîþ

TρP+ =

{
σ ∈ C∞(Rn) :

∫
Rn

σ(x)dx = 0

}
Çàóâàæèìî, ùî

∫
Rn ∂tρ(t, x)dx = −

∫
Rn 1∇ · (ρ(t, x)∇Φ(t, x)) dx = 0 äëÿ õîðîøèõ ïîëiâ Φ

Âèçíà÷èâøè ìåòðè÷íèé òåíçîð

gρ(σ1, σ2) =

∫
Rn

∇Φ1(x) · ∇Φ2(x)ρ(x)dx , äëÿ σi = −∆ρΦi = −∇ · (ρ∇Φi ) ,

îòðèìà¹ìî (Otto / Comm. Partial Di�erential Equations, '01)

W2
2 (ρ

1, ρ2) = inf

{∫ 1

0

gρt (ρ̇t , ρ̇t)dt : ρ0 = ρ1, ρ1 = ρ2, ρ̇t ∈ TρtP2

}
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Ãðàäi¹íò i ðiâíÿííÿ Äiíà-Êàâàñàêi

Ãðàäi¹íò óçãîäæåíèé ç ìåòðèêîþ Âàññåðøòåéíà:

gradW F (ρ) = −∇ ·
(
ρ∇ δ

δρ
F (ρ)

)
.

Ó òàêîìó âèïàäêó ðîçâ'ÿçîê ðiâíÿííÿ

∂µt

∂t
= α∆µt

¹ ãðàäi¹íòíèì ïîòîêîì ó ïðîñòîði Âàññåðøòåéíà:

∂µt

∂t
= − gradW [αE (µt)],

äå E (ρ) =
∫
Rd ρ(x) ln ρ(x)dx � åíòðîïiÿ,
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∂µt

∂t
= α∆µt

¹ ãðàäi¹íòíèì ïîòîêîì ó ïðîñòîði Âàññåðøòåéíà:

∂µt

∂t
= − gradW [αE (µt)],

äå E (ρ) =
∫
Rd ρ(x) ln ρ(x)dx � åíòðîïiÿ,

(Otto / Comm. Partial Di�erential Equations, '01)
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Ãðàäi¹íò i ðiâíÿííÿ Äiíà-Êàâàñàêi

Ãðàäi¹íò óçãîäæåíèé ç ìåòðèêîþ Âàññåðøòåéíà:

gradW F (ρ) = −∇ ·
(
ρ∇ δ

δρ
F (ρ)

)
.

Ó òàêîìó âèïàäêó ðîçâ'ÿçîê ðiâíÿííÿ

∂µt

∂t
= α∆µt+∇ ·

(
µt∇

δF (µt)

δµt

)
+∇ ·

(√
µtẆt

)
¹ ãðàäi¹íòíèì ïîòîêîì ó ïðîñòîði Âàññåðøòåéíà:

∂µt

∂t
= − gradW [αE (µt)+F (µt)]+Ḃt ,

äå E (ρ) =
∫
Rd ρ(x) ln ρ(x)dx � åíòðîïiÿ, i äëÿ äîâiëüíî¨ õîðîøî¨ G

êâàäðàòè÷íà âàðiàöiÿ G (µt) ðiâíà∫ t

0

〈∥∥∥∥∇∂G (µs)

∂µs

∥∥∥∥2 , µs

〉
ds =

∫ t

0

gµs (gradW G (µs), gradW G (µs))ds.
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Àñèìïòîòè÷íi âëàñòèâîñòi áðîóíiâñüêîãî ðóõó

Àñèìïòîòè÷íà âëàñòèâiñòü äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ðiâíÿííÿ
òåïëîïðîâiäíîñòi

p(t, x , y) =
1

(2πt)n/2
e−

∥x−y∥2
2t ∼ e−

∥x−y∥2
2t , t → 0+ .

Óçàãàëüíåííÿ

Ðiâíÿííÿ òåïëîïðîâiäíîñòi çi çìiííèìè êîåôiöi¹íòàìè â Rn (Varadhan

(CPAM '67))

Ãëàäêèé ðiìàíîâèé ìíîãîâèä ç îáìåæåíîþ êðèâèçíîþ Ði÷÷i (P. Li and
S.-T. Yau (Acta Math. '86))

Ðiìàíîâèé ìíîãîâèä áåç îáìåæåíü íà êðèâèçíó (J. Norris (Acta Math. 97))

Íåñêií÷åííîâèìiðíèé âèïàäîê òåïëîâîãî ÿäðà, ïîðîäæåíîãî ôîðìîþ
Äiðiõëå (J. Ram�irez (CPAM '01, Ann. Prob '03))

Íàñëiäîê
ßêùî Bt , t ≥ 0 � áðîóíiâñüêèé ðóõ íà ðiìàíîâîìó ìíîãîâèäi, òî

Px {Bt = y} ∼ e−
d2(x,y)

2t , t → 0+,

äå d � ðiìàíîâà âiäñòàíü.
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Àñèìïòîòè÷íi âëàñòèâîñòi áðîóíiâñüêîãî ðóõó

Àñèìïòîòè÷íà âëàñòèâiñòü äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ðiâíÿííÿ
òåïëîïðîâiäíîñòi

p(t, x , y) =
1

(2πt)n/2
e−

∥x−y∥2
2t ∼ e−

∥x−y∥2
2t , t → 0+ .

Óçàãàëüíåííÿ

Ðiâíÿííÿ òåïëîïðîâiäíîñòi çi çìiííèìè êîåôiöi¹íòàìè â Rn (Varadhan

(CPAM '67))

Ãëàäêèé ðiìàíîâèé ìíîãîâèä ç îáìåæåíîþ êðèâèçíîþ Ði÷÷i (P. Li and
S.-T. Yau (Acta Math. '86))

Ðiìàíîâèé ìíîãîâèä áåç îáìåæåíü íà êðèâèçíó (J. Norris (Acta Math. 97))

Íåñêií÷åííîâèìiðíèé âèïàäîê òåïëîâîãî ÿäðà, ïîðîäæåíîãî ôîðìîþ
Äiðiõëå (J. Ram�irez (CPAM '01, Ann. Prob '03))

Íàñëiäîê
ßêùî Bt , t ≥ 0 � áðîóíiâñüêèé ðóõ íà ðiìàíîâîìó ìíîãîâèäi, òî

Px {Bt = y} ∼ e−
d2(x,y)

2t , t → 0+,

äå d � ðiìàíîâà âiäñòàíü.
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Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà

Àñèìïòîòè÷íi âëàñòèâîñòi áðîóíiâñüêîãî ðóõó

Àñèìïòîòè÷íà âëàñòèâiñòü äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ðiâíÿííÿ
òåïëîïðîâiäíîñòi

p(t, x , y) =
1

(2πt)n/2
e−

∥x−y∥2
2t ∼ e−

∥x−y∥2
2t , t → 0+ .

Óçàãàëüíåííÿ

Ðiâíÿííÿ òåïëîïðîâiäíîñòi çi çìiííèìè êîåôiöi¹íòàìè â Rn (Varadhan

(CPAM '67))

Ãëàäêèé ðiìàíîâèé ìíîãîâèä ç îáìåæåíîþ êðèâèçíîþ Ði÷÷i (P. Li and
S.-T. Yau (Acta Math. '86))

Ðiìàíîâèé ìíîãîâèä áåç îáìåæåíü íà êðèâèçíó (J. Norris (Acta Math. 97))

Íåñêií÷åííîâèìiðíèé âèïàäîê òåïëîâîãî ÿäðà, ïîðîäæåíîãî ôîðìîþ
Äiðiõëå (J. Ram�irez (CPAM '01, Ann. Prob '03))

Íàñëiäîê
ßêùî Bt , t ≥ 0 � áðîóíiâñüêèé ðóõ íà ðiìàíîâîìó ìíîãîâèäi, òî

Px {Bt = y} ∼ e−
d2(x,y)

2t , t → 0+,

äå d � ðiìàíîâà âiäñòàíü.
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Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà

Îñíîâíà ìåòà

Ïîáóäóâàòè ðîçâ'ÿçîê ðiâíÿííÿ

∂

∂t
µt = Γ(µt) +∇ ·

(√
µtẆt

)
äëÿ äåÿêîãî (ñèíãóëÿðíîãî) Γ äëÿ ÿêîãî ìà¹ ìiñöå ôîðìóëà Âàðàäàíà

P{µt = ν} ∼ e−
W2
2 (µ0,ν)

2t , t → 0+,

ç ìåòðèêîþ Âàññåðøòåéíà W2.
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Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Çìiñò äîïîâiäi

1 Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

2 Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà

3 Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

4 Ñèñòåìà ÷àñòèíîê ç ëèïêèì âiäáèòòÿì
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Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì: ïîòiê Àððàòüÿ

Ïîòiê Àððàòüÿ íà R (R. Arratia '79)

Áðîóíiâñüêi ÷àñòèíêè ñòàðòóþòü ç êîæíî¨ òî÷êè iíòåðâàëó àáî âñi¹¨
÷èñëîâî¨ ïðÿìî¨;

ðóõàþòüñÿ íåçàëåæíî i ïiñëÿ çóñòði÷i ñêëåþþòüñÿ.

Âiòàëié Êîíàðîâñüêèé (Áiëåôåëüäñüêèé óíiâåðñèòåò òà Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ )Ñèñòåìà ÷àñòèíîê iç âçà¹ìîäi¹þ 11 æîâòíÿ 2022 ð. 20 / 37



Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Ìàòåìàòè÷íèé îïèñ ïîòîêó Àððàòüÿ

X (u, t) � ïîëîæåííÿ ÷àñòèíêè â ìîìåíò ÷àñó t, ùî ñòàðòó¹ ç òî÷êè u.

1 X (u, 0) = u;

2 X (u, ·) � áðîóíiâñüêèé ðóõ íà R;
3 X (u, t) ≤ X (v , t), u < v

4 ⟨X (u, ·),X (v , ·)⟩t =
∫ t

0
I{X (u,s)=X (v ,s)}ds.
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Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Ïîòiê Àððàòüÿ i éîãî óçàãàëüíåííÿ:

Ïîòiê Àððàòüÿ âèíèêà¹ ÿê ãðàíèöÿ ïðè øêàëþâàííÿ ðiçíèõ
ìîäåëåé

true self-repelling motion (B.T�oth and W. Werner (PTRF '98))
isotropic stochastic �ows of homeomorphisms in R (V. Piterbarg (Ann.
Prob. '98))
Hastings-Levitov planer aggregation models (J. Norris, A. Turner (Comm.
Math. Phys. '12)), . . .

Ïîäàëüøi äîñëiäæåííÿ ïîòîêó Àððàòüÿ:

âëàñòèâîñòi ïîðîäæåíî¨ σ-àëãåáðè (B. Tsirelson (Probab. Surv. '04))
n-òî÷êîâèé ðóõ (R. Tribe, O.V. Zaboronski (EJP '04, Comm. Math.
Phys. '06))
ïðèíöèï âåëèêèõ âiäõèëåíü (A. Dorogovtsev, O. Ostapenko (Stoch. Dyn.
'10)), etc. . .

Óçàãàëüíåííÿ:

áðîóíiâñüêà ñiòêà (C. M. Newman et al. (Ann. Prob. '04), R. Sun, J.M Swart
(MAMS, '14))
íå áðîóíiâñüêi ÷àñòèíêè çi ñêëåþâàííÿì (S. Evans et al. (PTRF, '13))
ñòîõàñòè÷íi ïîòîêè ÿäåð (Y. Le Jan and O. Raimond (Ann. Prob. '04))
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Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Ìîäèôiêîâàíèé ìàñèâíèé ïîòiê Àððàòüÿ

Ìîäèôiêîâàíèé ìàñèâíèé ïîòiê Àððàòüÿ R (K. / Ann. Prob. '17)

Áðîóíiâñüêi ÷àñòèíêè ñòàðòóþòü ç òî÷îê iç ìàñàìè;

âîíè ðóõàþòüñÿ íåçàëåæíî i ïiñëÿ çóñòði÷i êëåþþòüñÿ;

÷àñòèíêè ñóìóþòü ñâî¨ ìàñè ïiñëÿ çóñòði÷i, à øâèäêiñòü äèôóçi¨ îáåðíåíî
ïðîïîðöiéíà ìàñi.
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Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Ìàòåìàòè÷íèé îïèñ

Y (u, t) � ïîçèöiÿ ÷àñòèíêè â ìîìåíò ÷àñó t ç ìiòêîþ u ∈ [0, 1]

1 Y (u, 0) = u;

2 Y (u, ·) � íåïåðåðâíèé ìàðòèíãàë;

3 Y (u, t) ≤ Y (v , t), u < v ;

4 ⟨Y (u, ·),Y (v , ·)⟩t =
∫ t

0

I{Y (u,s)=Y (v,s)}
m(u,s) ds,

m(u, s) = Leb{w : Y (w , s) = Y (u, s)}.
(K. / Ann. Prob. '17)
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Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Çâ'ÿçîê ç ãåîìåòði¹þ ïðîñòîðó Âàññåðøòåéíà

Òåîðåìà (K., Renesse / Comm. Pure Appl. Math. '19)

Ïðîöåñ µt = Leb ◦Y−1(·, t), t ≥ 0, ÿêèé îïèñó¹ åâîëþöiþ ìàñ ÷àñòèíîê
ó ìîäèôiêîâàíîìó ìàñèâíîìó ïîòîöi Àððàòüÿ, ðîçâ'ÿçó¹ ðiâíÿííÿ

∂µt

∂t
=

1

2
∆µ∗

t +∇ · (√µtẆt),

ç µ∗
t =

∑
x∈suppµt

δx òà áiëèì øóìîì dWt òà çàäîâîëüíÿ¹ ôîðìóëó
Âàðàäàíà

P{µt = ν} ∼ e−
W2
2 (µ0,ν)

2t , t → 0+,

ç êâàäðàòè÷íîþ âiäñòàííþ Âàññåðøòåéíà W2 ó P2(R).
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Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Ïîäàëüøi âëàñòèâîñòi ìîäèôiêîâàíîãî ïîòîêó Àððàòüÿ

1 Àñèìïòîòè÷íà ïîâåäiíêà òðà¹êòîðié îêðåìèõ ÷àñòèíîê:
äëÿ âñiõ ε > 0 òà u ∈ [0, 1]

P

 lim
t→0

|Y (u, t)− u|
3
√
t
(
ln 1

t

) 1
2+ϵ

= 0

 = P

 lim
t→0

|Y (u, t)− u|
3
√
t
(
ln 1

t

)− 1
2−ϵ

= +∞

 = 1.

(K. / Electron. J. Probab. '17)

2 Àñèìïòîòè÷íà ïîâåäiíêà òðà¹êòîðié îêðåìèõ ÷àñòèíîê â íóëi:
äëÿ âñiõ ε > 0 òà u ∈ [0, 1]

P

{
lim
t→0

m(u, t)
3
√
t
(
ln 1

t

)1+ϵ
= 0

}
= P

{
lim
t→0

m(u, t)
3
√
t
(
ln 1

t

)−1−ϵ
= +∞

}
= 1.

(K. / Electron. J. Probab. '17)

3 Ìîäèôiêîâàíèé ïîòiê Àððàòüÿ âèíèêà¹ ÿê óìîâíèé ðîçïîäië íåçàëåæíèõ
áðîóíiâñüêèõ ÷àñòèíîê ïðè óìîâi, ùî âîíè ñêëåþþòüñÿ.
(K., Marx / '21)
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Ñèñòåìà ÷àñòèíîê ç ëèïêèì âiäáèòòÿì

Çìiñò äîïîâiäi

1 Ìîòèâàöiÿ � ðiâíÿííÿ Äiíà-Êàâàñàêi

2 Ìîòèâàöiÿ � áðîóíiâñüêèé ðóõ ó ïðîñòîði Âàññåðøòåéíà

3 Ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

4 Ñèñòåìà ÷àñòèíîê ç ëèïêèì âiäáèòòÿì
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Ñèñòåìà ÷àñòèíîê ç ëèïêèì âiäáèòòÿì

Âçà¹ìîäiÿ ç ëèïêèì âiäáèòòÿì

×è ìîæíà çàìiíèòè ñêëåþâàííÿ iíøèì òèïîì âçà¹ìîäi¨, ùîá ìàòè òó
æ ñàìó ôîðìóëó Âàðàäàíà òà ðiâíÿííÿ Äiíà-Êàâàñàêi, àëå îòðèìàòè
çâîðîòíó â ÷àñi äèíàìiêó?

Íàãàäà¹ìî, ùî ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì Y çàäîâîëüíÿ¹ íàñòóïíèì
âëàñòèâîñòÿì:

1 Y (u, 0) = , u ∈ [0, 1]

, äå g ↑;

2 Y (u, ·) � íåïåðåðâíèé ìàðòèíãàë

, äå π(u, t) = {v : Y (u, t) = Y (v , t)} òà
ξ ↑ � ïîòåíöiàë âçà¹ìîäi¨;

3 Y (u, t) ≤ Y (v , t), u < v ;

4 ⟨Y (u, ·),Y (v , ·)⟩t =
∫ t

0

I{Y (u,s)=Y (v,s)}
m(u,s) ds,

m(u, s) = Leb{w : Y (w , t) = Y (u, t)}.

Y (u, t) � ïîçèöiÿ ÷àñòèíêè â ìîìåíò ÷àñó t, ùî ñòàðòóâàâ ç
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×è ìîæíà çàìiíèòè ñêëåþâàííÿ iíøèì òèïîì âçà¹ìîäi¨, ùîá ìàòè òó
æ ñàìó ôîðìóëó Âàðàäàíà òà ðiâíÿííÿ Äiíà-Êàâàñàêi, àëå îòðèìàòè
çâîðîòíó â ÷àñi äèíàìiêó?

Íàãàäà¹ìî, ùî ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì Y çàäîâîëüíÿ¹ íàñòóïíèì
âëàñòèâîñòÿì:

1 Y (u, 0) = u, u ∈ [0, 1]

, äå g ↑;

2 Y (u, ·) � íåïåðåðâíèé ìàðòèíãàë

, äå π(u, t) = {v : Y (u, t) = Y (v , t)} òà
ξ ↑ � ïîòåíöiàë âçà¹ìîäi¨;

3 Y (u, t) ≤ Y (v , t), u < v ;

4 ⟨Y (u, ·),Y (v , ·)⟩t =
∫ t

0

I{Y (u,s)=Y (v,s)}
m(u,s) ds,

m(u, s) = Leb{w : Y (w , t) = Y (u, t)}.
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Âçà¹ìîäiÿ ç ëèïêèì âiäáèòòÿì

×è ìîæíà çàìiíèòè ñêëåþâàííÿ iíøèì òèïîì âçà¹ìîäi¨, ùîá ìàòè òó
æ ñàìó ôîðìóëó Âàðàäàíà òà ðiâíÿííÿ Äiíà-Êàâàñàêi, àëå îòðèìàòè
çâîðîòíó â ÷àñi äèíàìiêó?

Íàãàäà¹ìî, ùî ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì Y çàäîâîëüíÿ¹ íàñòóïíèì
âëàñòèâîñòÿì:

1 Y (u, 0) = g(u), u ∈ [0, 1], äå g ↑;
2 Y (u, ·) � íåïåðåðâíèé ìàðòèíãàë

, äå π(u, t) = {v : Y (u, t) = Y (v , t)} òà
ξ ↑ � ïîòåíöiàë âçà¹ìîäi¨;

3 Y (u, t) ≤ Y (v , t), u < v ;

4 ⟨Y (u, ·),Y (v , ·)⟩t =
∫ t

0

I{Y (u,s)=Y (v,s)}
m(u,s) ds,

m(u, s) = Leb{w : Y (w , t) = Y (u, t)}.

Y (u, t) � ïîçèöiÿ ÷àñòèíêè â ìîìåíò ÷àñó t, ùî ñòàðòóâàâ ç g(u)
(ïî÷àòêîâèé ðîçïîäië ìàñè ÷àñòèíîê= Leb ◦g−1 ) .
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çâîðîòíó â ÷àñi äèíàìiêó?

Íàãàäà¹ìî, ùî ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì Y çàäîâîëüíÿ¹ íàñòóïíèì
âëàñòèâîñòÿì:

1 Y (u, 0) = g(u), u ∈ [0, 1], äå g ↑;
2 Y (u, ·)−

∫ t

0

(
ξ(u)− 1

m(u,s)

∫
π(u,s)

ξ(r)dr
)
ds � íåïåðåðâíèé ìàðòèíãàë, äå

π(u, t) = {v : Y (u, t) = Y (v , t)} òà ξ ↑ � ïîòåíöiàë âçà¹ìîäi¨;
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∫ t

0

I{Y (u,s)=Y (v,s)}
m(u,s) ds,

m(u, s) = Leb{w : Y (w , t) = Y (u, t)}.

Y (u, t) � ïîçèöiÿ ÷àñòèíêè â ìîìåíò ÷àñó t, ùî ñòàðòóâàâ ç g(u)
(ïî÷àòêîâèé ðîçïîäië ìàñè ÷àñòèíîê= Leb ◦g−1 ) .
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Ðîëü ôóíêöi¨ ξ

Çàóâàæèìî, ùî Y (u, ·)−
∫ t

0

(
ξ(u)− 1

m(u,s)

∫
π(u,s)

ξ(r)dr
)
ds � íåïåðåðâíèé

ìàðòèíãàë, äå π(u, t) = {v : Y (u, t) = Y (v , t)} òà ξ ↑.

ßêùî ξ = 0, òî ÷àñòèíêè ñêëåþþòüñÿ.

ßêùî ξ êîíñòàíòà íà π(u, t), òî ÷àñòèíêà u íåìà¹ äðåéôó.

ßêùî ξ(u) = ξ(v), òîäi ÷àñòèíêè u òà v ñêëåþþòüñÿ ïiñëÿ çóñòði÷i:
òîìó, ùî äðåéô Y (u, ·) i Y (v , ·) â ìîìåíò ÷àñó s ðiâíi ïiñëÿ çóñòði÷i

ξ(u)−
1

m(u, s)

∫
π(u,s)

ξ(u)du = ξ(v)−
1

m(v , s)

∫
π(v,s)

ξ(r)dr ,

îñêiëüêè π(u, s) = π(v , s) äëÿ Y (u, s) = Y (v , s).

⇝ ßêùî g(u) = g(v), ξ(u) = ξ(v), òî Y (u, ·) = Y (v , ·).
⇝ ßêùî g =

∑n
i=1 xi Iπi , ξ =

∑n
i=1 ξi Iπi , òî

Y (u, t) =
n∑

i=1

xi (t)Iπi (u).
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Çàóâàæèìî, ùî Y (u, ·)−
∫ t

0

(
ξ(u)− 1

m(u,s)

∫
π(u,s)

ξ(r)dr
)
ds � íåïåðåðâíèé

ìàðòèíãàë, äå π(u, t) = {v : Y (u, t) = Y (v , t)} òà ξ ↑.

ßêùî ξ = 0, òî ÷àñòèíêè ñêëåþþòüñÿ.

ßêùî ξ êîíñòàíòà íà π(u, t), òî ÷àñòèíêà u íåìà¹ äðåéôó.

ßêùî ξ(u) = ξ(v), òîäi ÷àñòèíêè u òà v ñêëåþþòüñÿ ïiñëÿ çóñòði÷i:
òîìó, ùî äðåéô Y (u, ·) i Y (v , ·) â ìîìåíò ÷àñó s ðiâíi ïiñëÿ çóñòði÷i

ξ(u)−
1

m(u, s)

∫
π(u,s)

ξ(u)du = ξ(v)−
1

m(v , s)

∫
π(v,s)

ξ(r)dr ,

îñêiëüêè π(u, s) = π(v , s) äëÿ Y (u, s) = Y (v , s).

⇝ ßêùî g(u) = g(v), ξ(u) = ξ(v), òî Y (u, ·) = Y (v , ·).
⇝ ßêùî g =

∑n
i=1 xi Iπi , ξ =

∑n
i=1 ξi Iπi , òî

Y (u, t) =
n∑

i=1

xi (t)Iπi (u).
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∫
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ds � íåïåðåðâíèé

ìàðòèíãàë, äå π(u, t) = {v : Y (u, t) = Y (v , t)} òà ξ ↑.

ßêùî ξ = 0, òî ÷àñòèíêè ñêëåþþòüñÿ.

ßêùî ξ êîíñòàíòà íà π(u, t), òî ÷àñòèíêà u íåìà¹ äðåéôó.
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ξ(u)− 1

m(u,s)

∫
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ξ(r)dr
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(
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m(u,s)

∫
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1
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⇝ ßêùî g =
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0

(
ξ(u)− 1

m(u,s)

∫
π(u,s)

ξ(r)dr
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ßêùî ξ êîíñòàíòà íà π(u, t), òî ÷àñòèíêà u íåìà¹ äðåéôó.
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ξ(u)−
1

m(u, s)

∫
π(u,s)

ξ(u)du = ξ(v)−
1
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∫
π(v,s)

ξ(r)dr ,

îñêiëüêè π(u, s) = π(v , s) äëÿ Y (u, s) = Y (v , s).

⇝ ßêùî g(u) = g(v), ξ(u) = ξ(v), òî Y (u, ·) = Y (v , ·).
⇝ ßêùî g =
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Çàóâàæèìî, ùî Y (u, ·)−
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0

(
ξ(u)− 1
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∫
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ξ(r)dr
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îñêiëüêè π(u, s) = π(v , s) äëÿ Y (u, s) = Y (v , s).

⇝ ßêùî g(u) = g(v), ξ(u) = ξ(v), òî Y (u, ·) = Y (v , ·).
⇝ ßêùî g =

∑n
i=1 xi Iπi , ξ =

∑n
i=1 ξi Iπi , òî

Y (u, t) =
n∑

i=1

xi (t)Iπi (u).
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g(u) = 0, ξ(u) = u, u ∈ (0, 1)

Ìîäåëü ïîäiáíà äî ïîòîêó Õîâiòòà-Óîððåíà. Îñíîâíà âiäìiííiñòü
ïîëÿãà¹ â òîìó, ùî â íàøîìó âèïàäêó ÷àñòèíêè çìiíþþòü
øâèäêiñòü äèôóçi¨. (Howitt, Warren / Ann. Probab. '09;

Schertzer, Sun, Swart / Mem. Amer. Math. Soc. '14)
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Iñíóâàííÿ ñèñòåìè ÷àñòèíîê

Òåîðåìà (K. / Ann. Inst. H. Poincar�e, '22+)

Íåõàé g , ξ : [0, 1] → R íåñïàäíi 1
2
+-íåïåðåðâíi çà Ãåëüäåðîì ôóíêöi¨.

Òîäi iñíó¹ ñèñòåìà íåïåðåðâíèõ ïðîöåñiâ Y (u, ·), u ∈ [0, 1], òàêà, ùî

1 Y (u, 0) = g(u)

2 Y (u, ·)−
∫ t

0

(
ξ(u)− 1

m(u,s)

∫
π(u,s)

ξ(r)dr
)
ds � íåïåðåðâíèé

ìàðòèíãàë, äå π(u, t) = {v : Y (u, t) = Y (v , t)},
m(u, s) = Leb{w : Y (w , t) = Y (u, t)};

3 Y (u, t) ≤ Y (v , t), u < v ;

4 ⟨Y (u, ·),Y (v , ·)⟩t =
∫ t

0

I{Y (u,s)=Y (v,s)}
m(u,s) ds.

�äèíiñòü çàëèøà¹òüñÿ âàæëèâîþ âiäêðèòîþ ïðîáëåìîþ
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ÑÄÐ â L↑2 äëÿ ñèñòåìè ÷àñòèíîê

Iñíó¹ áiëèé øóì òàêèé, ùî

dY (u, t) =
1

m(u, t)

∫
π(u,t)

W (dr , dt) +

(
ξ(u)− 1

m(u, t)

∫
π(u,t)

ξ(r)dr

)
dt.

Íåõàé prg � ïðîåêöiÿ â L2[0, 1] íà

L2(g) = {f : f − σ(g)-âèìiðíà}

Òîäi Yt := Y (·, t) ∈ L↑2 ðîçâ'ÿçó¹ ðiâíÿííÿ

dYt = prYt
dWt + (ξ − prYt

ξ)dt.
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Êiëüêiñòü ÷àñòèíîê

ßê áàãàòî ðiçíèõ ÷àñòèíîê ìiñòèòü ñèñòåìà â ìîìåíò ÷àñó t?

g(u) = 0, ξ(u) = u, u ∈ (0, 1)
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Ñêií÷åííå ÷èñëî ÷àñòèíîê

dYt = prYt
dWt + (ξ − prYt

ξ)dt.

Çâiäñè äëÿ ìàðòèíãàëüíî¨ ÷àñòèíè Mt =
∫ t

0
prYs

dWs ìà¹ìî

E∥Mt∥2t =

∫ t

0

E∥ prYs
∥2HSds =

∫ t

0

EN(s)ds < ∞,

äå N(t) � ÷èñëî ðiçíèõ ÷àñòèíîê â ìîìåíò ÷àñó t.
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Íåñêií÷åííå ÷èñëî ÷àñòèíîê

Òåîðåìà (K. / Theory Stoch. Process., '20)

Íåõàé ξ ïðèéìà¹ íåñêií÷åííó êiëüêiñòü ðiçíèõ çíà÷åíü. Òîäi ç
éìîâiðíiñòþ 1 iñíó¹ ùiëüíà (âèïàäêîâà) ìíîæèíà R ⊂ [0,∞) òàêà, ùî
N(t) = +∞, ∀t ∈ R.
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Iíâàðiàíòíà ìiðà äëÿ ñèñòåìè ÷àñòèíîê

Âèçíà÷èìî σ-ñêií÷åííó ìiðó íà L↑2 íàñòóïíèì ÷èíîì

Ξ =
∞∑
n=1

Ξn,

äå Ξn � ðîçïîäië
∑n

k=1 I[qk−1,qk )xk ó ÿêîìó òî÷êè ñòðèáêiâ (q1, . . . , qn−1)
ðîçïîäiëåíi çà

dνnξ = 2n−1

n∏
k=1

(qk − qk−1)dξ(q1) . . . ξ(qn−1), on 0 = q0 < q1 < · · · < qn = 1

i çíà÷åííÿ ñòðèáêiâ (x1, . . . , xn) ðiâíîìiðíî ðîçïîäiëåíi íà x1 ≤ x2 ≤ · · · ≤ xn.

Ìîæíà ïîêàçàòè, ùî suppΞ = L↑2(ξ) = {f ∈ L↑2 : f − σ(ξ)-âèìiðíà}
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Ðåâåðñèâíà ñèñòåìà ÷àñòèíîê çi ñêëåþâàííÿì

Òåîðåìà (K., Renesse / '17)

Äëÿ äîâiëüíî¨ íåñïàäíî¨ íåïåðåðâíî¨ ñïðàâà ôóíêöi¨ ξ iñíó¹ ìàðêiâñüêèé
ïðîöåñ Y â L↑2(ξ) òàêèé, ùî

Ξ � iíâàðiàíòíà ìiðà äëÿ Y .

Yt ¹ ðîçâ'ÿçêîì

dYt = prYt
dWt + (ξ − prYt

ξ)dt in L↑2[0, 1].

Ïðîöåñ µt = Leb ◦Y−1(·, t), ùî îïèñó¹ åâîëþöiþ ìàñè ÷àñòèíîê, ¹
ðîçâ'ÿçêîì ðiâíÿííÿ

∂

∂t
µt =

1

2
∆µ∗

t +∇ · (√µtẆt), in P2(R),

äå µ∗
t =

∑
x∈suppµt

δx .

P{µt = ν} ∼ e−
W2(µ0,ν)

2t , t → +0.
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