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Introduction of the equation



Sticky-reflected Brownian motion

dz(t) = Mzt)=0ydt + Lz)>0ydw(t),
:17(0) =T > 0,

where A > 0 and w is an 1-dim Brownian motion.
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Sticky-reflected Brownian motion

dx(t) = Mzy=oydt + Lizy>oydw(t),
:L‘(O) =T > 0,

where A > 0 and w is an 1-dim Brownian motion.

The equation admits only a weak solution which is unique in law
(Engelbert and Peskir, 2014)




Stochastic heat equation
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102X,
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t>0, uwe(0,1),
Xo=yg, Xi(0)=X,(1)=0
where W is a space-time white noise and g € C[0, 1]
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Stochastic heat equation

aXt 1 8 Xt
ot
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262+ iy
XO_g7
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¥
is a martingale with quadratic variation

it
— = / (Xq,¢")ds
Jo

1

t>0, uwe(0,1),
X:(0) = X¢(1) =0,
where T is a space-time white noise and g € C[0, 1].
A continuous process X : [0,00) x [0,1] — R is called a weak solution to
the SHE if for any ¢ € C?[0, 1] with ¢(0) = ¢(1) =0
MY = (X;, ) —

2

where (X, )

M7, = / loli2, ds
S X ()op(ae)

[m]

=

(Well-posedness — Funaki, 1983)
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Sticky-reflected stochastic heat equation

Stochastic heat equation on [0, 1]
ox, 10°X, .
gt 2 W,
ot 20w

Xo=g9, Xi(0)=X¢(1)=0



Sticky-reflected stochastic heat equation

Stochastic heat equation on [0, 1]

0X, 10%X,
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Xo=g9, Xi(0)=X¢(1)=0

Sticky-reflected Brownian motion



Sticky-reflected stochastic heat equation

Stochastic heat equation on [0, 1]

oX, 10°X,
ot 202 W

Xo=g, Xu(0)=X¢(1)=0

Sticky-reflected Brownian motion

{,C(O) = X9 2 0,

where A >0



Sticky-reflected stochastic heat equation

Stochastic heat equation on [0, 1]

oX, 10°X,
ot 202 W

XOZQZO, Xt(o):Xt(l):O

Sticky-reflected Brownian motion

dx(t) = /\H{I(L)Z()}dt + H{17(,,)>()}dw(t),
{,C(O) = 2o 2 0,

where A > 0



Sticky-reflected stochastic heat equation

Stochastic heat equation on [0, 1]

0X, _ 102X,

8t 2 a 2 +)‘H{X1 O}+W1‘

XOZQZO, Xt(o):Xt(l):O

Sticky-reflected Brownian motion

dz(t) = Ni,)—oydt + Loy dw(t),
x(O) = 2o 2 0,

where A > 0



Sticky-reflected stochastic heat equation

Sticky-reflected stochastic Stochastic heat equation on [0, 1]

X, _10°X,

9% 2 9u2 + Mx,—0y + Lix, >0 W

Xo=9>0, X;(0)=X,(1)=0

Sticky-reflected Brownian motion

dx(t) = /\H{I(L)Z()}dt + H{17(,,)>()}dw(t),
{,C(O) = 2o 2 0,

where A > 0



Reflected stochastic heat equation

Sticky-reflected SHE

Xy _ 19X,
at

5 o2 T Alx=0) x>0 W
Xo=92>0, X:0)=X¢(1)=0
Reflected SHE

(D. Nulart and E. Pardoux '92)
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Xo=9g2>0

;o Xi(0) = X (1) =
/oo /lXt(u)st(u) —0, X,>0
o Jo

+Lt+Wt



Reflected stochastic heat equation

Sticky-reflected SHE:

00Xy

162X, .
3t =~ 2 guz T Mexe=0} +Iixe >0 W
Xo=920,

X4(0) = X¢(1) = 0
Reflected SHE

(D. Nulart and E. Pardoux '92)

0X, 19°X,
ot 2 Ju?
X(]:gZO7

X (0) = X, (1) =0,
/Oo /lXt(u)st(u) = O, Xt Z 0.
0 0

+ Ly + W,

There exists a unique continuous process X : [0,1] x [0,00) — R and a
measure (local time) L on [0,1] x [0, c0) satisfying the reflected SHE.
(D. Nulart and E. Pardoux '92)




Formulation of the main result
Sticky-reflected SHE

8Xt 19?2 X
Bt = 3w A= o W
XO =g 2 07

X:(0) = X:(1) =0




Formulation of the main result

Sticky-reflected SHE:

0X 102X
att ~2 auzt + M x,=0y + Lix, >0, QW

Xo—gZO, Xt(o):Xt(l):O,
where () is non-negative definite self-adjoint Hilbert-Schmidt operator in L5[0, 1]



Formulation of the main result
Sticky-reflected SHE

3Xt N 1 8 Xt
ot 2 Ou?

+ Alx,—0y + Iix, >0, @Ws
XO =49 Z Oa Xt(o)

= Xt(l) - O,
where () is non-negative definite self-adjoint Hilbert-Schmidt operator in L5[0, 1]
Solution to sticky-reflected SHE
A continuous process X : [0,00) x [0, i
the sticky-reflected SHE if for any ¢ € C2[0, 1] with
£ = (X, 9) -

[0,1] — R is called a weak solution to

p(0) = (1) =0
t t
ME = (X ) = (Kot = 5 [ (Xeso)ds— [ (Nix.copsio)d
0
is a martingale with quadratic variation

t
(M%), = /0 1Q x50y 0)I2, ds
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Formulation of the main result

Let {ex, k> 1} and {ux, k > 1} be eigenvectors and eigenvalues of (). Define

o0

2 ._ 2.2

X -—Zﬂkek-
k=1
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Formulation of the main result

Let {ex, k> 1} and {ux, k > 1} be eigenvectors and eigenvalues of (). Define

If x? > 0 a.e., then the sticky-reflected SHE admits a weak solution
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Meaning of assumtion y? > 0

The equation

dz(t) = )\]I{gc(t):()}dt
z(0) =0

has no solution



Meaning of assumtion y? > 0

The equation

dz(t) = )\]I{gc(t):()}dt + ]I{J;(t>>0}dw(t)
z(0) =0

has ne-selution a weak solution



Meaning of assumtion y< > 0

The equation

dz(t) = )\]I{x(t):()}dt + ]1{',1 (f>>0}du7( )
z(0)=0

has ne-selution a weak solution

X = > i_1 Mier > 0 means that the solution X to the equation
0X, 19°X,
ot 2 ou?

+ M x,—0} + I{x, 50, QW:
feels a noise at any point of [0, 1]
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Description of the idea of construction of solution

using the equation

dx(t) = )\H{m(t)zo}dt + H{x(t)>0}dw<t)



Step |. Approximation sequence

Consider the SDE for sticky-reflected BM:

dz(t) = Mz =0ydt + Lizr)>oydw(t),
x(0) = zg > 0.
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Step |. Approximation sequence

Consider the SDE for sticky-reflected BM:
dx(t) = Myzy—0ydt + Liz)>0ydw(t),

x(0) = zg > 0.

We approximate its solution by the solutions to the SDE
dzn(t) = AL — #p (2 ()))dt + ki (20 () du(2),

2, (0) = 2.

which have non-negative strong solutons x,,(t) > 0

Hn(y) — H{y>0}a

11
1—r2(y) = 1— ]I%PO} = T{y—0}

for y >0, as n — oo.




Problem of approximation

Once can show that {z,,, n > 1} is tight in C[0, c0)

=
Tn = x in C[0,00)
along a subsequence.
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Problem of approximation

Once can show that {z,,, n > 1} is tight in C[0, c0)

—t
Ty =T
along a subsequence.

in C[0,00)

But

¥

¥
t t
x(t) = xo —‘r/ )\H{I(S):()}ds
0

+ / H{x(5)>0}d’w(8)
0

raft) =20+ [ A1 =R ))ds+ [ o)),
1

o>



Step Il. Convergence in an appropriate space

t
Tn(t) = xo +/(; A1 — K2 (2n ds+/ fn(Tn(s))dw(s),
Using tighntess argument, one has
n(t) — x(t)
t
an(t) :== / M1 = K2(z,(8)))ds — a(t)
0
M (t) ==

/0 b (5))du(s) — (1)

e = / K2 (0 (5))ds — p(t)

in C[0,00) in distribution along a subsequence



Step Ill. Properties of the limit process

zn(t)— z(t), an(t):= /0 A1 = k2 (zn(s)))ds — a(t)

t

t
1) = [ Ra(en()due) = a0, liale = [ R @a(s)ds = p(t)

We remark that
o z(t) =x0+a(t)+n(t) >0
o 7 is a continuous martingale
o [n(t)]e = p(t)
o k2(x,) is tight in the weak topology of L2[0,T], therefore,

K2 (xn) — p € La[0,T] and p(t) = /o p(s)ds

o a(t) = At — Mp(t) = [ A1 — p(s))ds
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Step Ill. Properties of the limit process

zn(t)— z(t), an(t):= /0 A1 = k2 (zn(s)))ds — a(t)

t

t
1) = [ Ra(en()due) = a0, liale = [ R @a(s)ds = p(t)

We remark that
o z(t) =x0+a(t)+n(t) >0
o 7 is a continuous martingale
o [n(t)]e = p(t)
o k2(x,) is tight in the weak topology of L2[0,T], therefore,

K2 (xn) — p € La[0,T] and p(t) = /o p(s)ds
o at) =M —Mp(t) = [T A1 — p(s))ds

We need to show that /(s) = I, (5)~0)!



Step Ill. Properties of the limit process

zn(t)— z(t), an(t) ::/ A1 = k2 (zn(s)))ds — a(t)
0

t

T (t) 1= /0 kn(en()du(s) > 0(t), e = [

i
# (@n (8))ds — p(t)
0
We remark that
o z(t) =x9+a(t)+n(t) >0
o 7 is a continuous martingale

o ()] = p(t) = [y Lu(s)>0yds

o k2 (xy,) is tight in the weak topology of L2[0,T], therefore,

Ko (xn) = p € La]0,T] and p(t) = /o p(s)ds
o at) =M —Mp(t) = [T A1 — p(s))ds

We need to show that /(s) = I, (5)~0)!



Step Ill. Properties of the limit process

zn(t)— z(t), an(t):= /0 A1 = k2 (zn(s)))ds — a(t)

t

t
1) = [ Ra(en()due) = a0, liale = [ R @a(s)ds = p(t)

We remark that
o z(t)=x0+a(t)+nt) >0
o 7 is a continuous martingale

t
o O] = p(t) = [y La(s)>0yds
o k2(x,) is tight in the weak topology of L»[0, 7], therefore,

K2(2n) = p € La0,T] and  p(t) = / p(s)ds

o a(t) =Mt —Mp(t) = f(f A1 = p(s))ds = fof AL =Tz ty>0y)ds =
¢
Jo Alfa(s)=0yds

We need to show that /(s) = I, (5)~0)!



Step Ill. Properties of the limit process

zn(t)— z(t), an(t):= /0 A1 = k2 (zn(s)))ds — a(t)

t

t
1) = [ Ra(en()due) = a0, liale = [ R @a(s)ds = p(t)

We remark that

o z(t) = zo+a(t) + n(t) = xo + fg Mg (s)=0}ds + fg L{w(s)>01dw(s)
o 7 is a continuous martingale

t
o O] = p(t) = [y La(s)>0yds
o k2(x,) is tight in the weak topology of L»[0, 7], therefore,

K2(2n) = p € La0,T] and  p(t) = / p(s)ds

o a(t) =Mt —Mp(t) = f(f A1 = p(s))ds = fg AL =Tz ty>0y)ds =
¢
Jo Alfa(s)=0yds

We need to show that /(s) = I, (5)~0)!



Key observation

Lemma
If 2 is a continuous non-negative semimartingale with q.v.

[x]t:/o o?(s)ds,
then

0%(5) = 0%(5)l{a(s)>0) 5-a.€

Proof.

| o aoards = [ 1oy (e,

“+oo
_ / Loy () LEdz = 0,
whre L7 is the local time of x.

o>



Step IV. Identification of quadratic variation

Remind
o x(t) = x0 + a(t) + n(t) > 0 is a continuous semimartingale

Iy
o [zl = [l = [y A(s)ds
o ki (xn) — p in a weak topology of L3[0, 1] along a subsequence




Step IV. Identification of quadratic variation

Remind

o x(t) = x0 + a(t) + n(t) > 0 is a continuous semimartingale
¢

o [z]e = [n]e = [y A(s)ds

o k2(x,) — p in a weak topology of L»[0, 1] along a subsequence

Since p = pliy,(5)~0y and

Hi(yn)ﬂ{wo} — Igy>oy

11 /—
as yn, — Yy, we get




Step IV. Identification of quadratic variation

Remind
o x(t) = x0 + a(t) + n(t) > 0 is a continuous semimartingale
¢
o [z]e = [n]e = [y A(s)ds
o ki (xn) — p in a weak topology of L3[0, 1] along a subsequence

Since p = pll{,(s)~0y and

Hi(yn)]l{wo} — Ly>oys

11 /—
as yn, — Yy, we get

t t t
[ st = [ ptiagords =tim [ w2 (6 Liacomopds
0 0 0

t
/ ]I{x(s)>0}d5a t>0
0
[m] =




Proof of existence of solution to

sticky-reflected SHE

0X; 10°X,

R + Alx,=0) + H{Xt>O}QWt




Discrete equation

We discretize only the space variable u € [0, 1] by % k=1,...,n.



Discrete equation
We discretize only the space variable u € [0, 1] by CJk=1,...,n.
Set ! = H[u k) and define
f/ / Q) (w)W (du, ds)
Consider the following SDE
dag(t) = Az (t)dt +H{xk(t):0}dt = \fﬂ{zk(t >0}dwk( ), k=1,...,n,
with 2(t) = 2p,11(t) =0 and A"zy = n? (zpe1 + Tp—1 — 27%)




Discrete equation

We discretize only the space variable u € [0, 1] by CJk=1,...,n.
Set ! = H[u k) and define
f/ / Q) (w)W (du, ds)
Consider the following SDE
dag(t) = Az (t)dt +H{xk(t):0}dt 4 \fﬂ{zk(t >0}dwk( ), k=1,..
with 2(t) = 2p,11(t) =0 and A"zy = n? (zpe1 + Tp—1 — 27%)
Set L1
XP(w) = aelt),

<u<—, uel0,1]
n




Discrete equation

We discretize only the space variable u € [0, 1] by CJk=1,...,n.
Set ! = H[u k) and define
f/ / Q) (w)W (du, ds)
Consider the following SDE
dag(t) = Az (t)dt —|—I[{xk(t):0}dt = \fﬂ{zk >0}dwk( ), k=1,...,n,
with 2(t) = 2p,11(t) =0 and A"zy = n? (zpe1 + Tp—1 — 27%)
Set L1
X7 (u) = . (t —
(W= anlt), =<
Remark that X™ >0

<u<—, uel0,1]
n



Convergence result

For every ¢ € C?[0,1] with ¢(0)

t t
(Xi' o) = (Xg, ) + 5/0 <X£‘7A”<p> ds+/0 (Lixn=0},¢)ds + Bg

where B! is a continuous martingale with [B,]; = HQ(]I{X{L>0}¢)H2



Convergence result

For every ¢ € C?[0,1] with »(0) = (1) =0,
1ot ) ¢
(Xroh = X3+ 5 [ (X087 ds+ [ (Lcsoop.e)ds+ B

where B is a continuous martingale with [B,]; = HQ(]I{XZL>0}@)H2.

7

There exists a subsequence ny, k > 1, and a continuous process X such
that

o X" (u,t) = X(u,t), Vu,t;
° A"kgo—mo”;
Qo ]I{thk>0} — O¢,

Qo ]I{thkzo} =1 _H{X:k>0} — 1 — O¢.
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Convergence result

For every ¢ € C?[0,1] with »(0) = (1) =0,
1ot ) ¢
(Xi'0) = (X5, 9) + 5 /O <X§,A”<p> ds + /0 (Lixn=0},¢)ds + Bg

where B is a continuous martingale with [B,]; = HQ(]I{XZL>O}¢)H2.

7

There exists a subsequence ny, k > 1, and a continuous process X such
that

o X" (u,t) = X(u,t), Vu,t;
° A"kgo—mo”;
Qo ]I{thk>0} — O¢,

Qo ]I{thkzo} =1 _H{X:k>0} —1—0

\.

Hence
1t t
(up)=(0.0)+ 5 [ Kwyds+ [ (1= phds+ B,
0 0
where B, is a continuous martingla with [B,]; = HQ(UtQO)H )
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Convergence result

For every ¢ € C?[0,1] with »(0) = (1) =0,

1t ~ t
<Xf7so>:<X63<p>+§/O <X§,A”<p>ds+/o (Lixn=0},¢)ds + Bg

where B is a continuous martingale with [B,]; = HQ(]I{XZL>0}@)H2.

7

There exists a subsequence ny, k > 1, and a continuous process X such
that

o X" (u,t) = X(u,t), Vu,t;
° A"kgo—mo”;
Qo ]I{thk>0} — O¢;

Qo ]I{thkzo} =1 _H{X:k>0} — 1 — O¢.

\.

Equivalently
0X;y lagXt
ot 2 ou?

+(1—0)+0QW,

X,(0) = Xo(1) =0, Xo(u) = g(u).

] = =



Identification of coefficient o

Let X solves the equation

0xX, _19°X,
ot 2 ou?

+a+oQW,

and X > 0. Then o0 = ]I{X >0}O’

Xo(u) = g(w).

o>



Identification of the coefficients

By the previous proposition,
Hence

0x, _10%,
ot 2 du?

+(1—0)+0QW,

o) = Iix,w>oy0e(u) = Hm Tex, >0 lxre =0} = Ipxow>o0)



Identification of the coefficients

By the previous proposition

Hence

Uf( ):H{XL(U)>O}Ut( )

0X;y

0Xy 10%X,
ot

lim H{X,(u)>O}H{Xf’k(u)>O} - H{X (u)>0}
T2 0u?

+Iix,—0y + I{x,50,QW,



|dea of proof of the key proposition

Let X solves the equation
0Xy
ot

02X

1
T2 Qu?

+a+oQW,

X+(0) = X¢(1) =0,
and X > 0. Then o =I;x,~0y0.

Xo(u) = g(u).
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Proof

Analog of Ito’s formula applid to F.:

<F€<Xt) - }’jg()(b)7 1> = _1

t
1
_|__

(FI(Xy),as)ds
5| QP! (X)1.QIe]) s ds+ M (1)
where

Q/Ot <Fé'(Xs)Xs,Xs> ds +/0

R [ OO / yoo e (r)dydr,

1L e
0 < Fl(z) < 2¢,

F/(x) — Toy(x)
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Proof
Analog of Ito’s formula applid to F.:

<F€<Xt) - }’jg()(b)7 1> = _1

t
1
_|__

(FI(Xy),as)ds
5| QP! (X)1.QIe]) s ds+ M (1)
where

Q/Ot <Fé'(Xs)Xs,Xs> ds +/0

R [ OO / yoo e (r)dydr,

0 < Fl(z) < 2e,

F/(x) — Toy(x)

Hence all green terms — 0 and red term — /Ot (Qlolix, =0y, Qlo]) g ds



Proof
Analog of Ito’s formula applid to F.:

<F€<Xt) - }’jg()(b)7 1> = _1

t
1
_|__

(FI(Xy),as)ds
5| QP! (X)1.QIe]) s ds+ M (1)
where

2/0t <Fé'(Xs)Xs,Xs> ds +/0

R = [ OO / yoo e (r)dydr,

0 < Fl(z) < 2¢,

F/(x) — Toy(x)

Hence all green terms — 0 and red term — [Ot (Qlolix,—0y], Qlo]) ;g ds =0
= We can replace 0 by [ x -0



Open problem and references

Open problems:

o Is a solution to the equation unique?
o Does the solution of the equation with the identity operator () exists?
o What is the invariant measure for the dynamics?

o How much time does the equation spend at zero?

[% Vitalii Konarovskyi,
Sticky-Reflected Stochastic Heat Equation Driven by Colored Noise
Ukrain. Math. J., Vol. 72, no. 9, 2021
(arXiv:2005.11773)

ﬁ Vitalii Konarovskyi,

Coalescing-Fragmentating Wasserstein Dynamics: particle approach
(arXiv:1711.03011)
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Thank you for your attention!



