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On asymptotic behavior of the modified Arratia flow
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Abstract

We study asymptotic properties of the system of interacting diffusion particles on
the real line which transfer a mass [20]. The system is a natural generalization
of the coalescing Brownian motions [3, 25]. The main difference is that diffusion
particles coalesce summing their mass and changing their diffusion rate inversely
proportional to the mass. First we construct the system in the case where the initial
mass distribution has the moment of the order greater then two as an Ls-valued
martingale with a suitable quadratic variation. Then we find the relationship between
the asymptotic behavior of the particles and local properties of the mass distribution
at the initial time.

Keywords: modified Arratia flow; interacting particle system; coalescing; asymptotic behavior;
clusters.

AMS MSC 2010: Primary 82B21; 60K35, Secondary 60D05.

Submitted to EJP on August 18, 2016, final version accepted on January 30, 2017.

Supersedes arXiv:1607.02461.

1 Introduction

In the paper we study local properties of the modified Arratia flow. The flow is a
variant of the Arratia flow [3, 11, 25] for a system of Brownian motions on the real line
which move independently up to their meeting and then coalesce. The fundamental
new feature is that particles carry mass which is aggregated as particles coalesce and
which determines the diffusivity of the individual particle in an inverse proportional way.
The modified Arratia flow was first constructed in [19] (see also [22, 18, 24, 23]), as a
physical generalization of the system of coalescing Brownian motions, in the case where
particles start from integer points with unit masses. Later in [20] the modified Arratia
flow for a system of particles which start from all points of the interval [0, 1] with zero
mass (the distribution of the mass of particles at the initial time is the Lebesgue measure
on [0, 1]) was constructed as a scaling limit.

The first main result of the paper is the generalization of the model constructed
in [20] to the case of any mass distribution of particles at the start. Using martingale
methods, we prove the following theorem.

*Universitat Leipzig, Fakultat fiir Mathematik und Informatik, Augustusplatz 10, 04109 Leipzig, Germany.
E-mail: konarovskiy@gmail.com


http://www.imstat.org/ejp/
http://dx.doi.org/10.1214/17-EJP34
http://arXiv.org/abs/1607.02461
mailto:konarovskiy@gmail.com

On asymptotic behavior of the modified Arratia flow

Theorem 1.1. For each b > 0 and non-decreasing cadlag function g satisfying

b
/ lg(u) |2t du < oo (1.1)
0

for some ¢ > 0, there exists a process { X (u,t), u € (0,b), t € [0,T]} from Skorohod space
D((0,b),C[0,T)) such that

(C1) forallu € (0,b), X(u,-) is a continuous square integrable martingale with respect
to the filtration

Fi=0(X(u,s), s<t, ue(0,b), tel0,T];

(C2) X(u,0) =g(u) forallu € (0,b);
(C3) X(u,t) < X(v,t) forallu < v andt € [0,7T);
(C4) forallt € [0,T] and u,v € (0,b) the joint quadratic variation

K ]I{Tu,v Sq}ds
m(u, )

(X ). X)) = |
where m(u,t) = Leb{w : 3s <t X(u,s) = X(w,s)} and 7,, = inf{t : X(u,t) =
X, )} AT.
The process X describes the evolution of particles with the mass distribution p at the
start, where 1 is the push forward of the Lebesgue measure on [0, ], i.e
= g#Leb|[O’b]. (1.2)

The following lemma explains that.

Lemma 1.2. Let A = {g(u), v € (0,b)} and X from D((0,b),C[0,T]) satisfy (C1) — (C4).
Then the family of processes

Z(g(u)v'):X(uv')v S (O,b), (1.3)
is well-defined and satisfies

(A1) for all x € A the process Z(x, ) is a continuous square integrable martingale with
respect to the filtration

o(Z(z,s), € A, s<1), te0,T);

(A2) forallz € A, Z(x,0) = x;
(A3) forallz <y from A andt € [0,T], Z(x,t) < Z(y,t);
(A4) for all z,y € A the joint quadratic variation

t ]I{Té‘,ygs}ds

<Z(x7)7Z(ya)>t: 0 mu(x’s) )

where m,(z,t) = p{z : 3s <t Z(z,8) = Z(v,s)} and 7/, = inf{t : Z(x,t) =
Z(y, )} AT.

Proof. Since for g(u) = g(v) we have X (u,-) = X(v,-) (it follows from Remark 6.5 and
propositions 6.2 and 2.3 below), the process Z is well-defined. Moreover, if z = g(u),
then we have

Z(xvo) = Z(g(u), 0) = X(U,O) = g(u) =
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and by (1.2),
mplw,t) = = Fs <t Z(z,5) = 2w, 5))
=Leb{v: Is <t Z(g(v),s) = X(u,s)}
=Leb{v: Is <t X(v,8) = X(u,s)} =m(u,t).
Thus, Z, defined by (1.3), satisfies (A1) — (A4). O

So, we see that interpreting Z(u, t) as the position of the particle at time ¢ starting
from u, the family of processes {Z(u,-),u € A} is a description of the system of particles
which start from almost all points of supp ¢ with the mass distribution p. Although it
seems that Z gives a simpler description of the model, it is easier to work with the
process X. Firstly, the values of the random variable X (-, ¢) are functions defined on the
interval (0,b), where the interval is independent of the support of the initial distribution
1 (it only depends on the total mass of the system). Consequently, the particle system
can be approximated by finite subsystems on the same state space. Secondly, X is an
Lg—valued continuous martingale with the quadratic variation (X); = fot Pry (s)ds, where

Lg is the set of all non-decreasing functions from L, and pr;h denotes the projection
of h in L2 on the subspace of o(f)- -measurable functions. Moreover, we will show that
each L -valued continuous martingale X with the quadratic variation ( = fo prg (é)d
has a modlﬁcatlon that satisfies the same properties as X (see Theorem 6.4). Thus, to
construct the modified Arratia flow it is enough to construct an Lg-valued continuous
martingale with the needed quadratic variation.

The second main result of the paper is a relationship between local properties of the
distribution of particle mass at the start and asymptotic behavior of individual particles
and its masses for small time. Using estimations of the expectations of particle mass and
particle diffusion rate (see Section 7) and also the law of the iterated logarithm for the

Wiener process, we prove the following statements.
Theorem 1.3. Let a > 3, ug € (0,1) and there exist C > 0 and § > 0 such that the
following assumptions hold

() |g(u—<)—g(u)| < Clu—ug|@=DVO|¢|* for all u € [ug — &, up + 8] and all ¢ between
0 and u — ug;

(ii) [g(u) — g(uo)
Then for alle > 0

> &lu—ug|™ for all u € [ug — 6, ug + 4]

P th’)l:o — 1, (1.4)
20 gz (Ind)
)

P fm X t) —g(w)l _ U (1.5)

t—0 t#‘*l (ln %)7%76

Theorem 1.4. Let uy € (0,1), o > % and there exist § > 0 and C' > 0 such that

g(uo+u) —g(ug) < Cu®, u € 10,6], or g(ug) — glup —u) < Cu®, u € [0,9]. Then foralle > 0

t
P im — ot L
0t (Ing)

P i X0 t) = glwo)| _ oLy

t=0 4oy (111 %)%+e
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Remark 1.5. If a > 1 and g is differentiable in a neighborhood of uy with

’
lim — 9\ ()
u—ug |u — uo‘a—l

=C € (0,00),
then g satisfies assumptions (¢), (¢¢) of Theorem 1.3.
Remark 1.6. If o > 1 and

g(u) =sgn (u —ug)|u —upl®, we(0,1),

then g also satisfies assumptions (4), (i4) of Theorem 1.3.

In particular, theorems 1.3, 1.4 imply that the modified Arratia flow constructed
in [20] (where g(u) = u, u € [0, 1]) has the following behavior

t t
P hm%:o Y STLLICCL) WO G
t—0 %(hl%) t—0 %(hl%)
“mw— _ (1) —ul
SOV ) S Y )

for all w € (0,1) (see Remark 8.1).
We note that the asymptotic behavior of each particle in the Arratia flow {a(u,t), u €
R, t > 0} is as follows

P

_ t) —
p g lawt) —ul _ U _

=0 ,/2t1nln%

since each process a(u, -) is a Brownian motion with unit diffusion rate. Moreover, the
process v(t) = Leb{u: 3s <t a(u,s) =a(0,s)}, t >0, that describes the cluster size (it
corresponds to the particle mass in our case), has the following behavior [8]

P im0

=0 £/ 2t lnln% B

— t
pifm 2 o\
=0 24/t lnln%

Comparing the behavior of particles and their masses in the modified Arratia flow with
the behavior of particles in the Arratia flow, we see that asymptotics are completely
different, since the diffusion rates of particles in the first case grow to infinity and make
particles to fluctuate more and more intensively for small time.

Here we would like to note that many methods which work for studying of local
properties of the Arratia flow do not work in our case, since they are based on the
fact that every system of particles can be considered separately from the whole system.
Therefore, the Arratia flow can be investigated just by studying of its finite subsystems
(see, e.g [10, 28, 5, 9]). There is an opposite situation for studying of the modified Arratia
flow, where every finite subsequence cannot be considered as a separate system.

The modified Arratia flow has a connection with the Wasserstein diffusion, constructed
by M.-K. von Renessse and T. Sturm in [31] (see also [2, 29, 30]). In fact, in [21]
V. Konarovskyi and M.-K. von Renesse proved that the process describing the evolution
of particle mass in the modified Arratia flow solves a SPDE that is similar to the SPDE
for the Wasserstein diffusion and also showed via a large deviation analysis that the flow
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satisfies the Varadhan formula with the square of the Wasserstein distance as the rate
function. Namely, if {X (u,t), v € [0,1], t € [0,T]} satisfies (C1) — (C4) with g(u) = u
u € [0, 1], then the process

pe = X(-7t)#Leb|[071], t e (0,77,
is a weak solution to the equation

where I'(v) is defined on test functions as follows (f,I'(v)) = >, c upp) [ (2). Moreover,
for suitable sets A C P(RR) we have

@, (Lebl, ), A)
5 :

lim elog P{p. € A} = —

where dyy denotes the (quadratic) Wasserstein metric on the space of probability mea-
sures on R. Basically we believe that the same form of the short time behavior of the
particle system with the initial particle distribution p is valid for any probability measure
p (with [ [z[**¢p(dx) < o) instead of Leb| 0 Thus, the process constructed in the
present paper can be considered as a candldate for an intrinsic Brownian motion on the
Wasserstein space of probability measures. Consequently, the question of existence such
a process is important and its local properties is of interest.

1.1 Organization of the article

In section 2 we introduce the main notation and formulate some statements about
Lg-valued continuous martingales. In section 3 a finite system of particles is defined
as a continuous martingale taking values in Lg. The main estimations for the particle
system is obtained in section 4. Section 5 is devoted to the construction of an L;-
valued continuous martingale X which starts from a function g € Ls;. and has the
quadratic variation (X); = fg Prx(s)ds. In section 6 we prove that the martingale X has
a modification from the Skorohod space D((0,b), C[0,T]) that satisfies similar properties
as the flow constructed in [20]. Section 7 is the key section of the paper. There we obtain
estimations of the expectations of mass and diffusion rate of individual particles which
allow to state the asymptotic behavior of the particle system in section 8.

2 The main definitions

2.1 Some notation

For p > 1 we denote the space of p-integrable functions (more precisely equivalence
classes) from [a,b] to R by L,la,b] or L, and | - ||, is the usual norm on L,. Also
(-,-) denotes the inner product in Ls[a,b]. Let D'[a,b] or D' be the set of cadlag non-
decreasing functions from [a,b] into R = R U {—0c0, +00}. For convenience we assume
that all functions from D' are continuous at b. Let Lg [a, b] or shortly Lg be the subset
of Ly[a,b] that contains functions (their equivalence classes) from DT, i.e f € La[a,b]
belongs to L; if there exists g € D' such that f = g a.e. Set LZT, = Lg N Ly, p>2.

Note that LZT, is a closed subset of L, (see Corollary A.2). Consequently, LZT, is a Polish
space with respect to the distance induced by || - ||z, -

Since each function f from L; has a unique modification from D' (see Remark A.6),
considering f as a map from [a, b] to R, we always take its modification from D'.

For each f € L], let Iy denote the class of sets {v € [a,b] : f(v) =c}, ¢ € R, of the
positive length (as we agreed, f € D'). Since f is a non-decreasing function, elements

EJP 22 (2017), paper 19. http://www.imstat.org/ejp/
Page 5/31


http://dx.doi.org/10.1214/17-EJP34
http://www.imstat.org/ejp/

On asymptotic behavior of the modified Arratia flow

of Iy are intervals [c,d), a < c < d < b, and [¢,d], a < ¢ < d < b. Moreover, II; is finite or
countable. If II; is finite and | JII; = [a, ], then |II;| denotes the number of elements in
I1y, otherwise |II;| = +o0c. Let us introduce the partial order for II.. We write II, < IT; if
for each 7 € Il there exists 7’ € II; such that Int 7 C 7/, where Int 7 denotes the interior
of m. Let |r| denote the length of 7 for = € II;.

Remark 2.1. From definitions of II. and |IL.| it follows that the inequality II, < IIy
implies || < [II|.

If |Hf| < oo, then f is called the step function (f takes a finite number of values). The
set of all step functions (from D') we denote by St. If f is a step function, then II F=
{m1,...,m}, where m = [a,a1), T2 = [a1,0a2), ... Th-1 = [an—2,0n_1), Tn = [an_1,D] for
some a < a1 < ... < ap—1 < b. In this case f = Zzzlxkﬂﬂk for some 21 < ... < x,,
where I4 denotes the characteristic function of the set A. Henceforth, for f € St we
numerate elements of II; in increasing order i.e. writing IIy = {my,...,m,}, we mean
that elements of 7y, is less then elements of 741 for all & € [n— 1], where [n] = {1,...,n}.

2.2 Lg-valued martingales

Let (F)tcjo,7) be a right continuous filtration on a probability space (2, F,P). An
Ll-valued continuous random process X (t), ¢ € [0,T], given on (€2, F,P), is called an
(Fi)-square integrable martingale if it is (F;)-adapted, E|| X (¢)[|7, < oo, t € [0,77], and for
each0<s<t<T,

E(X(#)|Fs) = X(s).

Let E|| X (¢)[|7, < oo forall ¢ € [0,T]. Since L} is a subset of the separable Hilbert
space Ly, X (t), t € [0,T], is an (F;)-square integrable martingale if and only if for any
h e Ly, (X(t),h), t €[0,T], is an (F;)-martingale.

If the filtration (F¢).c[o,r] is generated by X, i.e. 7y = (.., 0((X(s),h), s <t+e, h€
Ly), t €[0,T), and Fr = o((X(s),h), s <T, h € Ly), then we will call X just a square
integrable martingale.

It is well-known that two real-valued continuous martingales 1 (t), z2(t), t € [0,T],
satisfying z1(t) < zo(t) for all ¢t € [0,T] coincide after their meeting. This property
implies that Iy, ¢ > 0, decreases a.s.

Proposition 2.2. Let X (), t € [0,T], be an L}[a, b]-valued continuous (F;)-square inte-
grable martingale. Then

P {foralls <t, Hyq <Ilx()} =1

For a Polish space E, let C([0,T], E') denote the space of E-valued continuous func-
tions on [0, 7] with the usual uniform norm || - ||¢. For E = R we use the notation C[0, T'.
The set of right continuous C0, T]-valued functions on (a,b) which have left limits is
denoted by D((a,b),C[0,T7]).

Proposition 2.3. Let X (t), t € [0,T], be an L}[a, b]-valued continuous (F;)-square inte-
grable martingale such that for each t € (0,T], X(t) € St a.s. Then X has a modifica-
tion from D((a,b),C[0,T]), that is, there exists C|0,T]-valued random process X (u,-),

u € (a,b), with trajectories from D((a,b), C[0,T)) such that forallt € [0,T], X (t) = X (-, t)

(in Ly) a.s. Moreover, for each u € (a,b), X (u,-) is a continuous (F;)-square integrable
martingale and

P{Vu,v € (a,b) Vs € [0,T] X (u,s) = X (v, s) implies X (u,t) = X (v,t), Vt > s} = 1. (2.1)

Proof. The propositions are proved in Appendix B. O
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We define the quadratic variation (X), t € [0,T], of X as an (F;)-adapted continuous
process starting from zero, with values in the space of nonnegative definite trace-class
operators on Lo, such that for all h, g € L, the joint quadratic variation of the martingales
(X(t),h), (X(t),g), t€]0,T], is

(X (), ), (X(),9)), = ((X)ih,g), ¢ €[0,T].

For more details we refer to [13].

3 A finite system of particles

In this section we construct an Lg [a, b]-valued square integrable martingale with the
suitable quadratic variation that describes the evolution of a finite system of coalescing
diffusion particles. Let the system of processes {zx(t), t € [0,T], k € [d]} describe

the evolution of particles which start from points 29 < 2§ < ... < 29 with masses
m{,m3,...,mY. Such a system of processes has been constructed e.g. in [22] and

satisfies the following properties

(F1) for all k € [d], zx(+) is a continuous square integrable martingale with respect to
the filtration
Fl=()olek(s), s<t+e, keld), teloT};
e>0
(F2) z(0) = 2 for all k € [d];
F3) xp(t) < zy(t) forall k < land ¢ € [0,T];
(F4) forallt e [0,T]

w
=

! TR, 1<Ss ds
(@) () = [ A
where m(t) = 3 ,ca, oy mis Ax(t) = {i : Ts < t ap(s) = 24(s)} and 7, = inf{t :
$k(t) = l‘l(t)} AT.

Moreover, (F'1) — (F'4) uniquely determine the distribution of the system that is stated in
the following lemma.

Lemma 3.1. If systems of processes {z(t), t € [0,T], k € [d]} and {x},(t), t € [0,T], k €
[d]} satisfy (F'1) — (F4), then their distributions coincide.

Proof. The proof is similar to the proof of Lemma 3 [19]. O

Let us construct an L;-Valued process that corresponds to the system {xj(t), ¢ €
[0,T], k € [d]}. Setag =0, ap = ap—1 +mY, k € [d], and b = a4. Let m = [ax—1,ax),
k € [d—1], and 74 = [ag—1,b]. We take

d
9= s, (3.1)
k=1
and
d
X(t) = ap()r,, teloT]. (3.2)
k=1

It is obvious that X is an L; [0, b]-valued continuous process which starts from g. Since
X (®)]7, = S22 (t)|mi|, we have E[ X (t)[|7, < co. Next, for any h € Ly

d

(X)) = S an(t)(Ln h), te[0,T],

k=1
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is a martingale. Consequently, X is a square integrable martingale. Let us evaluate its
quadratic variation.

Denote the projection of i in Lo on the subspace of o(g)-measurable functions by
prgh. If g is defined by (3.1), then

d
1
proh =Y m(]lm7h)]l,rk. (3.3)
k=1

Using properties (F'1) — (F'4), similarly to [21] one can show that
(M) ((X(-),h))e =[5 [Iprxs)hll3,ds forall h € L.

By the polarization formulas for the inner product (-, -) and the joint quadratic variation
(-,+)., we obtain for h, f € Lo

t

(X()h), (X (), 1)), = / (P oy DT (g )l = / (prxihs fds, € [0,7].

Thus, we have shown that X is an Lg-valued continuous square integrable martingale
with the quadratic variation

M) (X)) = fot Prx(5)ds.

We note that fot Prx(s)ds is a trace-class operator, since X is a square integrable
martingale [13, Lemma 2.1]. It follows also from the fact that pry ) is a projection on a
space with dimension smaller or equal than d for all s € [0, T].

Next we prove the inverse statement.

Lemma 3.2. Let b, 9, m? and my, k € [d], be as above, g be defined by (3.1) and X be
an Lg [0, b]-valued continuous square integrable martingale with the quadratic variation
Jo Prx(s)ds. Then there exists a system of processes {xy(t), t € [0,T], k € [d]} satisfying
(F1) — (F4) such that for all t € [0, T

d
X(t) =Yz, as.

k=1
Proof. By Proposition 2.2 and Remark 2.1, P{[lIx| < |[IIy| = d, t € [0,7]} = 1. So,
X(t) € St a.s. for all ¢ € [0, T]. Hence, by Proposition 2.3, there exist a modification of X
from D((0,b), C[0,T]). We denote the modification also by X.

Let§ = 1?611[2] |7 and hy, = 1[4, apt5], Where ag =0, a = ap—1 +mY, k € [d]. Set

wi(t) = (X(8),hy), te[0,T], ke [d.

Then by Proposition 2.3, the system {x(t), ¢t € [0,T], k € [d]} satisfies (F1) — (F3) and
by (2.1), for all ¢ € [0, 7]

d
X(t) =Yzt as.
k=1
We evaluate
<xk()’ ml(')>t = <(X(>’ hk)7 (X(>’ hl)>t

t t ]I e 1 <8 dS
:/ (er(s)hkaprx(s)hl)dSZ/ “rea<s}®
0

() te[0,T].

It finishes the proof. O
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Lemmas 3.1 and 3.2 immediately imply the following result.

Proposition 3.3. For each g € St there exists an LE[O,b]-Valued continuous square
integrable martingale X (t), t € [0,T], with the quadratic variation (X), = fot DIy (5)ds
which starts from g. Moreover, if Y (), t € [0,T], is other L}[0,b]-valued continuous
square integrable martingale with the same quadratic variation that starts from g, then
the distributions of X and Y coincide in C([0,T], L}[0, b]).

We denote the distribution of the Lg-valued continuous square integrable martingale
with quadratic variation (M’) starting from g in the space C([0,T], L)) by P,. We will
consider the set of step functions St as a topological subspace of Lg with the induced
topology. Let P be the space of all probability measures on C([0, 7], Lg), endowed with
the weak topology. Since the system of processes {zx(t), t € [0,T], k € [d]} satisfying
(F'1) — (F'3) can be constructed by coalescence of Wiener trajectories (see e.g. [19, 22])
and X can be defined by (3.2), it is easy to see that the map P. : St — P is measurable.
Consequently, the probability measures

Pt = / P,=(dg)
St

is well-defined for any random element £ in St with the distribution =.

Proposition 3.4. A process X(t), t € [0,T], with X(0) € St a.s., is an L}-valued con-
tinuous square integrable martingale with the quadratic variation (M') if and only if
Law{X} = PX(),

Proof. The statement follows from the existence of regular conditional distribution of X
given o(X (0)) (see Theorem 1.3.1 [14]) and Proposition 3.3. O

4 The main estimations

In this section we will suppose that Y (u,-), v € (a,b), is a C|0,T]-valued random
process with trajectories in D((a,b), C[0,T]) that satisfies (C1) — (C4) with (0, b) replaced
by (a,b).

It should be noted that in this section we do not claim that the process Y exists, here
we only study properties of Y if it exists.

We will interpret Y as the description of the evolution of particles on the real line
which coalesce and change their masses and diffusion rates. Since m(u,t) is the mass
of particle at time ¢ that starts from g(u), the inequality m(u,t) < r implies that the
particles starting from g(u) and g(u + ) (g(u — r)) have not coalesced by ¢t. Moreover,
the particle, which starts from g(u), has diffusion rate grater then % Consequently,
P{m(u,t) < r} can be estimated by P{the Wiener process starting from g(u + r) — g(u)
with diffusion % does not hit 0 by time ¢}. This is the main idea of the proof of the
following lemma that is the key statement that allows to prove the existence of a
martingale with the quadratic variation (M’) which starts from g € L; and to study its

asymptotic behavior.
Lemma 4.1. Forallu € (a,b), 0 <r <b—uandt € (0,T]

Glu.r) T

1P{(t)<}<2/” a2 o
m(u, ry < —— e 2ar <
V21 Jo

2/F
27t

G(u,r),

where G(u,r) = g(u+r) — g(u).
Remark 4.2. The lemma also is true if the assumption 0 < r < b — w is replaced by
0 < r < u — a and the function G(u,r) = g(u +r) — g(u) by G(u,r) = g(u) — g(u —r).
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Proof of Lemma 4.1. The proof is similar to the proof of Lemma 2.16 [20]. Let 0 < 7 <
b — u. We denote

M) =Y (u+rt)—Y(u,t)

and
A = {m(u,t) <r}.

Note that M (-) is a continuous square integrable martingale with the quadratic variation
(M) = (Y(utr,)) + V() =2V (utr,-),Y(u,)), -

y (C4), we have
<Y(’LL +r, ~), Y(u, )>t ]I{M(t)>0} =0, te [0, T].

Taking w € A;, we see that w € {M(¢) > 0} because Y (u + r,-,w) and Y (u,-,w) do not
meet by time ¢t. Hence,

(M()e(w) = (Y (u+r,)),( )>t(w)
> (Y / m(u, s,w) Z ;

Next, since M (-) is a continuous square integrable martingale, there exists a Wiener
process w(t), t > 0, such that

by Theorem 2.7.2’ [14]. We set
T=inf{t: M) =0} AT and o =inf{t: G(u,r)+ w(t) = 0}.

It is easy to see that (4.1) implies
(M())- <o

Note that if w € A;, then 7(w) > ¢ and hence, by the last inequality,

o(w) 2 (M())r(w)(w) = (M())i(w) =

= s

Now we are ready to estimate the probability of A;. So,

P{A;} =P{A;, M(t) >0} =P{A, 7>t} <P {At, o> :}

t G(u,
§IP{0>}IP{ max w(s)<G(u,7’)}§IP{max w(s)<W}
T s€[0,t/7] 5€[0,1] Vi
G(u,r) /T
< 2 Vi e‘ﬁdxg 2 G(u,r)\/?.
27 Jo v 2T Vit
It finishes the proof. O
Proposition 4.3. Let p > 1. Then for every g € L}[a,b] and 0 < < § — 7
CpB,ab
1 , te(0,7T].
B[ < B g, e
EJP 22 (2017), paper 19. http://www.imstat.org/ejp/
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Proof. Without loss of generality, we assume that a = 0. Using Lemma 4.1 and Holder’s
inequality, we can estimate

/ du7/ / { >7’f13}dudr
mbP( u,t m(u
b
§/2 /iz qu#)fg(u)
o Jo

_ 26 \/ﬁ / [ ( ] @) _]1[073](11)) g(u)du] dr

b
2

dudr

¥, 2 L I lglle. | d
22 B .
SV T ant Ja 3 || [ebas] TR

_ 9f-1  9gtl oo C

1 b
d P,B, 1 )
7+ fe g ol < 2R+ ol

where  + % =1.
Similarly, using Lemma 4.1 and Remark 4.2, we obtain

[ Byt < 2R+ ).
s mP () VR It

2

The proposition is proved. O

Next, let X (¢), t € [0,T], be an LT[O b]-valued continuous square integrable mar-
tingale with the quadratic variation (X); = fo prx(5)ds which starts from g € St. By
Proposition 3.2, X has a modification from D((0,b), C[0,T]) that satisfies (C1) — (C4).
Consequently, Proposition 4.3 is applicable to X.

Proposition 4.4. Forevery g € St,0 < < 1 and ¢ > 12—55

s
E up, 1X(s) = gll7°, < Csept'™2 (1+llgllLsy.), t€[0,T).
seg|0,

Proof. Without loss of generality, let X be defined by (3.2). Using the Burkholder-Davis-
Gundy inequality and Proposition 4.3, we obtain

b
E sup / X (u,8) - g(w)*Hdu=E sup (kam 0|2+5>
0

s€[0,t] s€[0,t]

d t dS 1+%
<3 mdE sup Ja(s) - “*“<Zm2E</ i)
k=1 0

s€[0,4] my(s

o tods
< 2 ngE/ INTEUIN / ( / 143 ) ds
k=1 0 my 2(s) m'*z(u,s)

s
< Cé,s,btlJrz (1 + ||g||L2+s) ’

m\cn

if 1 + < 5= ﬁ The proposition is proved. O

Corollary 4.5. Under the assumptions of Proposition 4.4,

. 246 2448
E sup IXOIE, < oo (1+ 19152, +lolar.)

EJP 22 (2017), paper 19. http://www.imstat.org/ejp/
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Remark 4.6. Let X be as in Proposition 4.4. It is easily seen that

1
du
H =
ol = [ iy

and consequently, by Proposition 4.3, foralle > 0

C
ElLy | < 7} (1 +lgllzey.), te(0,T]

5 Construction of the particle system in general case of initial
mass distribution

5.1 The tightness of {P, , a € I}

In this subsection we show that the family of distributions {P,,, « € I} is tight under
the assumption {||ga|/z...} is bounded for some € > 0, where I is a set of indices. First
we construct suitable compacts in Lg.

Lemma 5.1. For every M > 0 and § > 0 the set Ky = {g € L} : l9llLe,s < M} is

compact in Lg.

Proof. Let {g,}n>1 be a sequence in K),. Since {g,}n>1 C Lg is bounded, one can
choose a subsequence {g,’} that converges a.e. to a nondecreasing function g, possible
taking infinite values. Next, by the de la Vallee-Poussin theorem (see Theorem 1.8. [26]),
{92/} is uniformly integrable. Therefore, ||g2 |z, = |lgn[|Z, — llgllZ,. It implies the
convergence of {g,’} to g in Ly, by Lemma 1.32 [17]. This finishes the proof. O

Proposition 5.2. Let {g,, n > 1} C St be bounded in Lo, for some ¢ > 0. Then the
family of the distributions {P,,, n > 1} is tight in P.

Proof. Let X,,(t), t € [0,T], n > 1, be random elements in C([0, 7], L}) with distributions
P, ,n > 1. To prove the proposition, we will use Jakubowski’s tightness criterion [16].
We will check that

(J1) for every v > 0 there exists a compact K C L1, such that
P{3t € [0,T], Xpn(t) ¢ K} <7, n=>1
(J2) for every h € Lo the sequence {(X,,(+),h)},>1 is tight in C([0, T],R).

Property (J1) follows from Corollary 4.5, Lemma 5.1 and Chebyshev’s inequality. In

fact, choosing § > 0 such that ;2% V § < ¢ and setting Ky = {g € Ll l9llors < M}, we

1
have
P{3t € [0,T], Xu(t) ¢ Km} =P { S[up ] [Xn ()| Loys > M}
telo,T

1
—5E sup [ X, ()7
te[0,T]

= M?2+é [ Lays
Cs, 5
< 55 (L4 lgnlE2, + llgnllze..) <9

for large enough M and all n > 1.
Since for all h € Ly the process (X,,(-), k) is a continuous square integrable martingale
with the quadratic variation

t
((Xn(.),h)>t=/0 Iprx, (ohllZ,ds, ¢ € [0,T],

and |prx, hllz, < [[hllL,, t € [0,7], the Aldous tightness criterion (see e.g. Theo-
rem 3.6.4. [7]) easily implies (J2). It completes the proof of the proposition. O

EJP 22 (2017), paper 19. http://www.imstat.org/ejp/
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5.2 Some limit properties

In this subsection we show that under the assumption {|II,, |, n > 1} is bounded,
each limit point of the set { P, },>1 is P, for some g € St.

Lemma 5.3. Let X,,, n > 1, be random elements in C([0,T], L1[0,b]) with distributions
P,., where g, € St, n > 1, and {|Il,, |, n > 1} is bounded. If the sequence {X,},>1
converges to X in distribution, then Law{X} = Px o).

Proof. Let I, = {n{,...,m; }, where elements of 7 are less then elements of 7}/, ,
k € [gn, — 1]. Since {g¢, }n>1 is bounded, there exist an infinite sequence {n’} and ¢ € N
such that g, = ¢ for all n’. Without loss of generality, we may assume that ¢, = ¢ for all
n > 1. Next, setting m\)" = |77|, k € [¢], n > 1, and using the boundedness of {m{"},>1,
we can choose a sequence {n'} such that for all k¥ € [g]

! 0
my = My,

where m{ € [0,b]. Again, without loss of generality, we assume that n’ = n.
Set

I={kelg]: mj >0}
I°=[q]\ 1

and )
= W/ gn(u)du, k€lq), n>1
my Jry

Since m)" — mQ > 0, k € I, and {||gn ||z, }n>1 is bounded, it is easy to see that/{x%”}nzl
is also bounded for all k € I. Thus, there exists a sequence {n'} such that z}" — 29 for
all k € I. Let again n’ = n.

Next, let I = {ky,...,k}, where k; < ki1, 1 € [ —1]. We set ag =0, a; = a;—1 +my,,
i €[l], and 7} = [ai—1,a;), i € [l — 1], 7, = [a1-1,@]. Since g, = X,,(0) = X(0) = g in Lo,

one can show that
!
0
9= E xk‘i]ITl';;)
i=1

and for all 7 € II,, there exist 7;,,...,m;, such that 7 = U?:l Lo
We set
n 1

hip = —57lep, keld, n=1,

My
1 .

hi = —5-Ly, i€l

mki K

By the construction of my, and ;, i € [I], we have hi — h; in Ly for all i € [I].
Next, using Skorohod’s theorem (see Theorem 3.1.8 [12]), we may assume that

X, — X as.in C([0,T],L)).
Let

zi(t) = (hit, Xn(t)), t€[0,T], kelq, n=1,
zi(t) = (hi, X (1)), t€[0,T), i€ ll.

We note that, by Proposition 2.2, for all ¢ € [0, 7]

EJP 22 (2017), paper 19. http://www.imstat.org/ejp/
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q
)= ap)lm as, n>1,
k=1

l

=D_ailt)lx
i=1
It is easy to see that for all i € [I]
rp —x; as.in C([0,T],R).

Let us show that the family {z;(t), t € [0,T], ¢ € [I]} satisfies (F1) — (F4). First,
we show that x; is a square integrable martingale with respect to the joint filtration
Nosoo(zi(s),s <t+e, i€ l]), t€[0,T]. But since each z; is continuous, it is enough to
check that z; is a square integrable martingale with respect to F; = o(z;(s),s <t, i € [l]),
t €[0,T]. Let m(¢), 71" ”, and m;(t), 7;,; are defined as before for {z}}(t), t € [0, T}, k € [q]}
and {x;(¢), t € [0,T7], 7 € []}, respectively.

We can estimate the second moment of z7; (t), i € [I], as follows

t
ds t <c

El'nt —$0n2: — e
( kq() k; ) o m’gl(s) —m%ln =

where C is a constant that is independent of n, ¢ and k;. By Fatou’s lemma Ez?(t) < C for
allt € [0,7] and 7 € [I]. Therefore, Proposition 9.1.17 [15] implies that z; is a continuous
(F¢)-square integrable martingale for any ¢ € [I]. To finish the proof of the lemma, we
show that the joint quadratic variation of z; and x; satisfies (F'4).

By Lemma 2.10 [20], for each ¢ j € [l], 7, x, — Ti; in probability. Since we can

choose a sequence {n'} such that Tk &, — Tijas. foralls,j=1,....1, without loss of
generality, we may suppose that 7! K % 7;,; a.s. Let us denote

R= {t S [07T} : diyg ]P{Ti’j = t} > 0}

It is easily seen that Leb{R} = 0 and forallt € R° = [0,T] \ R
]I{Tllli.kj St} — ]I{Tingt} a.S., Z,j 6 [l]

Note, that in

q 1
n 0,n 0,n 0,n
my () =>_m] Iy <y = > omy Lire o<y T > my I <ty
k=1 j=1 : kele

the first term of the right hand side tends to m;(t) = 23:1 mgjll{ﬂngt} a.s. and the
second term tends to zero. So, my (t) — m;(t) a.s. foralli=1,...,land t € R°. Since

e < —— — L < o0, the sequence {#} is bounded uniformly by ¢ for all
(t) mkl mi, (0 n>1

ie[l]. Hence by the dominated convergence theorem, we obtain

t ]I{T K <s}
(h,, o)t = ds —>/ {T”<S}ds a.s. forall i,j € [l].
0
Thus, Lemma B.11. [6] implies that
3 P
Aregss) }ds.
o mi(s)

The lemma is proved. O

<xivxj>t =
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Proposition 5.4. Let {g,,}n>1 C St, g, — ¢ in Ly and for some ¢ > 0 the sequences
{llgnllzor. tn>1. {|g, |}n>1 be bounded. Then P, — P, inP.

Proof. By Proposition 5.2 and Lemma 5.3, every subsequence of { P, },>1 has a subsub-
sequence converging to Py. It proves the proposition. O

5.3 Existence in the general case

In this section we construct an Lg—valued continuous square integrable martingale
with the quadratic variation (M’) starting from g € Lg 1. as a weak limit of processes
with distributions P, , g, € St.

Theorem 5.5. Let ¢ > 0. Then for every g € L;FE[O, b] there exists an L}[0,b]-valued
continuous square integrable martingale X (t), t € [0,T], with the quadratic variation

(M') that starts from g.

Proof. We set S, = o ([52, £), k€ [2"]), n > 1, and g, = Ereb(9]S,), where Epep,
denotes the conditional expectation on the probability space ([0, 1], B([0,1]), Leb). Since
gn — gin Loy, (see [1]), the sequence {||g,||L,,. }n>1 is bounded. Therefore the sequence
{P,, }n>1 is tight in P, by Proposition 5.2.

Let X, (t), t € [0,T], have distribution P, for each n > 1. Corollary 4.5 and Re-
mark 4.6 imply that for all » € (0,7] N Q and some fixed § < 35 <¢, {|lx, (»)|}n>1 and
{1 X0 (r)|| L2, s }n>1 are tight in R. Thus, by Proposition 3.2.4. [12], the sequence of the
random vectors {(X,, ([Ilx, )|)ken, (|| Xn(72)||Lors)ken) fn>1 is tight in (o0, 7], LY) x
RN x RN, where {ry, k € N} = (0,7] N Q. So, Prokhorov’s theorem [4] yields that the
sequence {(X,, (|ILx,, (r) e, ([[ X0 (k)| Loys )ken) fn>1 is relatively compact and conse-

quently, there exists a subsequence {n’} such that
(X, (IMx () Deess ([ X (1) | 25 ) kew) — (X (§k) ke, (k) kew)

in C(]0, 17, L;) x RN x RN in distribution. For convenience of notation, we suppose that
n’ = n. Next, by Skorohod’s theorem (see Theorem 3.1.8 [12]), we may assume that

(X, (M, () Drens ([ Xn(Pe) | 2oy 5 Jken) = (X, (€k)ken, (Mk)ken)  a.s.

Since {|lIx, (r)|}n>1 and {|| Xy (r%)|| Lo, s Jn>1 are convergent a.s., they are bounded
a.s. Thus, the event

Q' ={Xn = X, {|Ix, ()l }n>1 and {[[X,(r%)[| 2,5 }n>1 are bounded, k > 1}

has probability 1. It is easy to see that for all k > 1, X,,(ry + ), t € [0,T — rg], is an
Lg-valued continuous square integrable martingale with the quadratic variation (M’).
Hence, Proposition 3.4 implies that

Law{X,(r) + )} = P*»(") forall n,k > 1.

Since for all w € ' the sequence {X,(ry,w)},>1 converges to X(ry,w) and
{ITIx, () Fn>1s {| X0 (75, w) || Lo s Jn>1 are bounded, using Proposition 5.4 and the domi-
nated convergence theorem, we have

PXn(e) y pX(e) a5 n — 0o,

On the other hand, PX»(") — Law{X(r; + -)} and consequently, X (r; + -) has the
distribution PX("%) So, from Proposition 3.4 it follows that X (rj, 4 -) is an L]-valued
continuous square integrable martingale with the quadratic variation

t T+t
(X (4 ), 1)) = / 1t (12, 5 = / It o) RI2, ds

Tk
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for all h € Lo. Since for each h € Ly, (X, (), h) — (X(-),h) a.s. and

¢
E(Xu(0).1) = (@0 = [ e, s < IR, ¢ e 0.7)
one can show that (X (-), ) is a continuous square integrable martingale and

(X (e + ), h))e = ((X(), B)) e — ((X () h)) oy
Therefore,

e+t
(X))t = ((XC), h)) +/ Iprx (o) PN, ds.

Tk

Making r; — 0, we obtain

t
(X (), b)) = / Dt x (o) hlI2, ds.
The theorem is proved. O

Remark 5.6. Let X (¢), ¢t € [0, 7], be the process constructed in the proof of Theorem 5.5
with g € Lo, . for some € > 0. Then Fatou’s lemma and Proposition 4.4 implies that for

each0<§ < ng

s
E sup 1X(s) = g2t < Coost™3 (1+ ligllzas.) . ¢ €071,
sg|0,

and consequently,

E sup X037, < Coew (1+ 1191357, + llglza. )
te[0,T)

6 A modification in D((0,b),C0,7))

6.1 Coalescence in a finite number of points

We will prove that any L;-valued continuous square integrable martingale X (¢),
t € [0, 7], with the quadratic variation (M) takes values from St and for all ¢ € (0, T

E|HX(t)‘ < 0.

Let us prove an auxiliary lemma.

Lemma 6.1. Let {e,},,>1 be an orthonormal basis of L;[0,b] and g € L}[0,b]. Then

Z ||prgen||%2 < 00 (6.1)
n=1

if and only if g € St. Moreover,

oo
Z Hprgen”%Q = [Iy].
n=1

Proof. We suppose that g € St and prove (6.1). Let I, = {7, k € [¢]}. Then
1
prgen = Z m / €En (u)dU]Iﬂ'k
k=1 Tk
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and consequently,
Hpr 6n”Lg Z | 6717

Hence,
> 21 11
Z ||prg€7l||%2 Z Z T ena Tk Z |7 ‘]Iﬂ'k ||%,2 =4q= |Hg| < o0.
n=1 n=1k=1 k=1

Next, suppose that (6.1) holds. Then pr, is a Hilbert-Schmidt operator. Since pr, is a
projection on the subspace of o(g)-measurable functions H, C Lo, it is easy to see that
H, is a finite dimensional Hilbert space. Therefore o(g) is generated by a finite number
of sets. This implies that g € St. The lemma is proved. O

Proposition 6.2. Let X(t), ¢ € [0,T], be an L}[0, b]-valued continuous square integrable
martingale with the quadratic variation (M') which starts from g € Lg+s[0, b]. Then

P{forall 0 <s<t<T, X(s)€Stand Iy <Ix)} =1
and

t
E / My (o|ds = B|X(8) — g]2, < oc.

Proof. Let {e,},>1 be an orthonormal basis of L1[0,b]. Let us evaluate

BIX () - g, = B 3200~ g.0)* = S B )
n=1 n=1
oo t
- / Ipr ey eallf, ds 6.2)

t
= / anrX(s callds =B [l lds < o

We set
Q = {fOI‘ all0 < s <t < T, HX(t) < HX(s)}

and

A= {(s,w) € (0, T x Q- Z Her(Sw)enH%2 < oo} )
Then E f I4(s)ds = 0, by Proposition 2.2 and (6.2). Thus, there exists Q" C ' such that
P{Q"} =1and Leb([O,T] \A,) =0forallw € Q’, where A, ={s € (0,7T] : (s,w) € A}.
It implies that A, is dense in (0,7]. Next, by Lemma 6.1, we have that for each w € ¢,
X(s,w) € St, s € A,. Since forall s < ¢, w € Q”, Hx() < Hx(s.) and A, is dense
n (0,7], we have that X (s,w) € St for all s € (0,7] and w € Q. The proposition is
proved. O

Corollary 6.3. For eacht € (0,T], E[llx | < co.

Proof. By Proposition 2.2, IIx ;) < Ix(,) a.s. for all s < ¢. Thus, by Remark 2.1,
E[llyq| < Bllx (0,T), increases. Since
the integral foT E[ITx (4 |dt is finite, E|IIx | < oo forall ¢ € (0,77. O
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6.2 The martingale X satisfies (C1) — (C4) (proof of Theorem 1.1)

The aim of this section is to prove the existence of a process from D((0, ), C|[0,T])
that satisfies (C'1) — (C4). We are going to show more, namely we prove that any L}[0, b]-
valued continuous square integrable martingale with the quadratic variation (M’) which
starts from g € L; +.[0,b] has a needed modification. It will prove Theorem 1.1.

So, let X(t), t € [0, 7], be an L}[0, b]-valued continuous square integrable martingale
with the quadratic variation (M) which starts from g € L} +.[0,0]. Since the martingale
X(t), t € ]0,T), takes values from St (see Proposition 6.2), Proposition 2.3 implies that X
has a modification from D((0,b), C[0,T]). We will denote the modification of X by the
same letter X.

Theorem 6.4. The process X (u,t), u € (0,b), t € [0,T], satisfies (C1) — (C4).

Proof. Properties (C1) — (C3) immediately follow from Proposition 2.3. Let us prove
(C4). We fix u,v € (0,b) and denote for ¢ > 0

w 1
hs = E]I[u,u-l—e] )

€

1
hl = E]I[v,v+e}~

First we prove that for each A > 0 and w = u,v

IP{ sup |(X(t),h;”)—X(w,t)|>)\}—>O ase — 0. (6.3)
te[0,T)

By Proposition 2.2.16 [12],
w 1 U
P{ sup (X (1), h¥") = X (w, )| > A} < SB(X(T), hY) = X (w, 7))
te[0,7]
Since X(T) € D', we have (X(T),h¥) — X(w,T) a.s. as ¢ — 0. Moreover,
P{0<(X(T),h?)—X(w,T) < X(w+6,T) — X(w,T) foralle < §} =1,

where § is chosen such that w + § € (0,b). Since E(X(w + 6,T) — X (w,T))? < oo, the
dominated convergence theorem implies

E(X(T),h") — X(w,T))> -0 as ¢ — 0.

It yields (6.3). By Lemma B.11 [6] and the polarization formula for joint quadratic
variation of martingales,

sup |<(X() hau)7 (X()v hg»t - <X(’LL, ')a X(Ua )>t‘ —0 in prObablhty as € — 0.
te[0,T]

In particular, for all ¢ € [0, 7]
(X (), hd), (X (), hd))e — (X (u,-),X(v,-)); in probability as ¢ — 0. (6.4)

Let f € St. Choose g > 0 such that [u,u + ¢¢] € 7 and [v,v + &¢] € 7’ for 7,7’ € II;.
Then by (3.3), for all € € (0, g¢]

u v 07 ™ 3& ﬂ-/? 1
(brshe, prihg) = { 1 lrw=ry- (6.5)

Wv 7T:7T/7 B |7T|
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We next set

Q' = {X € D((0,b),C[0,T])}
N{forall0 <s<t<T, X(s)€Stand Iy <y} -

By propositions 2.3 and 6.2, P{Q'} = 1.
Letw € ' and § > 0. Since Ilx(s,) < Ix(s.4,) forall s € [§,T7], (6.5) implies that there
exists eg(w) > 0 such that for each € € (0,¢¢(w)] and s € [, T]

1 Lir, . (w)<s}

I - = '
) {X (u,s,w)=X(v,s,w)} m(u,S,UJ)

Prx () hes Prxeanhe) = o=y

Consequently, for each ¢ € (4, T
(X(),he), (X (), hE))e(w) = (X (), he), (X (), hE))s(w)
= /t wds for all € € (0,¢0].
s m(u,s,w)
Hence, by (6.4),
. V() . Do) — [ Hrwessy
(), X (0, ) = (X (o), X, ) = [ L=

Making ¢ — 0 and using the continuity of (X (u,-), X (v, -)):(w), t € [0,T], we obtain

¢ ]I{TU,v(W)SS}

7).
{1ty 5,0) ds, te€][0,T]

(), X (0 ele) = [
0
It finishes the proof of the theorem. O

Remark 6.5. Note that if a C[0, T|-valued process Y (u, -), u € (0, b) with trajectories from
D((0,b),C[0,T)) satisfies (C1) — (C4), then Proposition 4.3 and the similar calculation
as in the proof of Theorem 3.1 [21] give that Y (-,t), ¢ € [0,T], is an L}[0,1]-valued
continuous square integrable martingale with the quadratic variation (M’). Thus, the
conditions (C1) — (C4) are equivalent (M) or (M’).

7 Estimations of the expectation of mass and diffusion rate

Throughout this and the next sections we will suppose that {X (u,t), v € (0,1), t €
[0,T]} belongs to D((0,1),C[0,T]), satisfies (C1) — (C4) and X (-,0) =g € L;JFE[O, 1] for
some € > 0.

7.1 Estimation of the expectation of diffusion rate

Proposition 7.1. Under the assumptions of Theorem 1.4, there exists C' = C;,  , >0
such that ) o
—, te(0,7].

m(ug,t) = tzarT

Proof. To prove the proposition, we will use the estimation of P{m(u,t) < r} (see
Lemma 4.1). Assume that ¢ € (0,7] is fixed and g(ug + u) — g(ug) < Cu®, u € [0,4], for
some C' > 0 and § > 0. For the case g(ug) — g(uo —u) < Cu® the proof is similar. We

estimate
El—/+OOIP ;> d—/+OOIP ( t)<1 d
m(uo,t)  Jo m(ug,t) frer= o mto; e[

g(ug+1/r)—g(ug)

2 +oo v o2
<C +—/ dr/ e zdr=1.
! v 2 % 0
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Set
~ g(uo +1/7) — g(uo)
Tt (T) - )
N
and note that x; strictly decreases to zero for each t. Consequently, there exists the
inverse map

€ [1/6, 00),

re(x) =max{r: x:(r) > 2}, x€ {0,0/\/%} ,

where ¢ = (g(ug + &) — g(uo))V/d. Hence, interchanging of integrations, we obtain

9 A re(z)
I:C’1—|—f/ ez (/ dr) dx

-

5

:01+\/ﬂ/f ”zz(t(x)§>dx.

Next, for fixed 2’ € [0, ¢/v/t] we denote

P = ry(a') = max {r L 9o+ 1/7) — g(uo) o, x’ﬁ} .

Jr >
By assumption of the proposition, for all r %
1/r) —
g(uo +1/r) — g(uo) < 2€+1~ (7.1)
VT roz

Thus, using the inequality %\W > 2’4/t and (7.1), we have

Cs

T/ < .2 1
(o) st

)

2
where Cy = C'2a+1, So,

ri(x) < #, x € (O,C/\/IE} )

T 2a+1 {2a+1

Let us come back to the estimation of |E So,

1
m(uo,t)*

E 1 n /f _.12( Co 1)d
—_— —_— —— — < | dz
m(“Ov ) 1 \/ﬂ ;(;2a+1t2a+1 1)

<7 CytTar ﬁ/m == e d
Zat1 2n+1 4+ — _ J;
- ! 2 $2w+1 1)

< Cyt 71, te(0,T),

since the integral in the brackets {-} is finite for a > % The proposition is proved. O

7.2 Rescaling property of X

In this subsection we prove that conditions (C1) — (C4) is invariant with respect to
the transformation (u,t) — (pu, p7t). So, let p > 0, ¢ € R and « > 0 be fixed. Set

1
Xp(u,t)=p7X(up—q,tp7), u € (q/p,(a+1)/p), t€0,T/p], (7.2)

where v = 2a + 1.

EJP 22 (2017), paper 19. http://www.imstat.org/ejp/
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Lemma 7.2. Leta = 1, b = %. The process X, belongs to D((a,b),C[0,T/p"]) and
satisfies (C'1) — (C4) with the function p%g(-p—q) instead of ¢ in condition (C2). Moreover,

mp(u,t) = Leb{w : 3s <t X,(u,s) = X,(w,s)}

1 (7.3)
= ;m(up —q,tp") forall u € (a,b), t€[0,T/p"].

Proof. The proof of (C1) — (C3) are trivial. We will only check (C4). Let u,v € (¢/p, (¢ +
1)/p) and ¢ € [0,7/p"]. We first evaluate

mp(u,t) =Leb{w: 3s <t X,(u,s) = X,(w,s)}
1 1
= Leb {w D ds <t —X(up—gq,8p7) = —X(wp — q,sp”)}
p* p*

:Leb{w:q: ds <tp” X(up—gq,s) :X(w,s)}

1

;Leb{w s ds<tp? X(up—gq,s) =X(w,s)}
1 v

= ;m(u,o— q,tp").

Next, let 71573 =inf{t: X,(u,t) = X,(v,t)} A p%. It is easily seen that

() — Tup—q,up—q
’ p"/
where 7,/ v = inf{t: X(u',t) =X, )} AT, v',v" € (0,1). Then

’

<&m»xmwm—<;wa%ﬁm;xwwwww>—
=;%«X@m—quxuw—qf»mw:

tp”
_ 1 ]I{TUP*q,vpqus}
- 2«

p** Jo  mlup—gq,s)
— p"/*204 /t ]I{Tup*qmp*qgsﬂﬂ'} ds = /t ]I{Tépggs}ds
0 mp—gs0) 7 Jy Tmplus)

if v — 2a = 1. It finishes the proof of the lemma. O

7.3 Estimation of the expectation of mass

Let ug € (0,1) be fixed. In this subsection we estimate the expectation Em(ug,t) in
the case where the function g(ug + ) — g(uo) is locally (at zero) similar to |u|%, v < 4. To
get the estimation we use the rescaling property of X. The following statement holds.

Lemma 7.3. Let X, be defined by (7.2) with ¢ = —uq and there exists C > 0 such that
Em,(0,T7) < C for all p € (0,1]. Then

Em(ug,t) < Ctzr, te (0,7
Proof. By (7.3),
1
E;m(uo,Tp”’) =Em,(0,T) < C,

where v = 2a + 1. So,
Em(ug, Tp") < Cp, pe(0,1].

It implies the needed estimation if t = T')p” € (0, T. O
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Proposition 7.4. Under the assumptions of Theorem 1.3, there exists C' = C;,  , >0
such that
Em(ug,t) < C't=+1, te[0,T]. (7.4)

Proof. According to Lemma 7.3, it is enough to show the boundedness of Em,(0,T).
Lety =2a+1, a = —up, b = (1 — ug). Here we will consider X,(u,t), u € (a/p,b/p),
t € [0,7/p"], as a process from D((a/p,b/p), C[0,T/p?]) which satisfies (C'1) — (C4). Note
that according to (C2),

Xp(0,0) = (1) = glup +w0). € (a/p.b/p) (7.5)

g(uo) = 0. If g(uo) # O,
(a/p,b/p), t € [0,T/p"],

Without loss of generality, we may suppose that ¢,(0) =
then we can consider the new process X,(u,t) — g,(uo), u
instead of X,.

By (2.1), we have

1
oo
S

b
]Emp(O,T) = E/ ]I{XP(O,T):XP(u,T)}du = / P {X,,(O,T) = Xp(u,T)} du

_ /OIP{XP(O,T) = X, (u,T)} du + /; P (X, (0,T) = X,(u,T)} du.
% 0

Next we estimate only the integral fo%- The integral f 2 can be estimated by the same
way. ’

Set M,(u,t) = X,(u,t) — X,(0,t) forall u € (0,b/p) and t € [0,T/p"]. By (C1), M,(u,-)
is a continuous square integrable martingale starting from M,(u,0) = g,(u) — ¢,(0) =
wg(up +uo).

Using the Paley-Zygmund inequality, we can estimate

P{X,(0,T) = X,(u,T)} = 1 — P{M,(u,T) > 0}

<1_ (EM,(u,T))* g
- EM2(u,T) EM?2(u, T)
g2(u) Var M, (u, T)

~ Var My (u,T) + g2(u) ~ Var M, (u,T) + g2(u)
Next, we will estimate Var M,(u,T). By (C4),

Var M,(u,T) =E (M,(u,T) — gp(u))2

T 1 1 ]I{T(p)<s}
_ E/ n _ Oyu= ds
0 (ml)(ua 3) mp(O, S) mp(U, S)
Ty Tl () +£,(0)
< EidS"‘/ E——-—ds = {p(u) +£,(0),
/o mp(us) = Jomp(0,8) T T
where §p(u) = foT Emds.

It should be noted that £,(0), p € (0,1], is bounded. Indeed, inserting ¢ = u — ug in (4),
we can see that

g(u) _g(uo) S C(U_u())a if U — Ug S 9.
Thus, by Proposition 7.1, we have the estimation
1 C’
<

E
m(ug,t) = pzatT

, t€(0,T).

EJP 22 (2017), paper 19. http://www.imstat.org/ejp/
Page 22/31


http://dx.doi.org/10.1214/17-EJP34
http://www.imstat.org/ejp/

On asymptotic behavior of the modified Arratia flow

Hence, for all p € (0, 1]

T 1 T 1
0 :/ E———ds = / E———ds
SO0 = Enm9% =7 )y Entu.sm

| S|
SC"p/ 71ds:C’// —ds < c,
0 (spY)zatT 0 §Zail

where c is a constant.

Consequently,
) JORT:
P{X,(0,T) = X,(u,T)} < &(u) +c+ g2(u)’
Hence,
s - P &)t
/0 P{X,(0,T) = X,(u,T)}du < /0 &,(u) + ¢ + g2(u)
5 Epw) +e
<b+ \ C+gg(u)du

b
First we estimate |, Fo2(w du. using (ii). Let bp < 0. Then

b

» c c 1 [ c
———du = / du = f/ du
/b ¢+ g3(u) b C+ s g?(up + uo) p Jop ¢+ 2= g*(u+ uo)
b
2a—1 ¢ 2a—1 ¢
=p / du<p / ——du
b 7+ g7 (u + ) b 97 (0 100)

b s
< 20471/ c du + 2(171/ du
=7 s 9%(0 +uo) P bp 9%(u + uo)

0
c
< Clpm_l + p2a_1/ uﬁdu < Oy,
bp

since a > 3.

Ep(u)

b
Next we estimate [," — oy

du. Note that if {,(u) was bounded with respect to p

and u (e.g. it is true if g(u) = u, u € (0,1)), then the integral would be bounded with
respect to p. It would prove the proposition. In general, we should not expect that £.(-)
is bounded, since it depends on local properties of g, at each point. So, in order to prove

the boundedness of the integral, we will use Lemma 4.1.
Since ﬁ € [p,o00) forall s € (0,7] and u € (b,b/p), we can estimate

1 Hoeo 1
Eiz/ P{mp(u,s)< }dr
mp(u, s) o r

0 “+00 1
S/ dr+/ IP{mp(u,s) < }dr
P 0 r

+
<0+ 2 / T oW g1/,
o V2ms Jo \/F ,
where 6 > % V 1 is fixed.
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Thus,

/ %du < c+;g(u) (/OTEst> du

b
Note that [, #gT(u)d“ is bounded with respect to p. Let us estimate

[ e )

B /; /+00 p%g(up +ug) — p%g((u —1/r)p+ UO)dr du
=\, VT oz g*(up + uo)

b oo g(u 4 ug) — g(u 4 ug — 1/7) _
/bp </ﬁ Vi + o) dr)du—l.

Let bp < 6. Then by (¢) and (éi),

T g(u+uo) = glu+ug — 1/r)
/g NG dr) du

)
7 g(u + ug) — g(u+ug —1/7)
(/z (T o) dr) du

a—% ) g +oo u(a—l)\/O
< s (14 gllp..) + C2p / (/ T g

1
bp r2 +a/\1u20¢

<C a—3 C? a—3 ’ o 7'“/(&71)\/0 d d
S Cyp +C% o \ o Trarl, 2 r | du.
)

Here the integral | ; ( /. P (“+“°)_g\}3+uo_1/ r) dr) du is estimated similarly as in the proof
P

T

Q
|
o=

du

N——

of Proposition 4.3. Since a > % it is easy to see that the right hand side of the latter
inequality is bounded by a constant that is independent of p. It finishes the proof of the
proposition. O

8 Asymptotic behavior (proofs of Theorems 1.3 and 1.4)

Proof of Theorem 1.3. To prove the theorem, we will only use inequality (7.4) and the

fact that X (uo, -) is a continuous square integrable martingale with the quadratic varia-
. t s

tion (X (uo,-)): = [, m(i}),s)' te[0,7T].

Letd >0, A< 1landt¢, = A", n e IN. Set

Ay = {m(ug,t) > 0p(t) for some t € (tny1,tn]}s

where (t) = t7a71 (In %)He, t € (0,T]. Using the monotonicity of m(uo, -) and ¢, Cheby-
shev’s inequality and Proposition 7.4, we can estimate

1
P{A,} < P{m(ug,tn) > 0p(tnst1)} < ——FEm(ug,t,)
Op(tni1)
CtET
= 1 Tfe - 1) 1+Fe Tte
0ty <1 tn1+1) OAZ=FT (In3) " (n+1)
EJP 22 (2017), paper 19. http://www.imstat.org/ejp/

Page 24/31


http://dx.doi.org/10.1214/17-EJP34
http://www.imstat.org/ejp/

On asymptotic behavior of the modified Arratia flow

Hence, )~ , P{A,} converges and consequently, by the Borel-Cantelli lemma,

P { Tim An} —0.
n— o0
It implies (1.4).
Next we will prove (1.5). By Theorem 2.7.2° [14], there exists a Wiener process B(t),
t > 0, (maybe on an extended probability space) such that

X (uo,t) = gluo) + B((X (uo, ))), ¢ € [0.7]. (8.1)

So, to get (1.5), we will use the law of the iterated logarithm for the Wiener process (see
e.g. Theorem 13.18 [17]) and the latter relation.
We first estimate the quadratic variation of X (ug, -). Set

1 142¢
Q = {ﬂto >0: Vte (O,to] m(uo,t) < t? (ln t) } ,

where 3 = 5207 By (1.4), P{Q'} = 1. So, letw € ' and ¢ € (0, {y(w)]. Then

t ds t ds
<“W”M”:ATWWamZAswmw””

By L'Hopital’s rule, we obtain

ft ds
0 sﬁ(ln%)H—2F 1

%E}r(l) tlfﬁ (111%)71726 - 1 —ﬁ

Hence, there exists ¢;(w) € (0,%o(w)] such that

1

- 1 —1-2¢
(X (ug, ))t(w) > mt (ln t) forall ¢ € (0,t1(w)].

Thus, using the law of the iterated logarithm for the Wiener process and (8.1), we have
almost surely

| - Tm | X (uo, t) — g(uo)| <Tm [ X (uo, 1) — g(uo)|

=0 \/2<X(’U,0,)>t lnlnm - =0 2<X(u07)>t
w— /(1 = B)|X(uo,t) — g(uo)|
< lim - < .
S e m)
Since € > 0 is arbitrary, we obtain (1.5). The theorem is proved. O

Proof of Theorem 1.3. The statement follows from Proposition 7.1 and the same argu-
ment as in the proof of Theorem 1.3. O

Remark 8.1. If X is the process constructed in [20], i.e. g(u) = u, u € [0, 1], then for all
ue (0,1)and e >0

VI3 ST DR QU §FVLICIL) DN G
=0Vt (In ) =0 V(i)

p i )l b p )y W —ul U
1 - ) _1_. = -
T (1 d) i)
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A The space of non-decreasing functions
Let a,b € R and a < b. For c € (a,b) and € > 0 we set
hee = ————1
e T A (b — C) [e,e+en(b—c)]-
Proposition A.1. A function g € Ly[a,b] belongs to L}[a,b] if and only if

(A) forall ¢1,cq € (a,b) and e1,e5 > 0 satisfying ¢; + 1 < ¢o
(97 hCl,El) S (g7 h62752)'
Moreover, the modification § of ¢ from D' is given as follows

§w) = lim (g, hue), w€ (a,b),

and

g(a) = lim g(u), g(b) = lim g(u).

u—a+ u—b—

Corollary A.2. The set Ll[a,b] is closed in Ls[a, b].
To prove the proposition we will prove several auxiliary lemmas.

Lemma A.3. Let g satisfy (A). Then for each § > 0 there exists C > 0 such that
[(g,hee)l < C forallce (a+0,b—26) ande < 4.

Proof. By (A), we have (g,hq,5) < (9, hee) < (9, ho—s6)- O
Lemma A.4. If g satisfies (A), then for each ¢ € (a,b) and 0 < &’ < ¢
(97 hc,a’) S (97 hc,s)'

Proof. The inequality follows from the following simple algebraic transformations

~

_&J

™

g
(97 hc,e) = (ga hc,s’) + (g, hc+e’,£—5’)

€
> (gv hC,s’) + (97 hc,e’) = (gv hc,s/)~ O

o O o |

Lemma A.5. Let u,u, € (a,b), n > 1, and u,, — u. Then for each e > 0, (g, hy, ) —
(g, hu,e)'

Proof. The statement follows from the Cauchy-Schwarz inequality. Indeed,
1(9s hune) = (95 hue) | < Nhuge = huellzollgllz, — 0 as n — oo. O

Proof of Proposition A.1. We note that if g € DT, then it is easily seen that (A) holds.
So, we need to show that (A) implies that g has a modification from D'. From the
previous lemmas the sequence {(g, hy ) }e>0 is bounded and decreasing for all u € (a,b).
Consequently, there exists a limit

g(u) = 51_i>%1+(g’ hye) forall u € (a,b).

From (A) it follows that g(u), u € (a,b), is increasing. So, we can set

g(a) = lim g(u) and g(b) = lim g(u).

u—a-+ u—sb—
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Let us show that g belongs to D'. Take r > 0, u € (a,b) and a sequence {u, },>1 C (a,b)
such that u,, | u. Then there exists ¢ € (0,b — u) such that

N3

(g? hu,&) - E(U) <

Since u,, | u, there exists N such that

(97 huma) - (g» hu,a) <

N3

for alln > N, by Lemma A.5. Thus,

§(un) < (9:hue) < (9.hue) + 5 < Glw) +r.
Since r is arbitrary, §(u,) — ¢(u) and we hence obtain that § belongs to DT.

To finish the proof, we have to show that ¢ = g a.e. Let § > 0 be fixed. First we note
that by Lemma A.3, g is bounded on [a + §,b — d]. Take h € Cla + 0,b — ] and denote the
restrictions of g and g on [a + 0, b — d] by ¢gs and gs, respectively. Then by the monotone
convergence theorem, we obtain

b—45

(gs, h) = lim/ (g, hu e )h(u)du
e—0 a+s
b—4

b
. 1
= (/ m(bM”“[WW“ﬂ“’”‘(“)d”) o

b b—5 1
=lim [ g(v) / ﬁﬂ[u,wm(b—u)](”)h(u)du dv.

Using the continuity of /&, we have that

b—6
1
/a+6 mﬂ[u7u+5/\(b_u)] (’U)h(u)du — h('l}) as ¢ —~0
for all v € (a + d,b — §), by the mean value theorem. Using the dominated convergence
theorem, we get

b b—4
. 1
lim g(v) </ 7]I[u,u+s/\(b—u)} (v)h(u)du) dv = (g(;, h)
a

e—0 a +68 6/\(1)71}4)

Since Cla + 0,b — 0] is dense in Ls[a + 6,b — ], gs = gs a.e. Making 6 — 0, we obtain that
g = g a.e. The proposition is proved. O

Remark A.6. It should be noted that the function g, constructed in the proof of Proposi-
tion A.1, is the unique modification of g that belongs to DT.

Next we give a characterization of the inequality IT, < II; via the functionals (-, hy ).
Let us recall that II, < II; if for each 7 € II; there exists 7’ € II, such that Int 7w C «’.
Let D be dense in [a, b].

Lemma A.7. Let f,g € Lg. Then 11, < Iy if and only if for all u1,us € D and €1,e2 €
(0,b—a)NQ such that u; +e1 < ug, the equality (f, hy, c,) = (f, huy,e,) implies (g, hy, ¢, ) =
(g) hu2,€2)'

Proof. Let u;, €;, i = 1,2, be as in the assumption of the statement, (f, hu,.c,) = (f; Pus.es)
and II; < II;. Since f and g belong to L, we may suppose that f,g € D'. Then by
monotonicity of f, f(u1) = f(v) for all v € [u;,us + €2). Hence, there exists 7 € II; such
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that [uq,u2 + €2) C 7. Next using definition of the partial order between II; and II,,
there exists 7’ € II, such that (u1,us + 2) € Intw C 7’. So, g(u1) = g(ui+) = g(v) for all
v € (u1,ug + €2). Thus, it implies (g, by e1) = (9, Puy,es)-

Conversely, let for all uq,us € D and 1,62 € (0,b — a) N Q such that u; + &1 < ug, the
equality (f, hu,.e.) = (f, Pus,e,) implies (g, by, ey) = (g, hus.e, ). Taking 7 € II;, we then
have that f(u) = f(v) for all u,v € w. It implies that for all w;, &;, ¢ = 1,2, satisfying
assumption of the statement and (uy,u1 +€1) U (ug, uz +€2) C 7, (f, huy o) = (f, Pus,es)-
Consequently, (¢, hu,,e,) = (g, huy.e,). Since D is dense in [a,b] and g is a monotone
function, g(u) = g(v) for all u,v € Int 7. Hence, there exists 7’ € II; such that Int 7 C 7’.
It finishes the proof of the lemma. O

B Proof of propositions 2.2 and 2.3
In this section we use the notation from the previous one.
Proof of Proposition 2.2. For every u € (a,b) NQ and ¢ € (0,b — a) N Q we set
Moo(t) = (X(), hue), € [0,T],

and
F = {(u1,u9,e1,62) € ((a,0) N Q)? x ((0,b—a)NQ)?: uy +e1 <us}.

Note that F' is countable. Let

QO = N {Vs < tif My, o, (5) = My,.c,(s), then M, ., (t) = My, ., (t)}.

(u1,uz,e1,62)EF

Since M,, ¢,, i = 1,2, are continuous martingales and M, ., (t) < My, ., (t), t € [0,T],
Proposition 2.3.4 [27] implies

P{Vs < tif My, ¢, () = My,e,(s), then M, o, (t) = My, o, (1)} =1, (u1,u2,€1,62) € F.

By the countability of F, P{QY’} = 1. Next, Lemma A.7 easily yields that for all w €
and s <t, lIx(;w) < Ilx(s). The proposition is proved. O

Proof of Proposition 2.3. To prove the proposition, we are going to construct the pro-
cess X. Let {r,, n€ N} C (0,7], r, J 0 and

Q' ={vneN X(r,)eSt}n{forall s <t, My« <Ilx()} N{X is continuous}.
By Proposition 2.2, P{Q2’} = 1. Note that
X (u,t,w) = (X(t,w), hye), te[0,T],

is continuous for all u € (a,b) and w € €. Moreover, since X (r,,w) € St and Ix ) <
Hx(y,w forallt € [r,,T], there exists eg = £¢(u,n,w) > 0 such that

Xer(u,t,w) = Xor(u, t,w)

forall0 <¢',e” <ep, t € [rn,T), u € (a,b) and w € . We set

~ Q/
X(u,t,w) = g(u), wEl, e (a,b), te€(0,T],
lime o X (u, t,w), we

that is well-defined. By the construction of X, X(u,t), t € (0,T), is continuous for all u €
(a,b) and X (t,w) = X(t,w) (in Lo), ¢t € (0,T], w € . Furthermore, by Proposition A.1,

X(u,t,w) < X(v,t,w), u<wv, te(0,T], we. (B.1)
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Next, we want to extend X (u, -) to [0, 7. First we will do this for all « from a countable
dense subset U in (a,b). Denote

U= {u € (a,b) : g discontinuous at u} U ((a,b) N Q).

We note that U is dense in (a,b) and since g is a monotone function, U is also countable.
Let u € U be fixed. Since X.(u,t), t € [0,T], is a continuous (F;)-square integrable
martingale,

1
P { sup | X (u,t) — Xor(u,t)] > r} < SE(Xo(u,T) — Xen (u, T))> =0 as &, =0,
te[0,7T) r

by Lemma A.3 and the dominated convergence theorem. Hence, {X.(u,-)}.>0 is a
Cauchy sequence in C[0,T]. Consequently, X.(u,:) — Y (u,-) in probability, where Y (u, )
is a continuous process. Note that X.(u,0) = (g, hy) — g(u) = Y (u,0), since g is right

continuous. The construction of X and Y implies X (u,-) = Y (u,-) on (0,7] a.s. and we
can extend X (u, -) to [0, T] putting

X(u,0) = lim X (u,t) = lim Y (u, ) = g(u) a.s.
t—0 t—0

Let
Q" = Q' n{forallu € U, X(u,t)— g(u)ast— 0}.

Since U is countable, P{Q"} = 1.
Next, using (B.1), we show that for all w € " and u € (a, b)

}%i(u,t,w) = g(u). (B.2)

It will imply that X (u, -, w) can be extended to a continuous function on [0, 7T]. Note that
it is needed to check (B.2) only for v ¢ U. Here we are going to use the fact that g
is continuous at any v ¢ U. Let r > 0, w € Q" and v; < u < vy such that vy,vy € U,
g(u) —g(v1) < 5 and g(ve) — g(u) < 5. Next, since X(v;,t,w) € C[0,T), i = 1,2, there
exists § > 0 such that for all ¢ € (0, J)

X(vy,t,w) — g(vy) > ,g and X (va,t,w) — g(vs) < g
By the monotonicity of )N((, t,w) (see (B.1)),
= > roor
X(u,t,w) = g(u) 2 X(v1, t,w) = g(or) +g(v1) —g(u) > =5 — 5 = -

for all £ < §. Similarly,

X(u,t,w) —glu) <r, t<Gé.
It proves that X (u,t,w) — g(u) as t — 0. Thus, we can put X (u,0) = g(u).

Next we show that X (u,-,w), u € (a,b), is right continuous in C[0, 7] for all w € Q.
Let u € (a,b), w € Q" and u,, | u. It is easy to see that )?(un,t,w) N )Z'(u,t,w) for all
t € [0,7). Since X (u,-,w) € C[0,T], X (tn,-,w) = X(u,-,w) in C[0,T], by Dini’s theorem.
It implies that X (u,-,w), u € (a,b), is right continuous. Similarly, we can check that
X (u,-,w), u € (a,b), has left limits in C[0, T.

Also it should be noted that

Q" C {Vu,v € (a,b) Vs < tif X(u,s) = X(v,s), then X (u,t) = X (v,1)}.

It proves (2.1).
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To finish the proof of the proposition, we have to show that X (u,t), t € [0,7T], is an

(F:)-square integrable martingale for all u € (a, b). First we show that (X (u,t))? < co
for all u € (a,b) and ¢ € [0,T]. Set

Xt(u,t) = X(u,t) V0 and X (u,t) = (=X (u,t)) VO.

By the monotonicity of X (u,t) in u, we have

()?+(u,t))2 < biu/ub ()~(+(v,t))2dv < biu/ub ()?(v,t))zdv

1 b 2 1 =~ 1
< < 2 —_- 2
< / (X(v,t)) dv < oI X (O, = ;— IX O,

b—u
Similarly;,
(X @.0) < ——IxO)3
’ T u—a L2
Hence,
- - . 1 1
X(u,t)| = Xt (u,t) + X (u,t) < X()|z,- B.3
R =X+ X0 < (=t 2= ) X0l

~ 2

Since E|| X (t)||7, < oo, (B.3) implies E (X(u, t)) < 0.
Next, if s < ¢, then E ( X, (u,t)| Fs) = X.(u, s) and the monotone convergence theorem
imply E ()N((u, t)‘ ]—"S) = X(u, s). The proposition is proved. a
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