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Abstract. We construct a family of semimartingales that describes the behavior of a particle system with sticky-reflecting interaction.
The model is a physical improvement of the Howitt—Warren flow (Ann. Probab. 37 (2009) 1237-1272), an infinite system of diffusion
particles on the real line that sticky-reflect from each other. But now particles have masses obeying the conservation law and the
diffusion rate of each particle depends on its mass. The equation which describes the evolution of the particle system is a new type
of equations in infinite-dimensional space and can be interpreted as an infinite-dimensional analog of the equation for sticky-reflected
Brownian motion. The particle model appears as a particular solution to the corrected version of the Dean—Kawasaki equation.

Résumé. Nous construisons une famille de semimartingales décrivant le comportement d’un systéme de particules avec interactions a
effet réflectif et adhésif. Ce modele est un amélioration plus physique du flot de Howitt—Warren (Ann. Probab. 37 (2009) 1237-1272),
un systeme infini de particules diffusives sur la droite réelle interagissant avec effet réflectif et adhésif. Dans cet article, les particules
ont désormais des masses qui satisfont a la loi de conservation, et le coefficient de diffusion de chaque particule dépend de sa masse.
L’équation décrivant 1’évolution du systeme de particules est un nouveau type d’équation sur un espace de dimension infinie et peut
étre interprétée comme un analogue infini-dimensionnel de 1’équation satisfaite par le mouvement brownien a comportement réflectif
et adhésif. Le modele particulaire apparait comme une solution particuliere d’une version corrigée de 1’équation de Dean—Kawasaki.
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1. Introduction

In [34], the author together with von Renesse proposed a class of measure-valued processes, so-called reversible
coalescing-fragmentating Wasserstein dynamics or shortly reversible CFWD, which describes the evolution of mass of
particles that interact via some sticky-reflecting mechanism. The construction was aimed at the generalization of a Brow-
nian motion of a single point (atom) to the case of infinite points (measures) on the real line. The main requirement of
such a construction was that the process i, had to be reversible in time and its short time asymptotics had to be covered
by the Varadhan formula of the form

_42 (m,v)
Plpipe =vi~e™ 2, <1,

where dyy denotes the usual Wasserstein distance on the space of probability measures P, (R) on the real line with a
finite second moment. This led to a new family of measure-valued processes which are naturally connected with the
Riemannian structure of the Wasserstein space of probabilities measures and also to a new class of associated invariant
measures for those processes.
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The reversible CFWD also solves the corrected Dean—Kawasaki equation'

(1) dp, = Apfdt + div(/ dW)

on P>(R), where uf =3, csupp e 8y and d W is a space-time white noise. We remark that the measure 1, is purely atomic
with a finite number of atoms for almost all # > 0 [30]. Therefore, n; is well defined for almost all ¢. It is known that
the modified massive Arratia flow satisfies the same equation (see [35]). This in particular implies the non-uniqueness of
solutions to (1).

The construction in [34] was based on the Dirichlet form approach. There we proposed a new family of measures on the
space P> (R) which depend on the interaction potential between particles and then proved an integration by parts formula.
This allowed to introduce the naturally associated Dirichlet form £ and construct the corresponding measure-valued
process u;, t € [0, 7), (a family of processes that depend on the interacting potential between particles). In spite of the
power of the Dirichlet form method, such a description has many shortcomings which make the model very complicated
for further investigation. In particular,

e the process u;, t € [0, ), was defined up to the life time t and it is unclear in general if the process globally exists,
i.e., if T is infinite a.s.;

e U, t €0, 1), was defined only for initial distributions 1 outside an unknown £-exceptional set;

e although the process describes the evolution of the mass of interacting particles, one can say nothing about the behavior
of individual particles;

e the construction does not cover the coalescent interaction between particles that can be considered as a critical case of
sticky-reflecting behavior.

The present paper is aimed at the elimination of those defects. For this, we choose a completely different construction.
We will approximate an infinite particle system by a finite number of particles. This allows us to construct a continuum
collection of ordered continuous semimartingales on the real line which satisfy some natural properties. We also note that
the obtained system can be considered as a physical improvement of the Howitt—Warren flow [21,45] which describes the
family of Brownian motions with sticky-reflected interaction. The inclusion of the particle mass into the system which
influences their motion makes our model more interesting and natural from the physical point of view.

Although the particle model constructed here satisfies the same stochastic differential equation (see equation (3) below)
as one constructed in [34] and has the same intuitive description, discussed in Section 1.1, it remains unclear if these two
models coincide. The reason is that the uniqueness of solutions to the equation describing the particle systems remains a
complicated open problem. However, we conjecture that this equation admits a unique weak solution.

1.1. Description of the model and formulation of the main results

We consider a family of diffusion particles on the real line which intuitively can be described as follows. Particles start
from a set of points and move keeping their order. When particles collide, they coalesce and form clusters (sets of particles
occupying the same positions). We assume that each particle has an “infinitesimal” mass and the mass of every cluster
equals the total mass of its particles. All clusters fluctuate independently of each other until the moment of collision as
Brownian motions with diffusion rates inversely proportional to their masses. Forming a cluster, particles immediately
experience a drift force defined by an interaction potential which makes particles leave the cluster.

Let us assume that the total mass of the system is finite. This assumption is needed to overcome some additional
difficulties which can occur considering systems of infinite total muss. Moreover, we will assume that the total mass
equals one for simplicity. The case of any finite total muss of the system can be obtained by the rescaling of the considered
model. Next, we describe the dynamics more precisely. Let every particle in the system be labeled by a point u from [0, 1]
and its position at time ¢ > 0 be denoted by X (u, #). Since particles keep their order, we assume that X (u, 1) < X (v, 1)
for all u < v and ¢. Denote the cluster containing particle u by

w(u,t)= {v €0,1): X(u,r1) =X(v,t)}.

We define the mass m(u, t) of the cluster 7 (u, t) at time ¢ as its length. For convenience, we will also call m(u, t) the

mass of particle u at time t. According to our requirements, for every u the process X (u,-) has to be a continuous
1

semimartingale with quadratic variation whose derivative equals man at time ¢, that is,

dt

d[Xu,")], = ———

IThe Dean—Kawasaki equation is a prototype of equations appearing in fluctuating hydrodynamic theory and has a broad application in physics (see,
e.g., [2,8-12,18,26,27,38,39,41,42]). In [32,33], we showed that the original Dean—Kawasaki equation has either trivial solutions or is ill-posed.
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Since we have assumed that particles move independently up to their collision, it would be reasonable to require that
X (u,t) and X (v, t) are independent up to the meeting. The problem is that the processes always depend on each other
via the mass of their clusters. Therefore, we replace the condition of independence by zero covariance?

d[X(u,-), X(v,)], =0 provided X (u, 1) # X (v, 1).

In order to define the splitting between particles, we prescribe a number & (1) to each particle u, where £ is non-decreasing
function. This number is called an interaction potential of particle u. Then particle u, which belongs to the cluster 7 (i, t)
at time ¢, has the drift force

§(u) — £()dv

mu,t) Jrw.n

that is the difference between own potential and the average potential over the cluster. Summarizing the assumptions
above, the family of process X (u, -), u € [0, 1], formally has to solve the following system of equations

2) dX(u,t) = ! / W(dv,dt) + <‘§(M)— ! / S(v)dv) dt,
m(u,t) 7 (u,t) 7 (u,t)

m(u,t)

u € [0, 1], under the restriction X (u,t) < X (v,t), u < v, t >0, where W is a Brownian sheet. We also provide (2) with
the initial condition X (u, 0) = g(u).

Let D([a, b], E) denote the Skorohod space of cadlag functions from [a, b] to a Polish space E with the usual Skoro-
hod topology. We say that a function f : [0, 1] — R is piecewise y-Holder continuous if there exists an ordered partition
U={u;,i=1,...,1} of [0, 1] such that f is y-Holder continuous on each interval (u;_1,u;), i € [I[]:={1,...,1}. The
first main result of the present paper reads as follows.

Theorem 1.1. Let g, & € D([0, 1], R) be non-decreasing piecewise %—i—-Hc'ilder continuous’ functions on [0, 1]. Then
there exists a random element X = {X (u,t),t >0,u €[0, 11} in D([0, 1], C[0, 00)) such that

(R1) for eachu €10, 1], X(u, 0) = g(u);
(R2) foreachu <v from[0,1)andt >0, X(u,t) < X(v,1);
(R3) the process

t
MX(u, 1) ::X(u,t)—g(u)—/ (S(u)—é-/ s(v)dv)ds, t>0,
0 mx U, $) Jryu.s)

is a continuous square-integrable (.7-",X )-martingale for each u € (0, 1) and a continuous local (]-',X )-martingale
for each u € {0, 1}, where (.EX),ZO is the natural filtration generated4 by X, tx(u,t) :={v:Xu,t) =X(,1)}
andmyx(u,t) =Lebnx(u,t);

(R4) for each u, v € [0, 1] the joint quadratic variation of MX (u, -) and M* (v, -) equals

' -
[Mx(u,,LMx(v,.)]t:/ IXwo=xws) 4o 2.
o mx(u,s)

Remark 1.2. The processes MX(0,-) and MX(1,.) are also square-integrable martingales under the assumptions of
Theorem 1.1. This directly follows from the fact that they are continuous local martingales and the estimate of their
quadratic variation in Corollary 2.9. We do not include this result into condition (R3) to preserve the equivalence between
(R1)—(R4) and SDE (3) below (see Theorem 1.3 for more details).

We note that the piecewise Holder continuity of functions g and £ is a technical assumption required by our argument
(see Remark 3.5 below for more details), and we believe it can be removed.

The random element X from Theorem 1.1 can be interpreted as a weak solution to the system of equations (2). In
particular, for the coalescing particle system (if £ = 0), Marx in [40] showed that for any family of processes X which
satisfies (R1)—(R4) there exists a Brownian sheet W (possibly on an extended probability space) such that X solves

21t particles would not change their diffusion rate then this condition would be equivalent to the independent motion of particles at the time when they
occupy distinct positions.

3Hereafter we mean that there exists £ > 0 such that the function is (% + ¢)-Holder continuous.

4See Section 1.2 and Remark 1.6 for the precise definition.
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Fig. 1. The modified massive Arratia flow (left), where particles started from every point of an interval, and the sticky-reflected particle system (right)
with interacting potential £ which equals the identity function, where all particles started at 0. Grayscale colour coding is illustrating the atom sizes.

0 t 0

Fig. 2. The clusters behaviour of the modified massive Arratia flow (left) and the sticky-reflected particle system (right), where at every time ¢ dots
represent the ends of clusters, i.e., the ends of the intervals {v : X (u,t) = X (v, 1)}, u € [0, 1].

system of equations (2). We believe that the same result can be obtained for any interaction potential £, using the same
argument.

We would like to compare the model with the modified massive Arratia flow described by a system of continuous
martingales on the real line which satisfies the same conditions with & = 0 [28,29,35], see also [3.4,13,14,17,36,44,45]
for the classical Arratia flow and the Brownian web, where particles coalesce and do not change their diffusion rate, and
[45—47] for the Brownian net, which is the massless version of the flow constructed here. The main difference between
the constructed particle system and the modified massive Arratia flow is an additional drift potential which leads to the
dispersion of particles and makes the model very complicated for construction. Moreover, methods proposed there cannot
be applied to the sticky-reflected particle system. In Figures 1 and 2, computer simulations of both systems are given.

In order to construct the family of processes X, we use the approximation of the model by finite particle systems.
We first state some estimates for the evolution of particle masses in Section 2. It allows proving the tightness. The main
problem is to check that the limiting system of processes satisfies properties (R1)—(R4). To show this, we replace system
of equations (2) with an equation in some Hilbert space that has discontinuous coefficients and prove that the new equation
has solutions. After that, we show the connection between solutions to the new equation and system (2).

For p € [1, oo] let LIT, denote the space of non-decreasing p-integrable (with respect to the Lebesgue measure on [0, 1]
denoted by Leb) functions from [0, 1] to R, and pr f be the projection in Ly := L»([0, 1], Leb) on the linear subspace
Lo (f) of o (f)-measurable functions. Let also W, t > 0, be a cylindrical Wiener process on L;. System of equations (2)
can be rewritten as one SDE

3) dX, =pry, dW, + (& —pry, §)dr,  Xo=g

in the space Lg due to the form of the projection operator, where X; = X (-, 1) € L; The second contribution of the
present paper is the development of new methods for solving equation (3), and the establishing of a connection between
solutions to such an equation and families of semimartingales satisfying (R1)—(R4). We remark that equation (3) can be
interpreted as an infinite-dimensional analog of the equation for a sticky-reflected Brownian motion on the half-line

dx(t) =Lixy>0y dw (@) + Ay (1)=0) dt
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for which the question of the existence and uniqueness of solutions is non-trivial (see, e.g., [15]). In our case, the unique-
ness of solutions to (3) remains an open problem.

Theorem 1.3.

(i) Foreach$ >0, g¢€ L;_M and & € Lgo there exists a weak solution’ to SDE (3).

(i) Let Y ={Y(u,t),u €[0, 1], > 0} be a random element in the Skorohod space D([0, 1], C[0, 00)) and X;,t > 0, be
a continuous process in L; such that for every t > 0 almost surely X; =Y (-, t) in Ly and E|| X; ||%2 < 00. Then the
random element Y satisfies (R1)—(R4) if and only if the process X;, t > 0, is a weak solution to (3).

We call a weak solution to equation (3) a coalescing-fragmentating Wasserstein dynamics or shortly a CFWD. Accord-
ing to Theorem 1.3(ii), a random element in the Skorohod space D ([0, 1], C[0, 00)) satisfying (R1)—(R4) is also called
a CFWD.

Theorem 1.1 will immediately follow from Theorem 1.3 and the existence of a solution to (3) with a modification from
the Skorohod space D ([0, 1], C[0, c0)) (see Section 4.4).

Next we briefly describe the main idea of proof of Theorem 1.3. The first part of the theorem is proved using a finite
particle approximation. We first construct a solution to equation (3) if £ and g are step functions, using the Dirichlet form
approach. This corresponds to the case of a finite particle system. Then we approximate any £ and g by step functions
and show that solutions to (3) are tight and every limiting process solves equation (3). The tightness argument is based on
the control of the particle mass, and is rather standard. We recall that, in the case of the modified massive Arratia flow (if
& = 0), the tightness followed from the estimate

CJr
NG

[29, Lemma 4.1], which can be proved using the coalescing of particles. Now, particles do not coalesce. But we can
control the integral fé P{m(u, s) <r}ds (see lemmas 2.4, 2.7 and 2.8). This is enough for the tightness in Section 3.

A very complicated problem is to check that a limiting process satisfies SDE (3). For the modified massive Arratia
flow, we showed this, using the fact that the number of distinct particles at each positive time is finite and decreases as
time increases because particles coalesce (see Theorem 5.5 [29]). In the sticky-reflected case of interaction, the model
also consists of a finite number of distinct particles (clusters) for almost all times. However, an infinite number of distinct
particles can appear. More precisely, with probability 1 the system admits an infinite number of distinct particles on a
dense subset of the time interval if and only if £ takes an infinite number of values [30, Theorem 1.1]. Therefore, we
cannot use the methods which work for the modified massive Arratia flow.

Let us roughly explain a new approach which we propose in order to show that a limiting process solves (3). Let for
every n > 1, X" be a solution to (3) with initial condition g, and interacting potential £,. Then the L,-valued martingale
part M*» of X, has the quadratic variation process (M*Xn ), = f(; pry. ds, s >0, which is a continuous operator-valued
process (for more details see Definition 1.7). We assume that {X", naz 1} converges to X and the quadratic variations
(M%), n > 1} to fo Py ds, where P;, s > 0, is an oparator-valued process. For the identification of the limit, it is
needed to prove that Py = pry, for almost all s. Since X", n > 1, are continuous semimartingales, X also is a continuous
semimartingale with quadratic variation fo Pyds. In order to show that Py = pry , we use the following trick. By the
lower semi-continuity of the map g — || pry A| 1, (see Lemma A.7) and the fact that pryr is a projection, it is possible to

IP{m(u,t) <r} < (g(u+r)—g(u))

show that P; is also a projection but maybe on a larger space than L,(X;). Next, let Z;, t > 0, be a continuous Lg -valued

martingale with quadratic variation fé LgL¥ds,t >0, where L;, t >0, is an adapted operator-valued process. We prove
in Proposition A.12 that L; o pr;, = L, for almost all 7. This immediately implies P; = P; o pry, = pry,. The proposed

method will also work for a wider class of SDEs on Lg with discontinuous coefficients. Recently, in [31], we also adapted
this approach to another SPDE with discontinuous coefficients, which we call a sticky-reflected stochastic heat equation.
Note that Proposition A.12 seems to be of independent interest.

1.2. Preliminaries and notation

We will denote the set of non-decreasing cadlag functions from (0, 1) to R by D'. The set of all step functions from D*
with a finite number of jumps is denoted by ST. If g € D' is bounded, then we set

g(0) = Li%g(u) and g(1)= Ligllg(u).

5See Definition 1.7.
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Let (E, F, P) be a complete probability space and H C F. Then o*(H) denotes the P-completion of o (H). If g :
E — R is an F-measurable function, then o*(g) := o *({g "' (A) : A € B(R)}), where B(F) denotes the Borel o -field on
a topological space F.

Remark 1.4. We note that g; = go P-a.e. implies 0*(g1) = 0*(g2).

For p € [1,400] we denote the space of p-integrable (essential bounded, if p = 4-o00) functions (more precisely
equivalence classes) from [0, 1] to R by L. The usual norm in L, is denoted by || - ||z, and the usual inner product in
Ly by (-, )L,-

For a Borel measurable function g : (0, 1) — R the space of all 0*(g)-measurable functions from L, is denoted by
L>(g). By Remark 1.4, L;(g) is well-defined for every equivalence class g from L.

Let £5(L7) denote the space of Hilbert—Schmidt operators on L, with the inner product given by

) (A, Byus =Y (Aei, Bei)r,, A, B € La(Ly),

i=1

where {e;,i € N} is an orthonormal basis of L;. We note that the inner product does not depend on the choice of basis
{ei, i € N}. The corresponding norm in £,(L») is denoted by || - ||gs-

If H is a Hilbert space with the inner product (-, -) g, then L, ([0, T], H) will denote the Hilbert space of 2-integrable
H -valued functions on [0, 7] endowed with the inner product

T
<f,g>T,H=/0 (fgomdt.  fgeLy(10.T], H).

The corresponding norm is denoted by || - |7, g. If H = £3(L>), then the inner product and the norm will be denoted by
(-,-)7.ms and || - |7 us, respectively.

Let C(I, E) denote the space of continuous functions from I C R to a Banach space E equipped with the topology
of uniform convergence on compacts. For simplicity we also write C[0, T] (resp. C[0, 00)) instead of C ([0, T'], R) (resp.
C([0, 00), R)). The uniform norm in C[0, T'] is denoted by || - ||cjo.7]-

The set of all infinitely differentiable real-valued functions on R” with all partial derivatives bounded is denoted by
C;°(R™) and C§°(R™) is the set of functions from Cp°(IR™) with compact support.

Let D([a, b], E) denote the space of cadlag functions from [a, b] to a Polish space E with the usual Skorohod distance
(see, e.g., Section 3 [5]6 and Section A.5).

The Lebesgue measure on R will be denoted by Leb.

The set of functions from L, which have a non-decreasing modification is denoted by L;. By Proposition A.1 [29],
Lg isaclosed setin L, and each f € L; has a unique modification from D?. Therefore, considering an element from Lg
as a function, we will always take its modification from D1. We also set LI, (g):= L; N L ,(g) for every Borel measurable
function g : (0, 1) - Rand p € [1, +o0].

For g € L; we denote the projection operator in L) on the closed linear subspace L2(g) by pr,. Let #g denote the
number of distinct points of the set {g(u),u € (0, 1)}, where the modification g is taken from DT. We will prove in
Section A.2 (see Lemma A.6 there) that #g = || pr, ||%S.

Remark 1.5. Since pry maps L; into L; (see, e.g., Lemma A.4 below), for every & € L; and u € (0, 1) we will under-
stand (pr, §)(u) as a value of the function f € D" at u, where pry§ = f ae., and

(pr, $)(0) = Liir(}f(u) and  (pr, §)(1) = Ligf(u),
if the limits exist.
We denote the filtration generated by a process X;, ¢ > 0, by (}}O’X)tzo, that is, ]-'tc’X =o0(X;,s <t),t>0. The

smallest right-continuous and complete extension of (}‘;”X),Zo is denoted by (.7-",X )i>0 (see, e.g., Lemma 7.8 [25] for
existence). The filtration (.7-"ZX )r>0 is called the natural filtration generated by X.

6In contrast to the definition of the Skorohod space in [5], we additionally assume that each function from D([a, b], E) is continuous at b.
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Remark 1.6. If X;, t > 0, is an Ly-valued process and {Y (u,t),u € [0, 1], > 0} is a random element in D([O, 1],

C[0, 00)) such that X; =Y (-, ¢) in L, a.s. for all ¢ > 0, then (}"tX )r>0 coincides with the smallest right-continuous and
complete extension of the filtration

(CI(Y(M, s),uel0,1],s < t))

t>0°

This can be proved using, e.g., Lemma 4.12 below.
Now we give a definition of weak solution to equation (3).

Definition 1.7. An L; -valued random process X;, t > 0, is called a weak solution to SDE (3) if

(E1) Xo=g;

(E2) X € C([0, 00), L]);

(E3) E||X,|7, < oo forall 7 > 0;
(E4) the process

t
mX =X, —g—/ (& —pry, &)ds, >0,
0 .
is a continuous square-integrable (F*X)-martingale’ in L, with quadratic variation process
t
((MX))I :/ pry, ds, t>0.
0 ;

Remark 1.8.

(1) The process

t
AX ::/ (& —pry £)ds, t=0,
A .

is continuous in Lj.
(i) Condition (E4) is equivalent to
(E'4) Foreacht>0 ]E||M,X ||%2 < 00 and for each h € L, the process

t
(M¥.h),, = (Xe W), — (8. h), — /0 & —pry, & W)y ds, 120,

is a continuous square-integrable (FX)-martingale with quadratic variation

1
[(M,X,h)Lz]tzfo lpry, 2ll7,ds. t>0.

(iii) For each 7 >0 E|X,||7, < oo provided E[|M\||7, < oo, since |A]|1, <2[§]IL,1.

(iv) Using the same argument as in the proof of Lemma 2.1 [20], one can show that the increasing process of MX is
given by

t
(M¥), = /0 lpry, I3sds, =0,

that is,

t
HMtXHiz_/O Ilpry, Ifsds. >0,

is an (FX)-martingale. In particular, E||MtX ||i2 = Efé l pry, ||12LIS ds <ooforallt>0.

7See Section 2.1.3 [20] for the introduction to martingales in a Hilbert space.
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(v) If X is a weak solution to SDE (3), then there exists a cylindrical Wiener process W;, ¢ > 0, in L, (maybe on an
extended probability space) such that

t t
X =g+/ pry, dW; +/ (§ —prx, §)ds, 1=0,
0 : 0 )
by Corollary 2.2 [20].
1.3. Organisation of paper

In Section 2, a priori estimates for a CFWD as a family of semimartingales satisfying (R1)—(R4) are obtained. We will
use them in Section 3 in order to prove the tightness of a sequence of CFWDs in the space of continuous Lj-valued
paths (Section 3.1) and in the Skorohod space D([0, 1], C[0, 00)) (Section 3.2). Using the tightness results, a CFWD for
a general initial condition and a general interaction potential will be constructed as a limit of finite particle systems in
Section 4. We first recall the construction of a reversible CFWD via the Dirichlet form approach in Section 4.1, which is
needed for the description of a finite sticky-reflect particle system. Then we show the existence of a weak solution to SDE
(3) in Section 4.2. This gives the proof of Theorem 1.3(i). The equivalence between two descriptions of the CFWD (proof
of the second part of Theorem 1.3) is stated in Section 4.3. After this, we show that there exists a version of CFWD from
the Skorohod space D([0, 1], C[0, c0)) that immediately implies the statement of Theorem 1.1. Auxiliary statements
are given in the appendix. In particular, an estimate of the sitting time at zero of a positive continuous semimartingale is
obtained in Section A.1. Properties of projection operators appearing as coefficients of SDE (3) are studied in Section A.2.
In Section A.3, we realize the idea described in the introduction which is used in Section 4.2.2 in order to show that a limit
of CFWDs is again a CFWD. The property of the quadratic variation of continuous Lg -valued martingales mentioned in
the introduction and also needed for the identification of the limit of CFWDs are proved in Section A.4.

2. A priori estimates for CFWD

The goal of this section is to get some a priori estimates of particle masses in a CFWD which we will use for the proof
of the existence of CFWD. During this section we assume that g, & € D" are fixed and {X(u,t),ue[0,1],t >0}isa
random element in D ([0, 1], C[0, co)) defined on a complete probability space (€2, F,P) and satisfies (R1)—(R4). We
recall that (.7-",X )i>0 coincides with the smallest right-continuous and complete extension of the filtration

(O'(X(M,S), uel0,1],s < t))

>0’

by Remark 1.6.
For notational convenience, we set F; := FX, m(u,t) :=mx (u,t) and M(u,t) := MX(u, 1), u € [0, 1], t > 0, where
myx and MX were defined in Theorem 1.1.

2.1. Coalescing properties

In this section, we show that particles with the same interaction potential coalesce.

Lemma 2.1. If&(u) = £(v) for some u, v € [0, 1], then

(3) P{X (u,t) = X (v, 1) implies X (u,1 +s) = X(v,1 +5) Vs = 0} = 1.

Proof. We assume that u, v belong to (0, 1) and u > v. By (R2), (R3) and Lemma A .4,

t
X(M,t)—X(v,t)=M(u,t)—M(v,t)+g(u)—g(v)—/0 [(prx, &)(w) — (pry, §)(v)]ds, =0,

is a continuous positive supermartingale, since (pry §)(u) — (pry, §)(v) > 0, s > 0. Thus, coalescing property (5) follows
from Proposition 11.3.4 [43]. If u € {0, 1} or v € {0, 1}, then equality (5) can be easily obtained from the continuity of
the map u — X (u, -) at 0 and 1. Indeed, let for instance u = 1 > v > 0. Then for an arbitrary sequence {u,,n > 1} from
(v, u) which increases to u one has that £(u,) = £(v), by the monotonicity of £. Hence, almost surely X (u,, s) = X (v, 5)
forall s > 7y, =inf{t : X (v, 1) = X (u,, )} and n > 1. Passing to the limit as n — oo and using the fact that 7, , > 7 4,
for all n > 1, we get (5). This completes the proof of the lemma. (|
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Corollary 2.2. If £(u) = &(v) and g(u) = g(v) for some u, v € [0, 1], then X (u, ) = X (v, -) a.s. Moreover, if g, & € ST,
then there exists a partition {my, k € [n]} of [0, 1] and a system of continuous processes {x(t),t > 0,k € [n]} such that
almost surely

X, t)=Y 0@y @), wuel0,1],¢>0.
k=1

Proof. The first part of the corollary immediately follows from Lemma 2.1. To prove the second part, we first note that
the functions & and g (from S*) can be written as

n n
&= Z Sily, and g= Z)’k]lnk,
k=1 k=1

for some partition {7y, k € [n]} of [0, 1], sk < k41 and yx < yi+1, k € [n — 1]. Hence, taking xx(-) := X (ug, -), for some
uj € my, the needed equality follows from the first part of the corollary and (R2). The corollary is proved. (]

Remark 2.3. If g, £ € S 1, then the family of semimartingales X (u, -), u € [0, 1], is described by a finite number of
processes xi (1), t > 0, according to Corollary 2.2. In this case, we will talk about a finite number of particles whose
evolution is described by xx(¢), t > 0, k € [n].

2.2. Estimation of the mass of internal particles

In this section, we will obtain some estimates for masses of particles in CFWD. The key idea will be to replace the event
{m(u,t) < r} that the mass of the particle labeled by u is less than r by the event that the particles with labels u — r, u
and u + r belong to distinct clusters at time ¢. Therefore, the estimates obtained here will be better if u is close to the
middle of the interval. The case where u is close to the ends of the interval will be considered in the next section.

We introduce the following function

G(ri.ry,u. 1) :=2(g(u +r2) — gw)(gw) — g(u —r1))

2

©) +2(5w) — & —r) [t(g(u +r2) —g) + = (5 +r2) — E(u))}

2
)
2

+2(E +r2) —S(M))[f(g(u) —gu—r))+ = (Ew) — & — rl))]
Lemma 2.4. Foreachu € (0,1),0<r <u A (1 —u) and t > 0 the inequality
'
/ ]P’{m(u,s) < r}ds <rG(r,r,u,t)
0

holds.

Proof. We fix u, r as in the assumption of the lemma and denote
Zi () =Xw+rt)—X(u,t), Z_(t):=Xw,t)—Xu—r,t)

forall ¢t > 0.
Then Z, and Z_ can be written as follows

t
Zo() = 20 + Na D) + / by (s)ds,
0

t
Z )=z +N_(+ / b_(s)ds,
0
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for all ¢+ > 0, where

24 =g +r)—gu),

z—=gu)—glu—r),
by (1) =& +r) —Ew) — [(pry, &) +r) — (pry, )W),
b_(1) :=E(u) —&@u —r) = [(pry, £)() — (pry, ) —r)]

and the square-integrable martingales Ny, N_ are defined as Z and Z_ with X replaced by M.
Since the projection of a non-decreasing function is also non-decreasing (see Lemma A.4), we have that

) by(t)<&w+r)—§w) and b_(1)<&w)—&Eu—r)

for all ¢t > 0.
Next, using (R4), we evaluate the joint quadratic variation of N4 and N_. For ¢ > 0 we have

[N+,N_]; = [M(u +r, )M, ),Mu,)—Mu—r, -)]t

_ / Thz.w=0 | liz_w=0 U Ixesro=xw=—rap | ;¢
oL mu,s) m(u,s)  m(u,s) m(u, )

B _/’ Lz, (5)>0,Z_(s)>0} s
0 mu, s) '

Thus, 1t6’s formula implies

t t

Z+(t)Z_(t):z+z_+/ Z+(s)dN_(s)+/ Z_(s)dN4(s)
0 0

L7, (5)>0,Z_(s)>0}

t t t
+/ Z+(s)b_(s)ds+/ Z_(s)b+(s)ds—/ { ds.
0 0 0

m(u,s)

Note that the stochastic integrals in the expression above are martingales. This directly follows from the fact that
Zy,Z_,N; and N_ are square-integrable martingales, the Burkholder—Davis—Gundy inequality (see, e.g., Theo-
rem 26.12 [25]) and the inequality

t
E,| /O Z3(5)dIN<ls < E\/Z1(0N5), < \/EZL0) VBN, < o0,

where Z% (1) := sups¢o 73 (s). Taking the expectation, we obtain

"1z, (5)>0,7_(5)>0} s
m(u,s)

EZ ()Z_() +E /
®) 0

t

t
=2Z47- +IE/ Z+(s)b,(s)ds+E/ Z_(s)by(s)ds.
0 0

Next, we estimate the right hand side of the obtained equality, using estimates (7). We get
t t
E/ Zy(s)b—(s)ds < (5(u) — &(u — r))f EZ,(s)ds
0 0
t s
= (5@) — £ —1)) / [z+ + IE/ b+<s1)ds1} ds
0 0

/2
< () — & —r))[Z+f+ E(S(u+r) —5(14))]~
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Similarly,

2

t
]E/O Z-(S)b+(S)dsS(«‘E(qur)—S(u))[z t+— (E(u) E(u—r))]-

We also remark that

Lz, )>0,z_1>0) = =——L{z, 1)>0,2_(1)>0}

m(u,t) 2r

by the definition of m (u, ¢). Consequently, we obtain

1 ! L7, (s)>0,Z_(s)>0}
—E [ I ds <E e e ds < = G t
> /o (Z4(9)>0,Z_(s)>01 ds < /o ma.s) (r,r,u,t),

due to (8) and the fact that Z (#)Z_(¢) > 0. Thus,

t

t '
/ IF’{m(u, s) < r}ds 5/ P{Z+(s) >0,Z_(s) > O}ds =E/ Lz, ()>0,z_(s)>01ds <rG(r,r,u,t).
0 0 0
The lemma is proved. U

Corollary 2.5. Foreach B> 0,u € (0,1) and t > 0 the following estimate is true

un(l—u) 1
+/3/ —ﬁG(r,r,u,t)dr,
0 r

t
1
E/ ds < !
o mP(u,s) A (1 —u))P
where G is defined by (6).

Proof. By Lemma 3.4 [25] and Lemma 2.4, we have

! 1 ! 1
E/ 7ds=/ E———ds
o mP(u,s) o mBu,s)
:ﬁ/t</oor’3_lﬂ”{ ! >r}dr>ds
o \Jo m(u, s)
t o0
=,3f (/ rP=1 {m(u s) < — }dr)ds
0 0
+
Sﬂ/wu)(/ B lds)dr—i-ﬂ[
0 0

u/\(l —u)

[ =t

7+ﬂ/ ﬁ_llG(—,—,u,t>dr
A1 —u))b r o \r'r

u/\(l u)

t u/\(l—u)l
=— —G(r,r,u,t)dr.
(uA(l—u)>ﬁ+’3/(> o Ddr

The lemma is proved. ]

We will finish this section with the statement that is needed for the tightness argument in Section 3 and follows from
equality (8) obtained in the proof of Lemma 2.4.

Lemma 2.6. ForeachT >0,uec (0,1),r1€ (0,u),rn (0,1 —u)and A >0

1
G(ri,ro,u,T).

P{| X (u + 2, -)—X(u,.)HC[m > A <33

X(u—ry, >A}

) ” C[0,T]

Proof. Let Z and b, be defined as in the proof of Lemma 2.4 with r replaced by rp, and Z_ and b_ with r replaced by
ri1. Let

Ti=inf{t: ZL(®) 2 A} AT
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and
o* +
Z$ (t):=Z+(o* A1), 1€[0,T].
Then, by Theorem 17.5 [25], Proposition 17.15 ibid. and (8), for each r > 0

.
N0 7 (5)>0,Z_ (5)>0)

m(u,s)

EZ7 ()27 (1) +E / ds
0

thnot

INC T
=z47-+ ]E/ sz ($)b_(s)ds + E[ Z% (s)by(s)ds.
0 0
Similarly to the proof of Lemma 2.4, we get
- 1
EZ7 (T)Z% (T) < G012 T).

Next, we note that fo (TYZ% (T) > AZH{U+VU-<T}. Therefore,

I[D{||X(u +r2,)— X(u, ')”C[O,T] >4,

X(u, ) - X(M -, .)”C[O,T] > }"}
1 - 1
<P{o*vo <T}< Fﬂizf(r)zi (T) < 556G r.u. 1),
The lemma is proved. (]

2.3. Estimation of the mass of external particles

In this section, we will estimate particle masses whose labels are close to the ends of the interval [0, 1]. The obtained
inequalities will be weaker than ones from the previous section.

Lemma 2.7. For each « € (0, 1) and t > 0 there exists a constant C = C(«a, t) such that for all r € (0, 1) and u € [0, r)
satisfying r +u < 1 we have

/(;t P{m(u, s) < r} ds < CeC(E(l)_E(O))2 (\/m)“Gg(r, u,t),
where
©) Go(rou, 1) = (Eu+r) —E@)t + g(u+r) — gw).
Proof. Letr € (0,1) and u € [0, r) be fixed. We set
Zt) =Xwu+rt)—Xu,t), t=>0,
and note that m(u,t) < r implies Z(t) > 0. In order to prove the lemma, we need to estimate the expectation

]Ef(; ]I{Z(s)>0} dS.
Let us rewrite Z as follows

t
(10) Z(t)=zo+N(t)+/ b(s)ds, t>0,
0

where

z20:=g+r)—g), b(t) ;==& +r) — &) — [(pry, &) +r) — (pry, £) ()]
and N is a continuous local (F;)-martingale with quadratic variation

[NTe = [M(u+r, )], + [M@. )], = 2[M@+r,), M@, )],

! 1 1 21 _
:/ + _ 2O g >0,
o \m@u+r,s) m(u,s) m(u,s)
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We note that Z(¢) > 0 implies m(u,t) = Leb{v: X (u,t) = X (v, 1)} <u + r. Thus,

t
(11) [N] =/ a()*Tiz)=0 ds, >0,
0

. 1 1\ 1 1
where a(t) := (m(u+r,t) + m(u,t))z \Y NG > NG for any 7 > 0.

Next, we are going to use the Girsanov theorem in order to remove fé b(s)Liz(s)>0y ds from the drift fot b(s)ds in
(10). Since the processes Z, a, N, b are functionals of X (-, t), t > 0, which can be considered as a random element of
C ([0, 00), DT), without loss of generality, we may assume that Q2 = C ([0, 00), DT), P=Law{X}, X(u,t,w) = w(u,t),
t >0, uel0,1], F is the completion of the Borel o-field in C ([0, 00), D™ and (F1)i>0 is the right-continuous and
complete induced ﬁltratlon By Theorem 2.7.17 [22] and (11), there exists a Brownian motion w(#), 7 > 0, on an extended
probability space (Q .7-' IP’) with respect to an extended filtration (]-',) >0 such that

t
N(t):f a($)iz@>opdw(s), 1>0.
0

Moieover, we can take Q = C([0, 00), DT x R) and (]/':z)tzo to be the right-continuous and complete induced filtration

on 2. Let
Ut::—[ @d (s), t=>0,
a(s)

and

B(t)::w(t)—[w,U],:w(t)—i—/ E;d t>0.

Then, by Novikov’s theorem and Lemma 18.18 [25], there exists a probability measure Q on Q such that

2
dQ—exp{U, 2/ zg;zds}df@ onj-:t

for all # > 0. Using the Girsanov theorem, we have that B(z), ¢ > 0, is a Brownian motion on the probability space
(Q ]-' Q) and

t t
20 =20+ [ aGlizoodue + [ be)ds
t t
=Zo+/(; a(S)]I{Z(s)>0}dB(S)+/O b($)iz(s)=0y ds

t t
=z0+ /{; a()Liz(s)>0)dB(s) + (§u +r) — E(u)) /o Liz(s)=0y ds.

Next, we will consider the process Z on the probability space (ﬁ, .7-: , Q) and estimate EQ fé Iiz(s)>0y ds, where the
expectation E€ is taken with respect to the measure Q. Set

Yt) =sJu+rZ®), t=>0.

It is easily seen that

t

t
Y1) = yo+ /0 () iyes)=01 dB(s) + & /0 Lyereopds, 120,

where yo:=Ju+rzo=~u+r(gu+r)—gw)), p(t) =Ju+rai)>1,t>0,and & :=Vu+rEu+r) —&@u)).
Using the inequality

pt)=~u+ra() =1

for all r > 0, and Proposition A.1, we get for every ¢ > 0

2t
EQR, s,/;@otﬂo),
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where
t t
R; 32/ Liys)>0y ds 2/ Liz)-oyds, t=0.
0 0

Now, we can estimate ER; = Efé Lizs)>0y ds. Since R;, t > 0, is an (f,)—measurable, for each p,q > 1 satisfying
% + ql =1 we have

1 tp 2 tp 2 1
ER,:]EQexp{—U,—G-—/ ﬂds}Rtf <EQexp{—pUt+£/ () ds})p(IEQRf)
0 0

_ =

2 Jo a(s)? 2 Jo a(s)?
E |y, P [0, %EEQR 0
< - -— s ta q
= < exp{( U ) [) a(5)2 ?}) ( t)
for all ¢ > 0. In the inequality above, we have applied Jensen’s inequality to R} = ( fé Liz(s)~0y ds)?. Since % <

(6(1) = £(0))*(u +r) < (£(1) — £(0))* for all # > 0 and

(1—=p)?* ["b(s)?
exp{(l—P)Uz— 5 /0 20)? ds}, t>0,

is a positive martingale with expectation 1, we have

B ' 2
Eexp{(l—p)Ut—l—p/ bG) }
0

2 a(s)? y

2 pr 2
=< e[p(g_l)(E(l)_é(o))zJEexp{(1 —pU — L / o ds}
0

2 a(s)?
— B E-50)?

Thus,

1

g=1 t(p-1 2t q
ER, <t 7 ¢ 7 M=) (,/;(Sot—i-yo)) .

Taking g = é, we obtain for every t > 0

t
/ P{m(u,s) <r}) <ER; < CeCED—EO(/m@GY(r,u, 1),
0
with some constant C depending on ¢ and «. The lemma is proved. ]
Applying Lemma 2.7 to the process {—X (1 — u, t),u € [0, 1], ¢ > 0}, we obtain a similar result for  near 1.

Lemma2.8. Foreacho € (0, 1) andt > 0O there exists a constant C = C(«, t) such that forallr € (0, 1) andu € (1—r, 1]
satisfying u —r > 0 we have

t
/ P{m(u, s) < r}ds < Cec(g(l)_‘?(o))z(\/l —u+r)*G{(r,u,t),
0
where
(12) Gi(r,u,t):= (E(u)—f;‘(u—r))l+g(u)—g(u—r).

Corollary 2.9. Foreverya € (0,1), 8> 0,u €{0, 1} and t > O the estimate

' 1
Ef # ds <t +5C8C(S(1)—s(0))2/
o mP(u,s) A

holds, where Go and G are defined in lemmas 2.7 and 2.8 and C = C(«, t) is the same constant as in Lemma 2.7.

—Gyu(ryu,t)dr,
g GulrD)
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Proof. Using lemmas 2.7 and 2.8, the corollary can be proved in the same way as Corollary 2.5. ([
2.4. L,-norm of CFWD

The aim of this section is to combine estimates from previous two sections in order to get a bound of Esup,co 4 1 X (-,
s) ||2+‘S for some § > 0. We will start from the following proposition.

Proposition 2.10. For each p >2 and 0 < 8 < % — % there exists a constant C = C(p, B, t) such that

duds _ . cen-£0)2 3
l .
//mﬂ(u 5 =€ (1+ g7, +1180L,)

Proof. By Lemma 3.4 [25], we have

/ f duds / / f B I}P{ >r}dudsdr
mﬂ(u s) m(u,s)
/3—1( !
:ﬁ/ . / / ]P’{m(u,s)<—}duds>dr
0 0o Jo r
00 % t
+’3/ A1 (/ / P{m(u,s) < l}duds) dr
2 o Jo r
o0 =5 gt 1
+ﬂ/ rﬁ_l</ / P{m(u,s)<—}duds>dr
2 1 0 r
e 1 t 1
+ﬂ/ rﬂ_1</ / [P{m(u,s)<—}duds>dr=ill+12+13+l4-
2 1-1Jo r

The first integral 1 < 2P¢, since trivially P{m (u, s) < %} <1.

Next, using Lemma 2.7, we estimate I>. Let o« € (0 v (28 — 2), 1) be fixed and satisfy 1 + 5 — % > f. Then for each

ro1 1
ri=5=3

/r/P{m(u,s)<r’}duds§C1/r( u~|—r’)a[(5(u+r’)—é(u))t+g(u~|—r’)—g(u)]adu
0 0 0
§C1t°‘/r( u+r)(Ew+r)—&w)® du
0

’

+ C /V ( u+r’)a(g(u+r/) —g(u))adu
0

where C; = Ci(a, t) := C(a, t)ec<”‘")(‘5(l)’$(o))2. We can easily estimate the first term as follows

/

r o
clﬂf (Vu+7) (E(u+r") — @) du <25 C1e* () T2 (5(1) — £(0))%,
0
using E(u +r') — &E(u) <&(1) —&(0) and u + r’ < 2r'. The second term will be estimated using Holder’s inequality. For
q satisfying % + % =1 we have
r/
Ci / (Vu+r)*(g(u+r")—gw)* du
0
r/
/ (g(u+r")—gw)® du
0

’

< Cl(ZV/)%(V')lia [/Or (g(u+r)— g(u))du]a

IR

<(C (2}’/)
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o

IR

W 7l
=226 (r/)1_7 [/0 (I 20y () — H[o,r/](u))g(u)du}

o 1 g
<25Ci () "2 gld, [ fo [T 201 @) = To,,y )| du} '
=280 () " F el () =22 () R g
Thus,

o0 o o o0 o o
Izszfclt"‘(sa)—s(()))“/ T dr 2t Gy ||g||%pf A
2 2

where [2°r#~171=% qr and [{° 7' 70T dr are finite because B —2 — % < —1 and B —2 — e+ 5 <—1,bythe
choice of a.

Similarly, we obtain the same estimate for /4, by Lemma 2.8.

In order to estimate I35, we use Lemma 2.4. For r’ = } < % we get

//H/ /OIIF’{m(u,s) <) duds < //H/ PG ) du
=2 [ ) 0 5000 gl )
+on / /1_r/(§(u) —g(u— ) (g +r') — gw) du
+ 202 /1 (E@ —&u—7r))(E@w+r") —Ew)du

1-r'
+2tr,/, E@+r)—Ew)(g@ —g(u—r'))du

=Nh+L+ 3+ 4,

where G is defined by (6). First, we estimate J;. Using the trivial inequality x2<x+ x2]I{x>1}, x > 0, and Holder’s
inequality with 1 4+ J =1 and [ = £, we obtain

1—r

1—r'
N 521”/ (g(u—}—r’)—g(u—r’))zdu§2r’/ (g(u—}—r’)—g(u—r’))du
r/ r/
1—r' 5
+2 [ (gl ) = 8l =) T -urron
r/

<2r /r/lr,(g(u +r')—g(u—r"))du

i

lfr’ 2 17}‘/
+ 2’/[/, (s(u+r)—g(u—r"))” d"} ’ U Ligutr)—gu—r)=1) d”}
r r

<2 /r/]’ (g(u+r")—g(u—r))du+ 8r/||g||%p [/;/lr/(g(u +r)—g(u— r/))d”:|

2
-3
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Since

1—r' 1
/ (g(u+r)—g(u—r"))du= /0 (2,11 = Lo 1-2,7) g () du
r/

1—1

(13) 1 »
<lglz, A Li2r 11 — Tjo,1-271 du

_1
= llglle, (4)' 7,

J1 can be estimated as follows
2

a1 3-2 242
Ji=ellgle, ()77 +ellgll, " ()77,

< |w

where c1, ¢, are constants. Using (13), we have
D+ B+ Ty <est(F) 77 (E) - £0) g,
1—r'
+21%7(£(1) — £(0)) / Ew+r)—&w—r))du

<est(F)2 7 () — £O) g, +car®(F) 7 (E() — £O)) 1L,
Thus,

2
%+

Iy = BO6() —6O)lgle, [ ar v ey —s0)ialy,” [T

3
?dr

+C4(€(1)—z§(0))||g||Lp/2 po1-2ed o

where constants C;, i € {2, 3,4}, only depend on p and ¢ and the integrals are finite according to the choice of 8. The
lemma is proved. U

Since we will consider X (-, ), t > 0, as a continuous process with values in Ly, for convenience of notation we will
denote X; :=X(-,t),t>0.

Lemma 2.11. Foreacht > 0,8 €[0,1) and ¢ > % there exists a constant C = C(t, 8, €) such that

2 2
E sup [|X; — gl < CeCCOZEO (14 ygl7,  +1IENL,.,)-
s€[0,1]

Proof. By the Burkholder—Davis—Gundy inequality, (R3), (R4) and Proposition 2.10, we have

2+6

Loys

E sup |X; — g7 =E sup f | X (u,s) — g(u)|
s€[0,7] €[0,7]

/ E sup |X(u,s) — g(u)|2+5du§21+3/ E sup |M,s)|"" du
0 0

s€[0,7] s€[0,7]

1
+21+5f E sup
0 s€[0,¢]
1 tog 1+
52‘+5c1/ E(/ a ) du+ 2" (1) — £(0)*
0

o m(u,s)

5 1

< 21+8C1t§ /
0

246
du

/0 (E@) — (pry, §)w)) dr

t
0

m(u,s)1+7

5 B 2 2 5
<2013 CeCEMEO? (1 g} 4 |lE]L,., ) +2 2 (E() — £O)F
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3 1

where C| depends on §. We could apply Proposition 2.10 in the last step of the estimate above, since 1 + % <35- FSD

The lemma is proved.
Corollary 2.12. Under the assumptions of Lemma 2.11,

_ 2
E sup (X175 < CeCEOEO (1417 +igl},  +1ElLs,,),

L
s€l0,1] 2

where C depends on t,§ and ¢.

3. Tightness results

As was discussed in the introduction, we will build a CFWD as a limit of finite sticky-reflected particle systems, where
the existence of the limit will be based on the tightness argument. In this section, we will obtain a sufficient condi-
tions for the tightness of a family of CFWDs. Let {£,,n > 1} and {g,,n > 1} be arbitrary sequences in D' and let
{X",n > 1} be a sequence of random elements in D ([0, 1], C[0, co)) satisfying (R1)—(R4) with &,, g, instead of &,
g, and E|| X" (-, t)||%2 < oo forall t >0 and n > 1. As in the previous section, we assume that such random elements
{X",n > 1} exist. Let M"(u, -) and A" (u, -) denote the martingale part and the part of bounded variation of X" (u, -) for
every u € [0, 1], that is,

t
20,0 = [ (60 = rag 60)w) ds
and
Mn(uﬂ t) = Xn(ua t) - gn(u) - An(u’ t)7

for all + > 0, where X} := X"(-,1),t>0.
3.1. Tightness of weak solutions

In this section, we check the tightness of the family {X”, n > 1}, where we consider X" as random processes in L; . Let
Ml :=M"(,t) and A}:=A"(,1), t>0,n>1.

We will also consider M, n > 1, and A", n > 1, as stochastic processes taking values in L;. Using (R1)—(R4) and
Remark 1.8, one can show that the processes X}, t > 0, are weak solutions to SDE (3) with g and £ replaced by g, and

€n.

In the next section, we will show that each limit point of {X”, n > 1} (which will exist by the tightness and Prokhorov’s
theorem) is a weak solution to SDE (3). For this, we will need the convergence of the martingale parts, the parts of bounded
variation and the quadratic variation processes. Let {¢;, i € N} be a fixed orthonormal basis of Ly and M" (¢;) := (M", ¢;),
i € N. We are going to prove that the family

(14) X' = (M AT ([M" (), M (e)]) . jyeres (M"), =1,
is tight in
W= C([0, 00), La) x C([0, 50), L2) x C[0, 00)" x C[0, 00)

under the assumptions that {g,, §,n > 1} is bounded in L;45 for some § > 0 and {£,(1) — &,(0), n > 1} is bounded in R.
In order to prove the tightness, we need the following lemma.

Lemma 3.1. For every C > 0 and § > 0 the set K¢ :={g :€ Lg :1gllLyys < C}is compact in Lg and, consequently, in
Ls.

For the proof of the lemma see, e.g., Lemma 5.1 [29].

Proposition 3.2. [f there exists § > 0 such that {gn, &, n > 1} C D" is bounded in Ly, s and {£,(1) — £,(0),n > 1} is
bounded in R, then {X”, n > 1} istightin W.
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Proof. In order to prove the proposition, it is enough to show that the coordinate processes of {Yn, n > 1} are tight in the
corresponding spaces, by Proposition 3.2.4 [16]. We first prove that {A”, n > 1} is tight in C ([0, 00), L2). We remark that
Al =t§&, — fot pryn &n ds and the sequence {t&,,t > 0}, is relatively compact in C([0, 00), L2), by Lemma 3.1. Thus,
to prove the tightness of {A”, n > 1}, it is enough to show that {:47’ = fo pryn &,ds,n > 1} istightin C([0, co), L7). Note
that pryr &, belongs to Lg for each t > 0, according to Lemma A.4. Therefore, the process A" takes values in Lg for all
n > 1. To prove the tightness, we will use Jakubowski’s tightness criterion [24, Theorem 3.1] (see also Theorem 3.6.4
[71), which claims that a family of continuous stochastic processes Z;', t > 0, taking values in a Polish space E, is tight
in C ([0, o0), E)¥ if and only if the following two conditions are satisfied:

(1) foreach T > 0 and ¢ > 0 there exists a compact K7 C E such that
P{Z € K1e,1€[0,T]} >1—¢,

for every n > 1;
(i1) for a family F of real-valued continuous functions on E that separates points in £ and is closed under addition, one
has that { f(Z"), n > 1} is tight in C[0, co) for every f € F.

Using Lemma 3.1 and the estimate

N
/ pryn §ndr
0

2446

1
=[E sup /
Loyys s€[0,11/0
t 1
5[”‘3}]@1/ (/ |prxnsn|2+5(u)du>dr
0 \Jo "
o [ [ 24812
<t'*TE (er,rz €172 ) ) du ) dr
0o \Jo

t
1+8 b 12 248 245
=1 E/O Iprxy 16,177 ||, dr <270 NENTE

248
E sup du

s€l0,¢]

/(; (er;' En)(u)dr

where the inequality | pra §n|# < pry» |§n|¥ follows from Remark A.2(ii) and Holder’s inequality for conditional
expectations, we can conclude that for each € > 0 and T > 0 there exists C > 0 such that

P{3r [0, T1, A ¢ Kc} <e

forall n > 1, where K¢ ={g € L; :llgllL,,s < C}is compact in L. Consequently, the family of processes {Z”, n> 1}
satisfies property (i) of Jakubowski’s tightness criterion. In order to check property (ii), we choose F to be the set of all
linear functionals g — (g, h)1,, h € Ly, on L. It trivially separates points on L and is closed under addition. Thus, we
only need to check the tightness of {(A™, h) L,,n > 1}1in C[0, co). We will apply the Aldous tightness criterion (see, e.g.,
Theorem 16.11 [25]). Let T > 0, {r,,,n > 1} C [0, T'] be any sequence decreasing to 0 and {t,,n > 1} be any sequence of
(}',Xn)-stopping times on [0, T']. Using Chebyshev’s inequality and then the Cauchy—Schwarz inequality, we obtain for
every € >0

~ - 1~ ~ )
IP){|(14¥n+"n’ h)L2 - (A}'/fln’ h)L2| > 8} = S_ZE((AIZn‘l'Vn’ h)L2 - (A{lfln’ h)Lz)

1 Tnt+rn 2
= 8_2E</ (er';’ gnsh)Lz ds)
T,

n

r Tn+rn
<-1E (pryn €n, )3 ds
= 82 Xs ns Ly

Tn

I 2 2

n
< UElE, k1T, > 0. ra 0.

This implies the tightness of {X”, n>1}in C([0, 00), Lp).

8Originally Jakubowski’s tightness criterion is formulated for the Skorohod space D([0, c0), E). However, the statement remains true for the space
C([0, 00), E) as a closed subspace of D([0, c0), E).
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Similarly, we can prove that {X", n > 1} is tight in C([0, 00), L ) using Corollary 2.12, the equality X} = g, + M[' +
t&, — A” t > 0, and the estimate

1 2
P{|(X¥n+rrt’h)L2 ( gn h) 2| >8} 8 ]E((Xgn“‘rn h)Lz - (X;Ln’h)Lz)

3 2 3 9
S 82E((M:ln+rn h)L2 - (M'l[,ln’h)Lz) + ;E(rn(Sn,h)Lz)

3 - 2
+ E(( Ty t+rn? h)Lz_(A"Zn’h)LZ)

3 Tn+rn 2 6r2 5 5
< ?E/, ooy M1, s + 2 gl WAl

.
< RIZ, (1 +2rl&al,)-

Hence, by Proposition 3.2.4 [16], {(X", A"),n > 1} is tight in C ([0, 00), Lz)2 and, consequently, the sequence of pro-
cesses {M",n > 1}, which are defined by M;' = X} — g, — A}, t > 0, is tight in C([0, 00), L>).
For every i, j € N the tightness of the family of processes

13
[M" (ei), M"(e)], =/0 (prxneiej)r,ds, t=0,n=1,

in C[0, 0o) can be proved in the same way as the tightness of {(A\f', h)p,,n>1}.
Next, we prove the tightness of {(M"),n > 1} in C[0, o). We are going to use the Aldous tightness criterion again.
By Lemma A.6 and Proposition 2.10,

t t 1
du _ 2
E(M"), :Efo I pryn I ds =E/0 </O 7> ds < CeCEM—E ) (1+ ||g,,||3LM + 1l L2ss)s

my(u,s)
where the constant C depends on ¢ and §. Thus, the boundedness of {g,,, &,,n > 1} in Lo4s and {§,(1) —&,(0),n > 1}inR
yields the tightness of {(M");,n > 1} in R for all # > 0. Next, let T > 0, {r,,, n > 1} C [0, T] be any sequence decreasing
to 0 and {t,,, n > 1} be any sequence of (ftXn)-stopping times on [0, T']. Then for each ¢ > 0 and 8 € (1, % — 21?)

Pf|(m"),, .., — (M)

Tn+rn n

1 Tn+rn 1 d 2T H
[Lemma A.6] = / / u / / U i) g o
mn(” s) my,(u,s)

1

2T 2T dud B
[Holder in.] < — ( f / I, Tn+rn]duds) ( f / . S)
mh (u, s)
g1 |
o’ <E/1f” duds )F
€ 0o Jo mg(u,s) .

Consequently, P{|(M")7, 4, — (M"),| > €} = 0 as n — oo, by Proposition 2.10. Thus, the Aldous tightness criterion
implies the compactness of {(M"),n > 1} in C[0, co). This completes the proof of the proposition. ]

1 n n Tt 2
> e} < Em(m), L, M), )——]E / I pry 13 ds

Corollary 3.3. Let 8§ > 0, {gn, &, n > 1} C ST and {Yn n > 1} be defined by (14). If g, — g, &, — & in Lyys and
{én(l) — £,(0), n > 1} is bounded, then there exists a subsequence N € N and a random element X in W such that
X" — X in W in distribution along N.

Proof. The statement of the corollary follows from Prochorov’s theorem and Proposition 3.2. ]

3.2. Tightness in the Skorohod space

In this section, we will consider the processes M", A", X", which were defined at the beginning of Section 3, as random
elements in the Skorohod space D ([0, 1], C[0, c0)). In order to prove the tightness of X", n > 1, in D([0, 1], C[0, 00)),
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we are going to apply the same approach as in the proof of Proposition 2.2 [28], based on estimates from Section 2 (see
corollaries 2.5, 2.9 and Lemma 2.6) which require a type of regularity of g, and &, on the whole interval [0, 1]. However,
restricting X" (u, -), u € [0, 1], to smaller intervals [a, b] C [0, 1] and proving the tightness in D([a, b], C[0, 00)), the
piecewise regularity of g, and &, will be enough. This will allow to get the existence of the CFWD as a random element
in the Skorohod space for every piecewise Holder continuous initial condition g and interaction potential £ in the next
section. Therefore, we will restrict X" (u, -), u € [0, 1], to an interval [a, b] C [0, 1]. For = = [a, b] C [0, 1] we set

X"(u,-), u€la,b),

T,n N —
X, )= limX"(u,-), u=»s,
utb

where lim, 1, X" (u, -) exists in C[0, co) due to the fact that the map u — X" (u, -) is cadldg. Let G" be defined by (6)
with g and & replaced by g, and &,, respectively, and let
Gh(r.t):=(En(a+7r) —&(@)t + gn(a+r) —gn(a), re(0,1—al,
b, 1) i= (5n(b—) = &x(b— 1))t + gu(b—) — ga(b—1), 1 €(0,b].

Proposition 3.4. Let T >0, 7w :=[a,b] C [0, 1], and {g,, &, n > 1} C D" be uniformly bounded, i.e.,

sup sup (|gn(u)| \Y |§n(u)|) < 0.
n>1uel0,1]

If there exist B > 0 and C > 0 such that for each n > 1

) G"rAw—a),rA"b—u),u,T)<Cr'*P forallu e (a,b),r > 0;

(c2) Gi(r,T) < Cr%+ﬁf0rall vela,byandr € (0,bA1—al],

then the family {X™" (u,t),u € [a,b], t € [0, T1},>1 is tight in D([a, b], C[O, T]).

Remark 3.5. The assumption on the piecewise Holder continuity of the initial condition g and the interaction potential
& in Theorem 1.1 is required for the construction of sequences {g,,n > 1} and {§,,n > 1} which converge to g and

&, respectively, and satisfy the uniform regularity assumptions (cl), (c2) of Proposition 3.4 (see Section 4.2.1 for more
details).

Proof of Proposition 3.4. The proof is similar to the proof of Proposition 2.2 [35]. Here, we indicate the main steps only.
The statement will follow from theorems 3.8.6 and 3.8.8 [16] and Remark 3.8.9 ibid. We only have to check the
following properties of {X™", n > 1}.

(a) There exists C; > 0 such that

C1r1+ﬁ
)L} = )LZ

X" (u, +) —X”’”((u —r)\/a,~)

P{ Hxﬂ’n((“ +r)AD, ) = X" (u, ')”C[O,T] > A, ”C[O,T] =

foralln e N,u € (a,b),r >0and A > 0.
(b) For some a > 0

(4 flim SUpE[[X™" (@ +5.) = X™"(@. )¢y 1 1] =0
and
(16) sgrngigE[”an(b’ )= X" =8, ~)”°C‘[O’T] Al]=0.

(c) Forall u € [a, b] the sequence {X™"(u,1),t € [0, T1},>1 is tight in C[O, T].

Properties (a), (b) and (c) are needed for the verification of conditions (8.39), (8.30)° of [16, Chapter 3] and (a) of
Theorem 3.7.2 ibid., respectively.

9Here, we used the statement for the tightness in D([a, 00), C[0, T]), which can be applied to {X™" (u A b,t),u € [0,00),1 € [0, T]},>1. Since
D([a, b], C[0, T]) contains functions which are continuous in b, additional property (16) is needed for the tightness there.
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Property (a) immediately follows from (c1) and Lemma 2.6.
Next, let us prove (b). We will check (16) for every o > 1. The proof of (15) is similar. Using the monotonicity of
X™"(u,-), u € [a, b], and the monotone convergence theorem, we have for each § € (0,5 — a)

E[[X7"®. ) = X" =8, ey A1

_ ,n _ ) — YT — Y
(17) _yzl(l()l,)S)]E[”X b—y,)—X""(0 8’)||C[0’T1A1]

= sup E[|X"(b-y.)—X"(b-
y€(0.8)

5")”(2[01] A .

In order to estimate the last expression, we are going to use Doob’s martingale inequality (see, e.g., Proposition 2.2.16
[16]) for submartingales. Since X" (b — y,t) — X" (b — 8,1), t > 0, is not a submartingale, we introduce a new process

X5, =gb—y)—gn0=8)+M"(b—y,t) —M"(b—6,1) + A} , (1), t€]0,T],

where

t
g’y(t) : :[0 (bgyy(s) VO) ds

and
1) =Enb— ) — &b —8) — [(prys £) (b — ¥) — (pryy ) (b — 8)],
and note that it is a continuous submartingale because Ag, v is an increasing continuous process. Moreover,
0<X"b—y,0) —X"(b—38,1) <X5 (1)
for all ¢ € [0, T']. We also introduce the stopping time
a5, = inf{z : X5, ()= 1} AT.
By Doob’s martingale inequality and the estimate
5,(OV0=&MB—y)—&Ob-F, t€[0,T],

we get

E[ sup (X"(b—y.0)= X"(b—8,0)" A1]
1€[0,T]

<E[ sup (x5, (t~o}))"]
t€[0,T]

< CuE[(X5 (T Aoj,)) ]
< CD,]E[XQ,V(T A ogfy)]
<Cufgn—y)—gnb—38)+ T (b —y) —&(b— )],

where Cy, = (;%7)%. Thus, by (c2) and (17),

E[|X™" (b, ) = X" (b =8, )| 0.1y A 1] = CaGR (8, T) < CuC87HP,

This implies (16).
Property (c) can be proved in the same way as Lemma 2.5 [35], using the Aldous tightness criterion and the estimates

T
dt ~
(18) E/ - <C<oo,
o 1+5
my, “(u,t)
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1 1
E|X”’”(u,t)|§E‘X”’"(u,t)—/ X"(v,1)dv —HEV X"(v,1)dv
0 0

1
<E(X"(1,1) — X"(0,1)) —HE’/ X" (v, t)dv
0

1
< gn(1) = g (0) + T (£:(1) — §,(0)) +]E‘/0 X"(v,1)dv

for all n > 1, where fol X"(v,t)dv=(X},1)1,,t €[0,T],is a Brownian motion, since it is a continuous martingale with
quadratic variation f(; Pryn 1ds =t (we note that (A}, 1), = 0). Here, (18) follows from (c1), (c2) and Corollaries 2.5,
2.9. The fact that X" (v, t), t > 0, is a (square-integrable) martingale for v € {0, 1} follows from (18). The proposition is
proved. ]

Remark 3.6. If (c1), (c2) hold for some T > 0, then one can easily check that they hold for any 7 > 0, with C depending
on T. Thus, under the assumptions of Proposition 3.4 (for some 7' > 0), the family {X™" (u,t),u € [a, b], t € [0, 00)},>1
is tight in D([a, b], C[0, 00)).

4. Construction of CFWD
This section is devoted to the proof of theorems 1.3 and 1.1.
4.1. The reversible CFWD and a finite sticky-reflected particle system

In this section, we will recall the construction of a weak solution to SDE (3) for some class of functions g and &, using the
Dirichlet form approach. Namely, we are going to construct a reversible CFWD for “almost all” g € Lg (&) and bounded
£ € DT, as in [34]. In the case & € ST, we also show that the constructed process has a modification from the Skorohod
space satisfying (R1)—(R4). This is the first step of the construction of CFWD in the general case, where we obtain a
finite sticky-reflected particle system (see Proposition 4.6 below and Remark 2.3) needed for the approximation. We will
assume that & € D7 is a fixed bounded function.

We first introduce a measure Z¢ on Lg which plays a role of an invariant measure for the reversible CFWD X,, t > 0.
We set for eachn € N

(19) E" := {x = (xk)ke[n] eR":x1 < - < xn}
and
0" :={q=@kem-1€[0.11" "1 q1 <+ <qu1}, ifn=2,

where [n] := {1, ..., n}. Considering g € Q", we will always take go = 0 and g, = 1 for convenience. Let x| : R — Lg
and x, : E" x Q" — Lg, n > 2, be given by

n
x1(x):=xlo,17 and x,(x,q):= Zxk]l[Qk—I»Qk) + xn 1y
k=1

The functions x, (x, g) can be interpreted as the description of n clusters occupying positions x; < x3 < --- < x, whose
masses equal g1 — q0,92 — q1,.--,9n — gn—1, respectively. Similarly, xi(x) describes a unique cluster of mass one
occupying position x. Setting

n
an@) =] [lax— a1, n=2,
k=1

we define the measure on Lg as follows

&)
e
I
]2
[a]
3w

3
I
<
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where

E‘%(B) :=/R]IB(X1(x))dx

and
Ei(B) = /Q" [cn(q)/;n ]IB(Xn(x,C]))dX:| d§®(”71)(q)

forall B € B(L;). Here, an ...dE®"=D(g) is the (n — 1)-dim Lebesgue-Stieltjes integral with respect to €2~ (¢) =

&(q1) - ...-&(gn—1). Roughly speaking, the measure &, is the distribution of n ordered clusters whose positions are uni-
formly distributed on the real line with masses g1 — qo, g2 — 41, - - -, gn — qn—1, Where (g1, . . ., gn—1) have the distribution
defined by

/ [ [@x —ax-1)d&®"D(g).

Tk=1

on Q". The measure E¢ was first proposed in Section 4 [34].

Proposition 4.1. For each bounded & € D' the measure E% is a o -finite measure on LT with supp & Bf = Lg ).
Proof. The proof of the proposition was given in [34]. See Lemma 4.2 (ii), Remark 4.4 and Proposition 4.7 there. ]

Next, we denote the linear space generated by functions on Lg of the form

(20) U=0(ChD)ias s Cohadny)e(l-12) =9 (G z)e(l- 12,)
by FC, where 9 € C)°(R™), ¢ € Cg°(R) and hj € Lo, j € [m].
For each U € FC we introduce its derivative as follows

DU (g) :=pr,[VRU(9)]. geL].

where V12 denotes the Fréchet derivative on L,. If U is given by (20), then a simple calculation shows that

m

1) DU(g) = ¢(lIgll7,) Z ((g-)Ly) pry oy + 20 ((g. W)Ly ) (Ig17,) 8

for all g € L], where 9,9 (x) := -0 (x), x € R,
The following integration by parts formula was proved in [34] (see Theorem 5.6 there).

Theorem 4.2. For each &€ € D' and U,V € FC

/L : (DU(9),DV(g)),, B (dg)

(22)
:_/LT LoU(g)V (3)E* (dg) _/LT V() (VU (g), & _prgg)ngé(dg)’
b 2

where

m
LoU(g) =o(lgl7,) Y 8d;9((g.h)L,)(prg hi.prohj)i,
i,j=1

9 ((g. h,)[4¢" (IgN7,) 817, +2¢'(llgll7,) - #¢]

m
+2) 0;9((g. L)) (IglIZ,) (prg by &)Ly
j=1

if U is defined by (20).
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Remark 4.3. We note that #g is finite only for g € S*. Since E¢ (Lg \ 8™ =0, the function LoU is well-defined Z¢-a.e.
for all U € FC. Moreover, it belongs to LQ(LT, ES), by Lemma 4.2 [34].

—~

Since supp Ef = L; (&), we will define a bilinear form on L2(L§ (&), Ef). We set

1
gwvi=3 [ (U@.DVE),E €. v.verc
2 )@ ’

Then (€5, FC) is a densely defined positive definite symmetric bilinear form on L2(L§ &), 2%). Moreover, Theorem 4.2
and Proposition 1.3.3 [37] imply that (£¢, FC) is closable on L2(L§ (€), EF). Its closure will be denoted by (£¢, DF).

Theorem 4.4. For each bounded & € D" the bilinear form (€5, %) is a quasi-regular local'® symmetric Dirichlet form

on LZ(L; (£), B%). Moreover, if £ is constant on some neighbourhoods of 0 and 1, then (£5,1D%) is strictly quasi-regular
and conservative.

Proof. The proof of the theorem can be found in [34]. The fact that (¢, D) is a Dirichlet form, the quasi-regularity and
the local property were proved in propositions 5.14, 6.5 and 6.6, respectively. The strict quasi-regularity and conserva-
tiveness were proved in Proposition 6.9. ]

By theorems 1V.6.4, V.1.11 [37] and Theorem 4.4, there exists a diffusion process“

X = (Qs -7:7 (]:Z)IZOs {XT}IZ()v {Pg}geLg(é))
with state space Lg(Zé) = Lg(é) and life time ¢ that is properly associated with (£%,1D%).12 Furthermore, if & is
constant on some neighbourhoods of 0 and 1, then X is a Hunt process with infinite life time.
We set
t
M=%~ %o [ 6 prg, 005, 120,
0 s

and denote the expectation with respect to Iﬁ’g by ]Eg.

Proposition 4.5. Let £ € D' be constant on some neighbourhoods of 0 and 1. Then there exists a set Of C Lg (&) with
E% _exceptional complement (in Lg (&)) such that for every g € O¢ I~Eg X, ||% < 00,t >0, and for each h € L, the process

t
My, W), = (Xe, b1, — (Xo, M) 1, —/ (¢ —prg, &, M, ds, =0,
0
is a continuous square-integrable (ﬁ)-martingale under T’g with quadratic variation
[(M., h)Lz]t = / ||er,S h||L2 ds, t>0.
0

In particular, X is a weak solution to SDE (3) on the probability space (2, F, I@’g).
Proof. See Corollary 8.2 [34] for the proof of the proposition. O

We remark that from the technical point of view the assumption that & is constant in some neighborhoods of 0 and 1
is needed for the local compactness of the state space L; (€) for the reversible CFWD X (see Lemma 6.8 [34]). In that
case, the proof of the strict quasi-regularity and conservativity of the Dirichlet form (£¢, D¥) can be easily proved using
methods from [19]. From the intuitive point of view, the clusters in maximal and minimal spatial positions have bounded

10For the definition of quasi-regularity, strict quasi-regularity and local property see def. IV.3.1, V.2.11 and V.1.1 [37], respectively.

1 See Definition V.1.10 [37].

12\We consider the interaction potential 2§ instead of & in order to obtain solutions to SDE with the drift term (§ —pry, &) dt instead of % (6 —pry, §)dt
(see Section 8 [34]).
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diffusion rates since they cannot fragment according to Lemma 2.1. Therefore, particles between these two clusters cannot
run to infinity during a finite time, which explains the infiniteness of the life time.

In the rest of this section we suppose that & = Zzzl Sily, € ST, where Gk < Gk+1, k € [n — 1], and {my, k € [n]} is a
partition of [0, 1].

Let X (-, t, w) denote the modification of X ¢ (w) from D' foreach w € Q and ¢ > 0. Since X takes values in the space
Lg (&), it is easy to see that

X, 0) =Y 5Oy w), uel0,1],1>0,
k=1

where X (1) = m()?,, Iz, )1,, by Proposition A.2 [34]. This yields that the process X(u,t), t >0, is continuous for
every u € [0, 1].

Proposition 4.6. The process {X (u,t),u €10, 1], ¢t > 0} belongs to the Skorohod space D([0, 1], C[0, 00)) and for each
g € O it satisfies properties (R1)—(R4) on the probability space (Q, F, H”g)

Proof. The statement follows from Proposition 4.5 and the following property of the projection operator:

I fay=r @)
(pryh*,pryh’),, = P

m g (u)
forall u,v € [0,1] and f = }_, yily € ST, where A" Leb(n )]I,,k with k satisfying u € g and m s (u) := Leb{v
f) = f(v)}
The detaled proof is omited here since we will prove Theorem 1.3(ii) in a more general setting later. ]

Note that according to Remark 2.3, the family of semimartingales X (u,-), u € [0, 1], defines a finite sticky-reflected
particle system whose evolution is described by the processes Xy, k € [n].

4.2. Existence of solutions to SDE (3) (proof of Theorem 1.3(i))

The goal of this section is to show that equation (3) has a weak solution for any initial condition g € L; ysand & € L;,
where § as a positive number. This will prove Theorem 1.3(i).

4.2.1. Tightness of finite particle systems
We recall that, by propositions 4.5 and 4.6, for every £ € ST and g € O there exists a weak solution to SDE (3) satisfying

(R1)-(R4), where O is defined in Proposition 4.5. Moreover, ®¢ is dense in L; (&), since EE(Lg (6)\ ©¢) =0and
supp & Bf = LT(S ) (see Proposition 4.1).
We fix g € Lg rsand§ € Lgo for some § > 0. In order to prove the existence of solutions to SDE (3), we first construct

sequences {g,,n > 1} € ST and {&,,n > 1} € ST such that g, € Og, foralln>1, g, — g,&, — & in Lyys5 and {§,(1) —
£,(0), n > 1} bounded. Set

27!
k k—1 1
&, :=Z<2211 +§< ))H[k_nl’zin)‘l‘(z_n —l—é(l))}l{u, n>1.

k=1

Since & is discontinuous at most in a countable number of points, &, — £ a.e. and, thus it convergences in Lo s, by
the dominated convergence theorem. Moreover, &,(1) — &,(0) = &(1) — £(0) + zin - 22,, for all n > 1, that implies the
boundedness of {£,(1) — &,(0), n > 1}. We also note that

L, (&) = {feL2 1 fiso <H: o ,2n) ke[Z ]})-measurable},

due to the term in the definition of &,, and the monotonicity of £. To construct g,, n > 1, we first set

22)1

gn ._préng Zyk [2/‘1 2")’ nzl’
k=1
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where
k.
2"
yp=2" /;71 g)dv.
S

Since g, € L;(En), the set O, is dense in Lg (§1) and || - ||L,,4 is equivalent to || - ||z, in L2(§,) because Ly (&) is
finite dimensional, for each n > 1 we can find g, € O, satisfying [lg, — gnllL,.5 < % Using, e.g., Theorem 1 [1] and
Remark A.2(ii), we obtain g, — g in Lo4s.

Let X" be a weak solution to SDE (3) with g and £ replaced by g, and &,, which exists according to Proposition 4.5
and describes the evolution of a finite particle system (see also Remark 2.3). We recall that

X!=gn+M!+A!, >0,
where
t
ar= [ 6= pry s

and M" is a continuous square-integrable (ftxn)—martingale in Ly with quadratic variation process

7y, = [ oo ds. 120
and the increasing process
(m"), :/Ot I prys I3gds, t>0.
Let Y”, n > 1, be defined by (14), that is,
X' = (M, A" ([M" e, M" €] e (M),

for a fixed orthonormal basis {e;,i € N} of Ly. Then, by Corollary 3.3, there exists a subsequence N C N such that
X" — X in W in distribution along N, where

W =C([0, 00), Lz) x C([0, 00), L2) x CI0, oo)NZ x C[0, o).

Next, by Skorohod representation Theorem 3.1.8 [16], we can find a probability space and define there random ele-
ments Z, Z ,n €N, taking values in W such that Law(X) = Law(Z), Law(Xn) = Law(Zn) andZ" — ZinWa.s. along
N. We also note that {E||M,Zn ||%2 = E||M,X" ||%2, n > 1} is bounded for all > 0, by Corollary 2.12 and Remark 1.8(iii).

In the next section, we will construct a solution to (3) using the process Z.

4.2.2. Identification of the limit

To obtain a solution to equation (3) from the process Z, constructed in the previous section, we will prove a kind of
stability of solutions to equation (3) under passing to the limit. We assume that {g,,n > 1}, {§,,n > 1} are arbitrary
sequences of functions from L; (not necessarily from ST) and processes X", n > 1, defined on the same probability
space, are weak solutions to SDE (3) with initial conditions g, and interacting potentials &,. As in the previous section
we express X" in the form

X! =gn+ M+ A}, >0,
and define
X' = (M", A", ([M" (er), Mn(e/)])(i,j)eNz’ (m")).

where {¢;, i € N} is the fixed orthonormal basis of L.

Theorem 4. 7 Let {gn,n > 1}, {8, n = 1} converge to g and & in Lo, respecnvely Let also the sequence of stochastic
processes {X n> 1} convergeto X = (M, A, (xi,;),a) in W a.s. and {E| M} ||L ,n > 1} is bounded for all t > 0. Then

(a) the process X; := g+ M; + A;, t > 0, takes values in Lg;
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(b) M is a continuous square-integrable martingales in Ly with quadratic variation

t
(23) (M), :/ pry, ds, t>0,
0 .
in particular,
t

4) 550 = [ Grx, enepids. ijeN.

and

t

@5) a) = [ prs, s ds

forallt > 0;

(©) Ar= fy(§ —pry, §)ds, 1= 0;
(d) foreach T >0, fOT Il pry» —pry, I3 ds — 0 a.s. as n — oo.

In particular, X is a weak solution to SDE (3).

Theorem 4.7 will be proved using the deterministic result from Section A.3. The following lemmas are needed to
check that X;, ¢t € [0, T], satisfies the assumptions of Proposition A.8 almost surely.

Lemma 4.8. Under the assumptions of Theorem 4.7, for each T > 0 there exists a random element P in
Ly([0, T1, £2(L2)) such that

IP’{P” — P*° weakly in L2([0, T1, £2(L2)) asn— oo} =1,
where P" .= prys,n>1.
Proof. We set
Q' :={w:(M")(w) = a(w) in C[0, T1} N{w: [M"(e;), M"(e;)](w) = xi,j(®) in C[0, T] for all i, j € N}.

It is obvious that P{Q'} = 1. We take w € €’ and show that there exists P> (w) € L([0, T, £2(L3)) such that P"(w) —
P®°(w) weakly in L, ([0, T], £2(L>)) as n — oo. Since the sequence

T
(M") (@) =f0 | P @) dr = | P"@)]7 s 121

converges to a(T, w), it is bounded. Thus, by the Banach-Alaoglu theorem, {P"(w),n > 1} is weakly compact in
Ly([0, T], £2(L7)). Moreover, it has a unique weak limit point denoted by P*°(w). Indeed, if {P"(w),n > 1} weakly
converges to P’ along N’ and to P” along N”, then for each i, j e Nand ¢ € [0, T]

t t
/0 (P (w)e;, ej)L2 ds = /0 (P (®)ei, €j)L2 ds =x; j(w,1)
because
t
(26) (B', P"(@)) s = /0 (Pl (w)ei, e,-)L2 ds — x; j(w, 1)

for B! :=1Tj0.11(s)e; ® e, s € [0, T]. Hence, Corollary A.11 implies P’ = P”. Thus, {P"(w), n > 1} weakly converges in
Ly([0, T], L2(L2)) to P (w).

We note that the measurability of the map P*° : Q — Ly ([0, T1, £L2(L2)) (here, P®(w) =0, if w ¢ Q') will easily
follow from the facts that P°° is a weak limit of random elements in L, ([0, T], £>(L3)) and Theorem II.1.1 [48]. The
lemma is proved. O
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Lemma 4.9. Under the assumptions of Theorem 4.7, for each T > 0

P{lIPihllL, < lim |P'h|, ,¥r€[0,T],Yhe Lo} =1,
n—>0o0
where P :=pry and P" =pry.,n > 1.
Proof. The lemma immediately follows from the convergence of {X,,n > 1} a.s. in C([0, T], Lg) and Lemma A.7. 0O

Proof of Theorem 4.7. Property (a) easily follows from the closability of L; in L.

In order to show (b), we only have to check equality (24). Indeed, the convergence of {Y",n > 1} to X =
(M, A,x;j,a) in VW as. yields that the process M is a continuous square-integrable (ftX)-martingale in L with
[M(eij), M(e;)] = x;,j and (M) = a. This easily follows from the fact that the weak limit in C[0, oo) of local mar-
tingales is a local martingale (see, e.g., Corollary 9.1.19 [23]), the boundedness of {IE|| M} ||%2, n > 1} and Fatou’s lemma.
Therefore, (23) will follow from (24), and Lemma 2.1 [20] and (23) will imply equality (25).

By lemmas 4.8, 4.9 and Proposition A.12, trajectories of X and X", n > 1, satisfy conditions (a)—(c) of Proposition A.8
almost surely. Thus,

(27) P{P" — P weakly in L5([0, T, L2(L2)) as n — oo} =1

for any fixed T > 0. This immediately implies (24), by (26).
Next, (27) and the convergence

” p" ||2T,HS = (Mn>T —a(T)={M)r = ||P||2T,Hs a.s. as n — 00

yield the strong convergence (d).
For fixed ¢t € [0, T] and h € L, we take

By :=1Ij0,(5)é ®h, Bf :=T0,(s)sn ®h, s5€[0,T],n>1.

Then, using the strong convergence of {P",n > 1} to P and {B",n > 1} to B, we have

t t
/ (erKf’ ‘i:ns h)Lz ds = (an Bn)T HS — (P9 B)T,HS = / (er.r %s h)Lz ds'
0 ’ 0
Hence, foreach h € L,

t
(At,h)LZZ/O(é—prxsg,h)ds, tel0,T],

that implies (c). The theorem is proved. (]

We now are ready to conclude that SDE (3) has a weak solution for any g € L; ysand§ € Lgo. LetZ',n>1,and Z
be the random elements in )V defined in Section 4.2.1. Then they satisfy the assumptions of Theorem 4.7. Therefore, the
process X = g + A 4+ M solves equation (3), where M and A are the first and the second components of Z, respectively.
The proof of Theorem 1.3(i) is completed.

4.3. Equivalence between two definitions of CFWD (Proof of Theorem 1.3(ii))

Let Y ={Y(u,t),u €[0,1],¢t € [0, 0)} be a random element in D([0, 1], C[0, o0)) and X,, ¢ > 0, be a continuous

process in L; such that E|| X/ ||%2 < 00 and

Y(,t) =X, inLja.s.
for all # > 0. In this section, we will prove that Y satisfies (R1)—(R4) if and only if X is a solution to SDE (3).
Remark 4.10. Since the processes X;, t >0, and Y (-, t), t > 0, are continuous in L, we have
P{X;=Y(,t)in Ly forallz > 0} = 1.
In particular,

P{pry, =pry(, forallz >0} =1.
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4.3.1. Auxiliary statements
Lemma 4.11. Let b: [0, 1] x [0, T] — R be a measurable bounded function such that the function b(u, t), u € [0, 1], is
cadldg for all t € [0, T]. Then the function

t
B(u,t):/ b(u,s)ds, uel0,1],te[0,T],
0

belongs to D([0, 1], C[0, T]).

Proof. Let u,, | u. Then B(u,,t) — B(u,t) for any ¢ € [0, T'], by the dominated convergence theorem and the right
continuity of b(-,t) for all ¢ € [0, T]. Moreover, by the Arzela-Ascoli theorem, {B(u,, -),n > 1} is compact in C[0, T].
Thus, B(u,, ) — B(u,-) in C[0, T']. Similarly, B(u,, ) - Bu—,-) := fo b(u—,s)ds in C[0, T] as u,, 1 u. The lemma
is proved. |

We define for each u € [0, 1) and & > 0O the functions from L, as follows

hi(v) = A I, ureyany(v), v el0,1],

A1 —u)
and

1
hlv) = mﬂ[(l—a)vo,l](v), vel0,1].

Lemma 4.12. Let a function f(u,t), u € [0, 1], ¢t € [0, T], belong to D([0, 1], C[0, T]). Then for each u € [0, 1] the
sequence of functions {(f (-, 1), h¥)r,,t € [0, T 1}¢>0 converges to f(u,t),t €[0,T], in C[0,T] as e — 0+.

Proof. We first note that for every u € [0, 1) and & > 0 there exists § > 0 such that
|fu,t)— fv,0)| <&, 1€[0,T]velu,u+s).

In particular, f(v,?),t €[0,T], v € [u,u + §), is bounded. Hence, for each ¢ € (0, 8] the function (f(-,),h¥);,,t €
[0, T], belongs to C[0, T], by the dominated convergence theorem, and

1
[(fC0 1), = fu,D) s/o |f(, 1) = fu,0)|h () dv <.

For u = 1 the convergence follows from the same argument and the continuity of f (v, -), v € [0, 1], at v = 1. This proves
the lemma. 0

Lemma4.13. Let f € ST and 0 <u <v < 1. Then

1
28 ', pr.hY), — I £ )= — 0+
(28) (pry g pryhg),, Gy V@O=/®) as e
and
1
_ ee0,v—u), v<l,
V—Uu-—=¢
(29) 0<(pryhg.prphy), < 1 v—u
——, e |(0,—— |.v=1,
v—u—2¢ 2

where m g (u) =Leb{v: f(u) = f(v)}.

Proof. Convergence (28) follows from Lemma A.3 and a simple calculation.
We show (29) only for v < 1. For this, we fix ¢ € (0, v — u) and consider the following two cases.

(@) f(u+e)< f(v). Then, by Lemma A.3, supp(pr s hy) N supp(pr s h;) = &. This implies that

(prshe,pry h:)L2 =0.
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(b) f(u+e)= f(v).Letu, v be the ends of the interval {r : f(v) = f(r)} and &z < v. Then, u <u+¢e < v < v. Moreover,

(prf hg) () (pr s hY)(r) =0, r¢li,v),

and
(pr/ h) () (pr 1) () = m /W) luro () dr fw) i) () dr < = € i,
Hence,
. ) 1 ! 1
(prf hi,pry hs)L2 < Gy /() Liz.5(r)dr < —
The lemma is proved. (]

4.3.2. Proof of Theorem 1.3(ii)
We first assume that the process X;, t > 0, is a weak solution to SDE (3) with the martingale part M := M X and the
part of bounded variation A := AX and check that Y satisfies (R1)—(R4). The idea of proof is similar to the proof of
Theorem 6.4 [29]. Namely, we are going to approximate Y (u, -) by {(X, h¥)1,}e>0.

We note that property (R1) is trivial.

Let

t t
AY<u,r>:=/0 (s<u>—(er(.,s)sxu))ds:/o (sw)— /( )s(v)dv)ds, wel0, 11,120,
Ty (u,s

my(u,s)

where the equality follows from Lemma A.3. By Lemma 4.11, AY(u, 1), u € [0,1], t € [0, T], belongs to D([O0, 1],
C[0,T]) for any T > 0 and, thus, AY belongs to D([O0, 1], C[0, c0)). Hence, MY .=y — g — AY also belongs to
D([0, 1], C[0, 00)).

Let 2 be defined as before for each u € [0, 1] and & > 0. Then, by Lemma 4.12 and Remark 4.10,

(30) (M), — M (@, inC[0,T]as.ase— 0+
and
31) (X.,h;‘)Lz—)Y(u,-) in C[0, T] a.s. as € — 0+

forall 7 > 0. Thus, Y satisfies (R2), by Proposition A.1 [29]' and Remark 4.10. We also note that (31) yields F = FX
for all ¢t > 0.
Taking arbitrary u € (0, 1), &9 € (0, u A (1 —u)) and using Proposition A.1 [29], we have for every r > 0 and ¢ € (0, &]

|(Xe 1) | < [(Xe h) [+ 1 (X hgy) |
and
(8. 1%) 1,1 =18 hey) 1, | + (8 hgy) |-
Hence,
|(Me k)| = (80 hE) |+ | (X ) |+ [ (Ar )

S |(g’ hSO)L2| + |(g’ hi‘())L2| + |(Xt’ hg())in + \(Xt’ héO)Lz‘ + 2t||§||Loo

13We remind the reader that the proposition claims that a function f € L, belongs to Lg if and only if for every u, v € (0, 1) and ¢, § > O satisfying

u + & < v one has (f, hg)Lz <(f, h:;)Lz. Moreover, the unique modification f of f is given by

f(u):sirg+(f,hg)L2, ue,1).
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for all # > 0 and ¢ € (0, &o]. To estimate (A, hy)r,, we used the inequality | pry, &l < [I§]lL,, which follows from
Lemma A.3. By (30), the fact that (M;, h¥);,, t > 0, is a square-integrable (]-",Y )-martingale for every ¢ > 0, the dom-
inated convergence theorem and the finiteness of E| X, ||%2, we have that MY (u, 1), t > 0, is a square-integrable (}',Y)-

martingale. In the case u € {0, 1}, using the convergence of {(M., h¥)}.~0 to MY (u,-) and {(X., h2)}es0 to Y (v,-) in
C[0, T] a.s. for every v € [0, 1], one can show that MY(u, t),t >0, is alocal (.EY)-maItingale similarly to the proof of
Proposition 9.1.17 [23]. This proves (R3).

Next, (30), Lemma B.11 [6] and the polarization formula for joint quadratic variation of martingales yield

[(M., hg)Lz’ (M" hg)Lz] - [My(”’ ). MY (v, ')]

in C[0, c0) in probability as ¢ — 0+ for all u, v € (0, 1).
By the finiteness of the expectation E|| M; ||i2 < 00, the equality

t t
E/O ||er(.,s)||%sds=Efo Ipry, I3sds =EIM; |2, <o, 10,

and Lemma A.6, we have
(32) P{3R C [0, 00) s.t. Leb([0,00) \ R) =0and Y(-,1) e STVt e R} = 1.

Thus, applying Lemma 4.13 to f =Y (-, ¢, ) and using the dominated convergence theorem, we obtain
M hu M hv _ ! hlt hv d ! H{Y(u,s)zy(v,s)} d 0
[( » e)Lz’( © S)Lz]t_ 0 (er(-,s) e Py (.5) 8)L2 s = o my (u, s) s as.ase— 0+
for any # > 0. This implies (R4) for all u, v € [0, 1], u # v.
To finish the proof of the theorem, we have to check (R4) for u = v € [0, 1]. Since MY e D([0, 1], C[0, 00)), we have
MY, ) > MY (u,-) inC[0, o) a.s.
asv | u,ifu <1,and v 1 u, if u = 1. Thus, by Lemma B.11 [6] and the polarization formula for joint quadratic variation
of martingales,
[MY (v, ), M" (u,)] - [M"(u,)] inC[0, 00) in probability.
Using (32), Lemma A.3 and the monotone convergence theorem, it is easily seen that for each t > 0
T - o d
[MY(U’ ')a MY(I/[’ ')]t = / {Y(L[’S)_Y(vqs)} ds — / 75‘
o my(u,s) o my(u,s)

asv | u,ifu <1,and v 1 u, if u = 1. The firs part of the statement is proved.
If Y satisfies (R1)—(R4), then a direct computation shows that X satisfies property (E’4) of Remark 1.8. This imme-
diately implies that X solves equation (3), that completes the proof of Theorem 1.3(ii).

4.4. CFWD as a family of semimartingales (proof of Theorem 1.1)

Let g, & € D([0, 1], R) be non-decreasing piecewise %—I—-Hélder continuous functions on [0, 1]. Then there exist y > %,
an ordered partition 0 =g < it < --- < u; = 1 and a constant C > 0 such that

lg@) —g)| Vv [E@) —E@)| < Clu— v, u,v e @1, i),i €[I].

To construct a random element in the Skorohod space D([0, 1], C[0, c0)) satisfying conditions (R1)—(R4), we will show
the existence of a solution to equation (3) which has a modification from D ([0, 1], C[0, c0)). The approach will be similar
to the proof of Theorem 1.3(ii), but now we have to build sequences {g,,n > 1} € ST and {&,,n > 1} € ST which also
satisfy conditions (c1), (c2) of Proposition 3.4 on every interval (iz;_1, u;), i € [I].

Letting uﬁ ., j=0,...,2" be the uniform partition of [i;_1, ;] for each i € [I] and n > 1, we define the functions
tp 2 [0, 1] — [0, 1] as follows

P 2"
Lo () = ZZuﬁj_lﬂ[uﬁj_],uﬁj)(u) ] I,y @), wel0, 1ln =1,
i=1 j=1
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Then the functions ¢, belong to D' and map [i;_1, &;) into [ii;_1, ii;) for any i € [[]. We put for every n > 1
1. 14 N
E, =&+ —-id) oy, and g,:=gou,,
n

where id denotes the identity function on [0, 1]. As before, for each n > 1 we can take g, € ©¢, such that ||g, — gnllz,, <
2%. By the boundedness of g and £ and the dominated convergence theorem, g, — g and &, — £ in Los. Moreover,
{£,(1) — £,(0), n > 1} is bounded.

Next, we check (c1) and (c2) for every (a, b) := (#;—1,u;),i € [l]. Wetake u € (a,b) and r > O suchthatu+r,u—r €

(a, b) and estimate [g, (u +r) — g, (u)1[gn (u) — g, (u — r)] for each n > 1. First, we note that for r < ;’,,;fl

[gn(u + 1) — gn()][8n(u) — gn(u —1)] =0,

since g,(u +r) — gn(u) =0or g,(u) — g, (u —r) = 0. Next, let r > an_ff . Then

[ 2 2
[gn(u +r)— gn(u)][gn(u) — &n(u — V)] <|8n(u+r)—gn(u)+ ZW] I:gn(u) —gn(u—r)+ 23’":|

=[g(tnu+r)) —g(ta(w) +

2 2
Sy } [g (ta ) — g(ta(u — 1)) + 2”]

IA

2vn 2vn

C(Ln(u + V) _ Ln(u))y + ii| |:C(Ln(l/l) — Ln(u - r))y + ii|

v+l 2
O 4 - 2)/7
( W —a)V) ’

IA

since

b—a

b—a
[L,,(u—i—r) —L,,(u)] \Y [Ln(u) — 1y (u —r)] <r+ ETH <3r forr> EYEN

Similarly,

[gn(u+7) — gn(@)][£n () — En(u — )] < Cr?,
[En(u +r)— sn(u)][gn(u) — &n(u — r)] = érZV’
(60 + 1) — &) [£0 () — Eu(u — )] < Cr?7.

Thus, {g,,n > 1} and {&,, n > 1} satisfy (c1) of Proposition 3.4 with 8 =2y > 1 and 7w = [i;_1, i;].

Estimate (c2) can be proved similarly, using the Holder continuity of g and & on (i;_1, #;) and the form of the maps
ty,n>1.

As before, let X7, t > 0, be a weak solution to SDE (3) with g and & replaced by g, and &,. Let Y", n > 1, be defined
by (14). Let also {Y"(u, t),u € [0, 1], ¢ > 0}, n > 1, be random elements in D([0, 1], C[0, c0)) satisfying (R1)—(R4) and
X! =Y"(-,t) in L, for all ¢ > 0 almost surely. Such random elements exists by Proposition 4.6.

According to propositions 3.2, 3.4, A.14 and Remark 3.6, the sequence {(Yn, Y"),n > 1} is tight in W x
D([0, 1], C[0, 00)). As before, we can find a subsequence N C N, a probability space and a family of random elements
{((Z,V), (7’1, V"), n € N} on this probability space such that Law(?n, Y") = Law(?n, V"), Law(X,Y) = Law(Z, V)
and (7”, V) — (7, V) in W x D([0, 1], C[0, 00)) a.s. along N. Then, by Proposition 4.7 and Corollary 2.12, the pro-
cess Z:=g+ A% + M? is a weak solution to SDE (3), where Z = (M%, AZ, (xfj), a’). Moreover, Z; = V(-,1) in L
for all # > 0 almost surely. Hence, V satisfies (R1)-(R4), by Theorem 1.3(ii). The theorem is proved.

14The function %id is needed here in order to have o*(§,) = o*([ui.j,l , u,-yj),j € [2"],1' € [[]). Note that it can be replaced by, e.g., any strictly
increasing y-Holder continuous function.
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Appendix
A.1. The sitting time at zero of non-negative semimartingales

Proposition A.1. Let (F;);>0 be a complete right-continuous filtration and y(t), t > 0, be a continuous non-negative
(Ft)-semimartingale such that

t

t
(33) y(l)=y0+/0 p(S)H{y(s)>0}dB(S)+§0/O Iiy)=0yds, t=0,

where yo, &y are non-negative constants, p(t),t > 0, is an (F;)-predictable process taking values in [1, 00) and satisfying

'
/p(s)zﬂ{y(s)>o}ds<oo a.s.
0

forallt >0, and B(t),t > 0, is an (F;)-Brownian motion. Then for every t > 0

! 2t
E/ Liy)=0yds =1/ — (ot + yo).
0 T

Proof. We set
t
R, ::/ ]I{y(s)>0} ds, t>0,
0

and use the idea from [15, P. 998-999] in order to estimate ER;. We will consider two cases.
Case I: &y > 0.
To estimate ER,, we first show that R;, t > 0, is strictly increasing. Let us assume that it is not true, i.e,

P{3t1 < 2Ry = Ry} > 0.
By the monotonicity of R;, t > 0, we can conclude that there exist (non-random) t{, # > 0, #] < 5, such that
]P){Rl] = th} > 0

Therefore, by the continuity of y, y(r) =0, r € [t1, 2], with positive probability. Hence

t

t 14
/ Py )0 dB(s) = yo — éo/ Iys)=0y ds = yo — éo/ Liys)=0yds — &0t —11), te[n, ],
0 0 0

with positive probability. But this contradicts the fact that every continuous local martingale with bounded variation is
constant (see, e.g., Theorem 17.2 [25]). Consequently, the continuous process R;, t > 0, is strictly increasing a.s.
We next define
R := lim R;
11— 00

and
Ay =inf{s >0: Ry, >}, >0,

which is a continuous strictly increasing process on [0, Ro) and A; — 00 as ¢t increases to Ro,. Note that A, is an
(F3)-stopping time for each r > 0. Let T > 0 be fixed. Then for the continuous local (F;)-martingale

t
th ::/ p(s)H{y(s)>0}dB(s), t>0,
0
the process

A NT
N/ := NﬁN =/O p()ys)=01dB(s), t>0.

is a continuous local (F;)-martingale, where F := Fy, .
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Denoting

R;
0, :=/ p(Ap)*ds, >0,
0

and using the change of variables formula, we can see that

t t t
0 = /0 p(AR)*dRy = /0 P (AR (y(s)=0p ds = /0 0(8) ()0} ds

for all t > 0, since A;, t > 0, is the inverse for R;, t > 0. Thus,

Ra,aT

ANT tART
6 V=V = [ e Themads = 0anr = [ pantas= [ pcaas

for any 7 > 0.
Next, by Skorohod Lemma 22.2 [25], we directly get

t
50/0 Liys)=0y ds = {—yo —ilgNsp} vo0, t>0.

Hence,

s<t

t t 1 )
t =/ Liys)>0) ds —i—/ Iiy)=0yds = R; + E—{—yo — lansp] vo0, t>0.
0 0 0

Using the equality Ag, =t for all # > 0, one has for every ¢ € [0, T']

1
R; :max{s :s+é—[—y0— inf Nf] vOgt}
0

r<As
= : 1 inf N |vO<t
= max s.s—i—g—o[—yo—}gs r] <
:max{s : [—yo - i1<1fNr/] vO<&(t —s)}
r<s
=max{s:—yo—ir<1fN,’§§o(t—s),s§t}
r=<s

< max{s ssup(—N;) < &t + yo} AL

r<s

By Theorem 2.7.2° [22], there exists a Brownian motion W(¢), ¢t > 0, defined probably on an extended probability space,
such that

N =W(N). 120

We remark that [N']; = fOMRT p(A)*ds >t ARy, t > 0. Hence,

R < max{s : sup W([N’]r) <&t + yo} At

r<s

< max{s ssup W(r) <&t +yo} Nt

r<s

< sup{s ssup W(r) < é&ot +)’0} At

r<s
= Oggr+yg N s

where o, :=inf{t : W(¢) = a}. Therefore,

2t
ER; < E(0gyr4y, A1) <4/ ;(i—'ot + y0)-
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Case Il: &y = 0.

In this case, y(¢t) = yo + fot Py )01 dB(s), t = 0, is a continuous positive martingale. It implies that y stays

at zero for all t+ > ryyo = inf{z : —fotp(s)ll{y(s)>o}dB(s) = yo}. Hence, using Lemma 2.4 [28] and the fact that

Jo ) iy(s)=0ydB(s) = [y p(s)dB(s) for all t € [0, 3, ], we have

|2t
ER; = Eryzvo <E(oy, At) <1/ —o.
b1

Combining these two cases, we obtain the estimate

2t
ER; <,/ ;(éot +y0), t=>0.

The proposition is proved. U
A.2. The projection operator

We recall that for every g € L, the completion of the o-field generated by g with respect to the Lebesgue measure Leb is
denoted by o*(g). We also denote the projection operator in L, on the closed linear subspace

La(g) ={f €La: fis 0*(g)-measurable}
by pr,.

Remark A.2.

(1) The operator pr, is well-defined, since for two functions g; and g, coinciding a.e. the equality o*(g1) = 0*(g2)
holds.

(ii) For each h € Lo, pr,h coincides a.e. with the conditional expectation E(h|o(g)) on the probability space
([0, 11, B([0, 1]), Leb), where B([0, 1]) denotes the Borel o -field on [0, 1].

Recall that DT denotes the set of all non-decreasing cadldg functions from (0, 1) to R. For fixed g € DT we will
denote the family of intervals /(c) = g_1 ({c}) ={u : g(u) = c}, c € R, satisfying Leb(/(c)) > 0 by K,. We note that
either Iy N Ir =@ or I} = I, for any I1, I» € Kg. This implies that /C, is countable. Let

Gei=|J 1 and F,:=(0.1)\G,.
1ekC,

For any function / € L, we define the function

#/h(v)dv, uel ek,
(35) hg(u) := § Leb(I) J; ue,1).
h(u), uerly,

Lemma A.3. Let g € D' and h € Ly. Then pryh = hg a.e.

Proof. In order to prove the lemma, we first show that there exists a Borel function ¢ : R — R such that

he =¢(8).

This will imply the measurability of 4, with respect to *(g).

Since g is a non-decreasing function, the restriction g|r, of g to the Borel set F; is an one-to-one map from Fy to
g(Fg) ={g(u) : u € Fy}. By Kuratowski’s theorem (see Theorem A.10.5 [16]), g(F,) is a Borel subset of R and (gng)_l
is a Borel measurable function from g(F;) to F,. Thus, we define

() =h((glr,) ' (X)), x € g(Fy).
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If x € g((0, 1)) \ g(Fy), then there exists an unique interval I, € Ky such that g(u) = x for all u € I,. Hence, we can
define

1
o(x) = { Leb(l,) /,Xh(v)d”’ xeg(0, 1)\ g(Fy),

0, x ¢ g((0, D).
By the construction of ¢, it is easy to see that ¢ is a Borel function and for all u € (0, 1)
¢(g)) = hg(u).

Next, taking an arbitrary o*(g)-measurable function f € L, and noting that there exists a Borel function ¢ : R — R
such that f = (g) a.e., we can estimate the norm || f — & ||%2 from below as follows

1 1
f (f ) = hw) du = f (¥ (8) — hw))® du
0 0

2
= 3 [ ien —ha) an

1€k,

1 2
zgcjg/[(mb(” /Ih(v)dv—h(u)) du

1
:/ (hg(u)—h(u))Zdu,
0

where ¢; = g(u), u € I, and the last inequality is obtained by minimising the map
0> /(9 — h(w))’ du.
1
This completes the proof of the lemma. |

As before, we denote the (closed) subset of functions from L, which have a non-decreasing modification by L; .

Lemma A.4. For each g € D' the projection operator pry maps Lg into L; .

The statement easily follows from the explicit formula (35) for pr, &.
Let g : (0, 1) — R be a non-decreasing function. We define

(36) mg(u) :=Leb{v:gw) =g}, ue(,1).
Remark A.5. If g; = g> a.e., then my, =my, a.e. Thus, m, is well-defined for any g € L;

Let || A|lus be the Hilbert—Schmidt norm of a linear operator A on L, that is,

o
2 2
AlRs = llAeillZ,

i=1

where {¢;, i € N} is an orthonormal basis of L,. For g € Lg the number of distinct values of its unique modification from
D7 is denoted by #g.

Lemma A.6. Let g € L; and mg be defined by (36). Then

Ipr, |12 / Py
p 8 HS 0 mg(u)

In particular, || pr, ”és < oo if and only if the cadldg modification of g belongs to S™.
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Proof. We take g € D' such that g = g a.e. and note that || pr, ||%S = #g follows from Lemma 6.1 [29]. Moreover,

Il pry ||HS < oo if and only if g € ST. Therefore, we only have to show that fo =#g.

mg (u)

Let Kz and F be defined as in the beginning of the present section. Then, 0bv10us1y, mg(u) = 0if and only if u € Fj.
If fo e =0and

U du du
37 = =#KC;,
&7 /0 mg(u) 1;_ /; mg(u) &

where #K; denotes the number of distinct intervals in XCz. Since g is cadlag, #; < oo and Leb(Fg,) =0, one can see
that F; = @. This implies that #g = #K ;. Thus, #g < fo g (u) (including the trivial case fo . (u) = +00).

Next, if #§ < oo, then g € ST, and, consequently, F; = @. This together with (37) yield fo g (u) < #g. The lemma is
proved. (]

Lemma A.7. Foreach h € Ly the map g+ || pr, hllp, from Lg to R is lower semi-continuous, that is,

”prgh”Lz < 11_1’1'1 ”prgnh”Lza

n—od
for each sequence {g,,n > 1} converging to g in L; .

Proof. We first note that it is enough to prove the lemma only for g, — g =: g¢ a.e., since every convergent sequence in
L, contains a convergent a.e. subsequence.
Let

J:={x eR:Leb(g, " ({x})) =0 forall n > 0}.

Then Leb(R \ J) = 0, due to the countability of R \ J. Thus, J is dense in R and, consequently, we can choose an
increasing sequence of finite subsets J; C J, k > 1, such that Uerk %, X+ %) D [—k,k]. Let J; = {xf,i € [prl}

be ordered in an increasing way. For simplicity, we also set xo = —o0 and xi‘?k 41 := too. Itis easily seen that for each
n > 0 the sequence of o-fields

Sp=o"({e (W 2)) i el +11]), k=1,
increases to 0*(g,). Moreover, forall n > 0 and k > 1

pr+l1
h|Sk Z h,k ]I,k a.e.,

nLn

bility space ([0, 1], B([0, 1]), Leb). Thus, by' Theorem 7.23 [25] and Remark A.2(ii), for each n > 0

k . -1 . 1 . :
where [ =g, ([xl 10X x5, h = Lo f s h(v)dv and E(-|-) denotes the conditional expectation on the proba-

E(h|S)) — pr,, b in Ly as k — oo.
In particular, for every n > 0

(38) sup|[E(kIS ), = Ipre, AL

since Sk k > 1, increases and E(h|S, ) is the projection of / in L, into the subspace of all Sk-measurable functions.

Next, we fix k> 1 and i € [pr + 1] such that Leb(lk ) > 0 and denote the ends of Ik by a and b, a < b. Then, using
the monotonicity of the functions g,, n > 0, the convergence of {g,,n > 1} to go and the choice of J;, we have that
a, — a and b,, — b, where a,, and b,, are the ends of some intervals Il’fl n Consequently, for every k > 1

E(h|SY) — E(h|SE) ae.asn— oo.
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By Fatou’s lemma, for every k > 1

(39) |E(RISE)]|,, < lim [E(RIS,)],,-
n—o0

Hence,

(39) _ (38) ) .
1Pty hlliy = sup|E(hISE) |, < sup lim [E(hISS)],, < sup lim [Ipr,, hll, = lim |Iprg, hlle,.
k>1 k>1n—o00 k>1n—00

n—oo

The lemma is proved. O
A.3. Limit properties of some projection-valued functions

We recall that £5(L7) denotes the space of Hilbert—Schmidt operators on L, with the inner product defined by

e¢]

(A.B)us =Y _(Aei. Bei)L,.,

i=1

where {e;, i € N} is an orthonormal basis of L, and the space L, ([0, T'], £2(L3)) is endowed with the inner product

T
Since £,(L») is a Hilbert space, L2 ([0, T'], £2(L>)) also is a Hilbert space.

Proposition A.8. Let functions f and f",n > 1, from C([0, T], Lg ) satisfy the following conditions
(@) {P",n > 1} converges weakly in L,([0, T1, L2(L3)) to P*°, that is,

(P”,A) — (POO,A) asn— oo

T,HS T,HS

forany A € Ly([0, T, L2(L2)), where P/' = pryn,t € [0, TT1;

(b) there exists R C [0, T] such that Leb([0, T]\ R) =0 and || P:h|lp, <lim, , P/ 'hllL, forallt € R and h € L,
where Py =pry,t € [0,T];

(c) forevery h € Ly and almost all t € [0, T] P>°(P;h) = P°h.

Then P*® = P.

Remark A.9.

(i) Condition (a) together with the uniform boundedness principle imply the boundedness of the sequence {P",n > 1}
in Lo([0, T'T, L2(L2)).
(ii) The function P belongs to L, ([0, T'], £2(L>)) and

IPllz.s < lim | P"] .
n— oo
by condition (), Fatou’s lemma and the boundedness of {P",n > 1}.
(iii) Since P/ is an adjoint operator in L, for every ¢ € [0, T'], P is also adjoint for almost all ¢ € [0, T'], by Corol-
lary A.11 below.

To prove the proposition, we need to prove some auxiliary statements.

Lemma A.lQ. .Let {ei, i € N} be an orthonormal basis of L, and Ef’j’r =Tlo,(t)ei®e;,t €[0,T],i,jeN,re[0,T].
Then span{E"/"  r € [0,T],i, j € N} is dense in Ly([0, T], L2(L2)).

Proof. The statement easily follows from the density of simple functions ZZ:] Iis, ) Ak in Lo([0, T, £2(L2)), where
O=t9<ty <---<t, =T and Ag € L2(L2), k € [n], and the fact that {¢; ® e}, i, j € N} is an orthonormal basis of
Lor(Ly). O
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Corollary A.11. Let {e;,i € N} be an orthonormal basis of Ly and A, B € L,([0, T, L2(L2)). If for each r € [0, T] and
i,jeN

r r
/(Atei»ej)detZ/ (Brei,ej)L, dt,
0 0
then A = B.

Proof. The statement immediately follows from Lemma A.10 and the equality

,
(A,El’j’r)THSZ/ (A,ei,ej)det. 0
’ 0

Proof of Proposition A.8. Let e € L,([0, T], Ly) such that
40) llellL, =1 and Pie; =e; foralmostallz e [0, T].
We first prove that
(41) (P e e),, =1 foralmostallte(0,T].
To show this, we set for fixed r € [0, T']
A} =T, e ®e, 1€[0,T],

and use the weak convergence of P" to P*°. We get

e r R ON -
rzf ||e,||L2dt=/ ||P,e,||L2dts/ lim |[Pf'e; |, dr
0 0 0 n—o0
r r
[Fatou’s lemma)| Snli_rgofo | Ple, Hiz dt :nh—%o/o (Ptnet,e,)L2 dr

,
= tim (41 P) 2 (40P = [ (),

n—oo

On the other hand, (P/"e;, e;)r, = || P"e/|I7, < lle;l|7, =1 forallz € [0, T] and n > 1. Hence,
r r
o0 : n
= <
/0 (Pt e,,e,)L2 dt nll)ngo | (Pt et,e,)Lz dt <r.

Consequently,

,
/0 (P,ooe[, e,)L2 dt=r

for all r € [0, T']. This immediately implies (41).
Next, without loss of generality, we may suppose that f; € D' for all t € [0, T']. We set for each v € (0, 1)

1
e/ ) = ——=Iliw=f,w) ue€(,1),tel0,T],
m, (v)

where my, is defined by (36). By Remark A.9(ii), fOT ||P,||12LIS dt < oo. Thus, f; € ST for almost all ¢ € [0, T, by
Lemma A.6. This together with the right continuity of f;(u),u € (0, 1), imply that for every v € (0, 1) the function
e; is well-defined for almost all # and e” € L, ([0, T'], L»). Let

1, fr(wv) = fi(v2),
etv],vz — e;}1+etv2 te[0,T].

5 fi(vr) # fi(v2),

It is easy to see that ¢”!""2 belong to L, ([0, T'], L) for all vy, vy € (0, 1).
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Since ¢'¥2 and e"! satisfy (40) for all vy, v2 € (0, 1),
42) (Pe/", e;"’”)L2 =1 and (P ¢, e;’l)L2 =1 foralmostallz e [0, T].
We set

R={t€[0.T]: (P /" ¢/""), =1and (P¢/" ¢/'), =1,v1,v2€(0,HDNQ}
N{r€[0,T]: P°(P) =P and || P,||lus < oo} N {t € [0, T]: P is adjoint}.

Then Leb([0, T]\ R) =0, by (42), Condition (c) and Remark A.9(ii), (iii).

Next, we fix ¢ € R and note that f; is a step function with a finite number of values, by Lemma A.6. Thus, there
exists vy, ..., v; from (0, 1) N @Q, which depends on ¢, such that / =#f; and {e; := e;)",i =1,...,1} is an orthonormal
basis of the image of P;. We extend {e;,i = 1,...,/} to an orthonormal basis of L, denoted by {e;,i € N} and note that

fi(i) # fi(v;) for i # j, according to the definition of e”. By the choice of ¢, (P>ej,ei)L,=1,i=1,...,1. Moreover,
(PXej,ej),=0foralli, j e[l]and i # j.Indeed,

00 VisVj  Vj,Vj
r € e )L2

(P(ei +ej).ei+ej)

If i > [, then
Ptooe,' = PtOO(Ptei)LZ = PIOOO =0,

by Condition (c). This implies that (P ¢;,e;)r, = (Pre;,ej)r, for all i, j € N. Thus, P, = P>. The proposition is
proved. (]

A.4. Quadratic variations of L2-valued continuous semimartingales
Let (22, 7, P) be a complete probability space and (F;);¢[0,7] be a complete right continuous filtration.

Proposition A.12. Let g € L;, M;, t € [0,T], be a continuous Ly-valued square-integrable (F;)-martingale with
quadratic variation

t
<M>l=/ LSL;kds9 te[ov T]5
0
where Ly, t € [0, T], is an (F;)-adapted Lo (L>)-valued process belonging to L»([0, T'], £2(L2)) a.s. and L denotes the

adjoint operator of L. Let by, t € [0, T], be an (F;)-adapted L;-valued continuous process such that for each h € Ly the
process (by, h)p,,t €10, T], has a locally finite variation. Also assume that the process

Xi=g+M;+b,, te[0,T],
takes values in Lg . Then
P{3R C [0, T]s.t. Leb{[0, T1\ R} =0and L;(pry, h) = L;h,¥t € R,Vh € Lo} = 1.
To prove the proposition, we need the following lemma.

Lemma A.13. Let x(¢), t € [0, T], be a continuous real valued semimartingale. Then

T
fo ]I{o}(x(t))d[x]tzo a.s.
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Proof. The statement immediately follows from the equality
T 400 i
| too)di= [ 1oy =o,
0 —00

where l,y, t €[0,T], y e R, is the local time of x (see, e.g., Theorem 22.5 [25]). O

Proof of Proposition A.12. We set

1

(43) fa,b = mﬂ[a,b)

foreach a,b € [0, 1],a < b, and
R:={fap:a,bel0,11NQ,a <b}.

If by < ap, then we will write fu, p; < fus,p-
Taking f/, f” € R, f' < f” and applying Lemma A.13 to the semimartingale

x) =X (f") = X (f)=X(f" = f), 1€l0,Tl,
where X;(f) := (X;, f)L,, we obtain
r / r ’ / 2
0=/0 H{O}(Xr(f”)—Xz(f))d[x(f”—f”)],=/o Loy (X: (f") = Xe (PN Le(f = £) [, dr - as.

For each w € 2, we set

R(@) = {1 €10, T1: Loy (X (f") (@) = X: (/) @) | Le@) (f" = f)]|,, =0. VI, " eR ' < ")
and
Q' ={w:Leb([0, T\ R(w)) = 0}.

Since R is countable, we have that P{Q2'} = 1. Next, let w € Q' and ¢t € R(w) be fixed. To finish the proof of the theorem,
it is needed to show that

(44) Lo(@)(pry, (o) h) = Ly (@)h

for all h € L,. But since C[0, 1] is dense in L;, the equality is enough to check only for 4 € C[0, 1]. Therefore, we fix
h € C[0, 1] and denote the modification of X, (w) from D' also by X;(w).
First, we take arbitrary a < b from (0, 1) N Q such that X, (a, w) = X, (b, ) and show that

(45) Li(@)h = Li(®)(hlze + hzly),

where h,; = ﬁ fubh(u) du, w:=[a,b] and 7€ :=[0,1]\ w. Leta =ug < u; < --- < ux = b be an arbitrary partition

of [a, b] with u; € Q, i € [k]. The monotonicity of X;(u, w), u € (0, 1), yields that X;(fy; | u;)(w) = X,(fujfl,uj)(a)) for
all i, j € [k]. Thus, we have that

Lt(a))fui_],u,- = Lt(w)fu‘/-_l,uj» iv .] € [k]a

due to the choice of t and w, where fu,_, u;» fu;_,.u; are defined by (43). Using the equality f, » = Zle "";fl"l" Sui s
one can easily seen that

(46) Ll(a))fu,-,l,ui = Ll(w)fa,b

for all i € [k]. Taking

k
W o= hlpe 4+ B )T,y )

i=1
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and using (46), we obtain

k
Li(@)h* = Ly(@) (hxe) + Y h@i-) L@, )

i=1

k
= Li(@)(Alze) + Y h(ui1) i — i 1) Li(®) fu_y .,
i=1
k ~
= Li(@)(hlze) + Y h(i-1) W — 1) L (@) fap = Li (@),

i=1

where

k

~ 1

BE = e + o (i) (i = i)l
i=l

Since h* — h and h* — hlze + hy1; in Ly as max;epx)(u; — u;—1) — 0, the equality (45) holds.

Next, by the approximation argument, it is easy to prove that (45) folds for each = € Ky, (), where K, was defined in
Section A.2 for any g € DT Let K X,(w) = {7, 1 € N}, that is countable, be ordered in decreasing of the length of n;. If
KCg is finite then (44) immediately follows from (45) and Lemma A.3. Otherwise, using (45), the continuity of L,(w) and
Lemma A.3, we have

l

Li(@)h = Ly(@) (hﬂﬁ, + thﬂm> S Li@) (i, @) = Li(@)(pry, oy ) as [ — 00,
i=1

where hy is defined by (35) and 77; :=[0, 1]\ (Uﬁz1 7;). This completes the proof of the proposition. (|

A.5. Some compact sets in Skorohod space

Let (E, r) be a Polish space and let D([a, b], E) denote the space of cadlag functions from [a, b] to E which are contin-
uous at b. We endow D([a, b], E) with the metric

dun(f9)= inf {yG)v swp r(f(x@).g@)}.  f.geD(la.bl.E).
€Aja,b) uela,b]

where A[q p) is the set of all strictly increasing functions A : [a, b] — [a, b] such that A(a) =a, A(b) =b and

lo

Au) — A(v)
iy |7

Y (1) :=sup

v<u

For each [c,d] C [a, b] and f € D([a, b], E) it is clear that the function

ledln. ) S, u€led),
e '_{f(d—), u=d.

belongs to D([c,d], E).

Proposition A.14. Let U = {u;,i = 0,...,1l} be an ordered partition of [a,b] and let {X,,n > 1} be an arbitrary

[ui—1,ui]

sequence of random elements in D([a, b], E). If {X; ,n> 1} is tight in D([uj—1,u;], E) for any i € [l], then
{X,,n>1}istightin D([a, D], E).

Proof. Let K; be compactin D([u;_1,u;], E), i €[], and let

47) K:={feD(a,blE): fli-14lek; iell}.
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In order to prove the proposition, it is enough to show that K is compact in D([a, b], E). Indeed, by the definition of the
tightness (see, e.g., Section 3.2 [16]), for each ¢ > 0 there exist compact sets K;, i € [[], such that

]P{Xr[luiflvui] ¢ Kl} <

~| Mm

foralli € [l] and n > 1. Thus,

l
P(X, ¢ K} =P [ J{x2 T ¢ ki) <.
i=1
where K is defined by (47). This implies the tightness of {X,,n > 1} in D([a, b], E).
Let { f,,n > 1} C K. Then there exists a subsequence N C N such thgt ﬁl[“i“’“i] converges to fi in D([uj—1,u;], E)
along N for any i € [/]. Thus, for every i € [/] there exists a sequence {A!,n € N} C Ay,_, ;] such that

y(x,)—0 and sup  r( ,E“"l’“i](kil(u)), f'u)) =0 along N.

u€luj—p,u;l

Taking

1
F@) =" F a0,y ) + @)y )

i=1

and

I
Do =M Ty ) (W) + 2y Wy (@), n > 1,
i=1
it is easily seen that f € D([a, b], E) and X, is a continuous strictly increasing function from [a, b] onto [a, b] for all
n > 1. Moreover,

sup |Aq()—u|—0 and sup r(fu(rn(w)), f(u))— 0 along N.

u€la,b] u€la,b]

By Theorem 12.1 [5], f,, converges to f in D([a, b], E) along N. The proposition is proved. O
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